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	College of Engineering and Computer Science

Mechanical Engineering Department
Mechanical Engineering 501B
Seminar in Engineering Analysis

	
	Spring 2009  Class: 14443  Instructor: Larry Caretto


Solutions to April 13 Homework Assignments
1.
Hoffman, page 584, problem 30.  Solve the heat diffusion equation problem presented in Section 9.1 using equation (D) from problem 13 with x = y = 5 cm.  Compare the results with the exact solution in Table 9.1 and the results obtained in problem 7.
	
[image: image1]
	The horizontal and vertical dimensions of the region are 10 cm and 15 cm, respectively.  Thus the grid with a spacing of x = y = 5 cm has only two nodes in the region that do not have their values specified by boundary conditions.  These are labeled T1 and T2 in the diagram to the left.
Equation (D) is the compact-difference equation that uses the eight nearest neighbors to a node ij, including nodes that are one diagonal away from the central node.  For x = y, this difference equation can be written as follows.
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Applying this formula to the two unknown nodes in this problem gives the following two equations.
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These two equations give 20T1 = 4T2 and 20T2 = 4T1 + 400.  We can rewrite these equations as T2 = 5T1 and T1 = 5T2 – 100.  Substituting T2 = 5T1 into the second equation gives T1 = 25T1 – 100 which gives T1 = 100/24 = 4.167.  Substituting this value of T1 into the equation T2 = 5T1 gives T2 = 500/24 = 20.833.  This solution compares to exact values of 4.13 and 20.75 shown in Table 9.1.  The solutions to problem 7, which used the five-point finite-difference equation, are on the April 13 homework solutions.  These give T1 = 6.67 and 26.67, which are not as accurate as the results obtained here.
2.
Hoffman, page 585, problem 33.  Solve example 9.9 by hand for x = y = 0.5 cm using Gauss elimination.
This grid for this problem is shown on the next page.  The basic finite-difference equation for the uneven grid is given in Hoffman as a combination of equations 9.90, 9.82, and 9.83.  Equation 9.90 is shown below using both the Hoffman notation and the notation used in class.
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By comparing the coefficients of the individual terms in this equation with those in equations 9.82 and 9.83 in Hoffman we find


[image: image5.wmf](

)

(

)

(

)

(

)

2

2

2

2

2

2

-

+

+

-

+

-

-

+

+

-

-

+

D

D

+

D

D

D

=

=

D

D

+

D

D

D

=

=

x

x

x

x

x

A

A

x

x

x

x

x

A

A

W

ij

ij

E

ij

ij



[image: image6.wmf](

)

(

)

(

)

(

)

2

2

2

2

2

2

-

+

+

-

+

-

-

+

+

-

-

+

D

D

+

D

D

D

=

=

D

D

+

D

D

D

=

=

y

y

y

y

y

A

B

y

y

y

y

y

A

B

S

ij

ij

N

ij

ij



[image: image7.wmf](

)

(

)

(

)

(

)

(

)

(

)

2

2

2

2

2

2

2

2

-

+

+

-

+

-

-

+

+

-

+

-

-

-

D

D

+

D

D

D

+

D

-

+

D

D

+

D

D

D

+

D

-

=

-

-

=

y

y

y

y

y

y

x

x

x

x

x

x

B

A

A

ij

ij

P

ij


A comparison of the AP equation with those for the other four coefficients shows that this coefficient may be simply found as the negative of the sum of the other four coefficients.


[image: image8.wmf](

)

W

ij

E

ij

S

ij

N

ij

P

ij

A

A

A

A

A

+

+

+

-

=


When x+ = x- = y+ = y-, AP = -4/(x)2 and all the other A coefficients are equal to 1/(x)2.  The equations below show how the terms x+, x-, y+, and y-, are defined; they also show the similar notation in the class notes on uneven grids.
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[image: image10]
	The full grid for this problem is shown at the left.  Because of the circular symmetry, we only have to solve for ¼ of the grid shown.  The unknown values of temperature in this problem are T11, T21, T12, and T22.  The following temperatures are boundary values on the circle: T13, T23, T31, and T30.  (T23 and T32 do not lie on the regular grid; they are at the boundaries of the circle and the grid.)
Because there is no angular dependence in this problem, there is symmetry about both the x and y axis.  This means that T02 = T22, T01 = T21, T20 = T22, and T10 = T12.


We see that nodes 11, 21, and 12 have neighbors that are all the same distance, 0.5 cm, from the central node.  Thus the value of AP for these nodes is -4/(x)2 = -4/(0.5)2 = -16.  All the other A coefficients for these equations are 1/(x)2 = 1/(0.5)2 = 4.

The only node in this problem with uneven spacing is node 22.  This node has x- = y- = 0.5.  We have to compute y+ = y23 – y22, where y22 = 0.5 cm because this node is on the regular grid at that coordinate.  We find y23 as the y coordinate of the bounding circle where x = 0.5; y23 = 
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.  Similarly, x+ = x32 – x22 = 
[image: image13.wmf]366025

.

0

5

.

5

.

