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February 16 Homework Problems
1.
Solve the diffusion equation in a cylinder with a convection boundary condition for the potential u(r,t) for 0 ≤ r ≤ R and t > 0.  The problem is defined as follows:
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In this problem  is the usual diffusivity, h is the convection coefficient, u∞ is the free stream potential, and k is the conductance.  The parameters , h, u∞, and k are constant.

The approach used for solving solution to this problem is a combination of approaches used for two problems done in class: (1) diffusion in a cylinder with the boundary condition that u(R,t) = uR , and (2) diffusion in Cartesian direction with the convection boundary condition.

The solution is similar to the one found for solving the diffusion equation in a cylinder, namely 
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.  In this equation, m are the roots of the following equation.
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Obtain an equation for Cm for the general initial condition, u(r,0) = u0(r) and for the special case where u0(r) = U0, a constant.  Use the following integral to find Cm: 
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2.
Calculate and plot the results of the equation you find in the first problem for the initial condition that u0(r) = U0.  For a given value of hR/k, you should be able to plot a dimensionless potential difference (u – u∞)/(U0 – u∞) versus r/R with t/R2 as a parameter for the curves on your plot.  Use the value of hR/k that will be assigned to you for this problem. 

You can download a spreadsheet from the course web site that has the first 500 roots of the equation 
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.  This spreadsheet also contains the zeros for J0 and roots to an eigenvalue equation for a hollow cylinder that are not required for this assignment.  It also has Visual Basic Macros that compute Bessel functions in case you are using Excel and do not have the analysis tool pack loaded; call the functions bessj0(x) and bessj1(x) to compute J0(x) and J1(x).  Software in C++ is available online at http://gams.nist.gov/.  Fortran 90 and later versions of Fortran have Bessel functions routines in their function libraries.

3.
The diffusion equation for spherical geometry with no variation in the angular coordinates is shown below.  In this equation we are using x for the radial coordinate to avoid confusion with the r(x) term in the Sturm-Liouville equation.  Here we are solving for u(x,t) in the region t ≥ 0 and 0 ≤ x ≤ R.  The equation and the boundary condition at the edge of the sphere are.
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At the center of the sphere, the solution must remain finite.

(a)
Show that the variable v = u – uR satisfies the differential equation.  What is the boundary condition for v at x = R?
(b)
Show that the equation for v = u – uR can be solved by separation of variables using v(x,t) = X(x)T(t) where the function T(t) is an exponential decay in time.
(c)
Show that the resulting equation for the radial function, X(x) satisfies the requirements for a Sturm-Liouville problem.  What are the parameters p(x), q(x) and r(x) from the general Sturm-Liouville problem for the radial function X(x) here?  Review theorem 1 on page 206 of Kreyszig which states that a homogenous boundary condition is not required at the lower or upper limit if p(x) is zero at either limit.  You should be able to apply this fact here..
(d)
Identify the weight function and write the inner product for the eigenvalue solutions to the radial equation.

(e)
Define a new function, W(x), such that the radial solution, X(x) = W(x)/x.  Substitute X(x) = W(x)/x into the radial equation and show that you obtain a simple differential equation for W(x), whose eigenvalue solutions are sines and cosines.
(f)
What limitation do you have on the solution if we want X(x) to remain finite as x → 0?

(g)
Write the general solution to the original partial differential equation for u(x,t) that meets the boundary condition at x = R and is finite at x = 0.
(h)
Use an appropriate eigenfunction expansion to determine the unknown coefficients in the solution from part (g) if the initial condition on u(x,0) is a function f(x).

(i)
Use the result of part (h) to find the solution, u(x,t) for the initial condition u(x,0) = f(x) = U, a constant.
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