0

1

2

2

=

-

=

-

.  Thus, this node has x+ = y+ = 0.366025 and we can compute the coefficients in its finite-difference equation as follows.
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Because of symmetry we find the same results for the y coefficients.
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The coefficient of the central node is simply the negative of the sum of the other coefficients in the equation.
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Although the boundary conditions are not given for this problem, the exact solution in equation 9.98 shows that the temperature at the outer radius is zero.  (This gives T13,= T23 = T32 = T31 = T30 = 0.)
The source term, 
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is given by equation 9.91 in Hoffman.
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For T11, r/R = 0; r/R = 0.5 for T12 and T21; at T22, 
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.  The value of 
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is 1000 at node 11, 550 at nodes 21 and 12, and 363.6039 at node 22.
Using the five-point equation, with the given coefficients, symmetry condition, and source term, gives the following matrix equation for this problem.
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Inserting the values just found for the source terms and zero for all the boundary temperatures gives the final numerical equation that was solved using the minverse and mmult functions of Excel.  A copy of the spreadsheet used for this solution is shown below.

	ij
	Matrix Coefficients
	RHS
	Solution

	11
	-16
	8
	8
	0
	-1000
	170.7619

	12
	4
	-16
	0
	8
	-550
	108.2619

	21
	4
	0
	-16
	8
	-550
	108.2619

	22
	0
	4.618802
	4.618802
	-21.8564
	-363.604
	62.3929


3.
Hoffman, page 583, problem 21.  Consider steady-state heat diffusion in the square 0 ≤ x ≤ 1 and 0 ≤ y ≤ 1.  Let T(0,y) = T(x,0) = 0 and Tx(1,y) = Ty(x,1) = 0.  Solve this problem by hand using the five point method with Gauss Elimination.  Take x = y = 0.25.
This problem can be solved by using the equations for general boundary conditions from the March 30 lecture.  For both the east and north boundary we have a zero gradient condition.  In our general boundary condition equation: a (u/(s + bu = c a zero gradient is specified by setting a = 1 and b = c = 0.

We have to solve a system of nine equations for the nine internal nodes in the grid.  The unknown values at the east and north boundary are found after the solution is obtained.  The equations for the east boundary are found from the equation on slide 20 of the March 30 lecture.
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Since a = 1 and b = c = 0 for each node on this boundary, the boundary nodes are found from the following equation.
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Similarly, you can set a = 1 and b = c= 0 in the equation for the north boundary, also on slide 20 of the March 30 lecture, to get the boundary nodes as from the following equation.
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Before solving the system of equations you have to modify the equations for the nodes next to the east and north boundaries.  For the east boundary, use the modified coefficients from slide 20 of the March 30 lecture to obtain the following iteration equation.
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Since we are dealing with Laplace’s equation (with x = y) we have Q = 0, AP = -4, and AN = AS = AE = AW = 1.  Making these substitutions and a = 1, b = c = 0 (which gives the specified zero-gradient boundary condition) for all the boundary nodes gives the following equations for the nodes next to the east boundary.
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Notice that the boundary node, uNj is not included in this equation.  You can solve for this boundary value after the solutions for the other nodes are found.
In a similar way, we can use the modified coefficients on slide 20 of the March 30 lecture to get the iteration equations for nodes adjacent to the north boundary.  
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Again, Laplace’s equation (with x = y) gives Q = 0, AP = -4, and AN = AS = AE = AW = 1.  Making these substitutions and a = 1, b = c = 0 (which gives the specified zero-gradient boundary condition) for all the boundary nodes gives the following equations for the nodes next to the north boundary.
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At the northeast corner we have to apply the modification to the finite-difference equation to account for both gradients in the x and y directions.  To do this we can reapply the equation for the north boundary to the equation that we derived for the east boundary.  The east boundary equation is copied below.
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This has the form of our general equation with AP = -8/3, AN = AS = 1, AE = 0, and AW = 2/3.  Applying the north boundary equation for a zero gradient (a = 1, b = c = 0) to this east boundary equation gives the following equation for the northeast corner.
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We can use the Excel functions matinv and mmult to solve the set of nine equations by Gauss elimination.  A copy of the spreadsheet for this calculation is shown on the next page.

The first two columns in this table give the node index; the next nine columns give the matrix coefficients for the equation for that node.  The final two columns give the right hand side vector which is formed by the initial conditions and the answer which is found by the spreadsheet array formula =mmult(minverse(array_coefficients),rhs), where array_coefficients and rhs are the ranges for the array coefficients and the right-hand side.

	i
	j
	Matrix Coefficients
	RHS
	Ans

	1
	1
	-4
	1
	0
	1
	0
	0
	0
	0
	0
	-200
	100

	2
	1
	1
	-4
	1
	0
	1
	0
	0
	0
	0
	-100
	100

	3
	1
	0
	0.667
	-2.667
	0
	0
	1
	0
	0
	0
	-100
	100

	1
	2
	1
	0
	0
	-4
	1
	0
	1
	0
	0
	-100
	100

	2
	2
	0
	1
	0
	1
	-4
	1
	0
	1
	0
	0
	100

	3
	2
	0
	0
	1
	0
	0.667
	-2.667
	0
	0
	1
	0
	100

	1
	3
	0
	0
	0
	0.667
	0
	0
	-2.667
	1
	0
	-100
	100

	2
	3
	0
	0
	0
	0
	0.667
	0
	1
	-2.667
	1
	0
	100

	3
	3
	0
	0
	0
	0
	0
	0.667
	0
	0.667
	-1.333
	0
	100


We still have to solve for the boundary potentials.  We have previously noted that the east boundary potentials are given as 
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.  Similarly, we can show that the north boundary potentials are found from the equation, 
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. Since all potentials in the field are the same These equations will give each boundary potentials as (400 – 100)/3 = 100, the same as the result for all the nodes away from the boundary.

The answer that all potentials are the same is not unexpected.  From a purely mathematical argument we recognize that a zero gradient boundary is the same as a symmetry condition.  Thus, this problem is equivalent to one in which there a square with a side of two has a specified potential of 100 on each of its boundaries.  As we noted during the analytical studies of Laplace’s equation, a constant boundary condition means that the solution is constant everywhere in the region.  From a physical argument, a zero gradient means no flux of the quantity whose flux is given by the gradient of the potential.  Since we have a constant potential on the other two sides, there is no net potential difference to produce a net flux.  Thus the square must be at constant potential.

You can also solve this problem using the central difference boundary condition expressions.  Here we solve the finite-difference equation for the boundary node.  This produces a fictions node outside the boundary that can be eliminated from the finite-difference equation using the gradient boundary condition.  For example, at the east boundary we would write the following finite difference equation.
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We would then solve the finite difference central difference equation for the zero gradient to get the fictitious node.
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With this equation, the finite-difference equation for the boundary nodes then becomes
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We would then have a similar equation for the nodes on the north boundary, with a special equation for the northeast corner.

Using this approach we would solve a set of 16 finite-difference equations, that include all the unknown the boundary values.  The spreadsheet solution, using the central difference approach is shown below.  The structure of this spreadsheet is the same as that of the one shown above.  Here there are more equations to solve since the boundary nodes are found as part of the overall solution process.  We get the same results obtained by the other approach; all the potentials are the same.

	i
	j
	Matrix Coefficients
	RHS
	Ans

	1
	1
	-4
	1
	0
	0
	1
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	-200
	100

	2
	1
	1
	-4
	1
	0
	0
	1
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	-100
	100

	3
	1
	0
	1
	-4
	1
	0
	0
	1
	0
	0
	0
	0
	0
	0
	0
	0
	0
	-100
	100

	4
	1
	0
	0
	2
	-4
	0
	0
	0
	1
	0
	0
	0
	0
	0
	0
	0
	0
	-100
	100

	1
	2
	1
	0
	0
	0
	-4
	1
	0
	0
	1
	0
	0
	0
	0
	0
	0
	0
	-100
	100

	2
	2
	0
	1
	0
	0
	1
	-4
	1
	0
	0
	1
	0
	0
	0
	0
	0
	0
	0
	100

	3
	2
	0
	0
	1
	0
	0
	1
	-4
	1
	0
	0
	1
	0
	0
	0
	0
	0
	0
	100

	4
	2
	0
	0
	0
	1
	0
	0
	2
	-4
	0
	0
	0
	1
	0
	0
	0
	0
	0
	100

	1
	3
	0
	0
	0
	0
	1
	0
	0
	0
	-4
	1
	0
	0
	1
	0
	0
	0
	-100
	100

	2
	3
	0
	0
	0
	0
	0
	1
	0
	0
	1
	-4
	1
	0
	0
	1
	0
	0
	0
	100

	3
	3
	0
	0
	0
	0
	0
	0
	1
	0
	0
	1
	-4
	1
	0
	0
	1
	0
	0
	100

	4
	3
	0
	0
	0
	0
	0
	0
	0
	1
	0
	0
	2
	-4
	0
	0
	0
	1
	0
	100

	1
	4
	0
	0
	0
	0
	0
	0
	0
	0
	2
	0
	0
	0
	-4
	1
	0
	0
	-100
	100

	2
	4
	0
	0
	0
	0
	0
	0
	0
	0
	0
	2
	0
	0
	1
	-4
	1
	0
	0
	100

	3
	4
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	2
	0
	0
	1
	-4
	1
	0
	100

	4
	4
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	2
	0
	0
	2
	-4
	0
	100


Here is some additional information on the solution of equations using the SOR procedure.  We start with the SOR equation from slide 7 for the March 30 lecture (with no source term; bij = 0.)
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The A’ terms in this equation are the individual A terms divided by AP.  For Laplace’s equation, all the individual A terms are 1 and AP = -4.  Thus, for Laplace’s equation, all the A’ terms are -1/4, which gives the following result.
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Pick an arbitrary value for , say  = 1.3, for this example.  This gives the following equation.
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Apply this equation to all nodes in order, starting at node 1,1, and proceeding through nodes 2,1, 3,1, 1,2, 2,2, etc. using the equations from the last note I sent.  (Using the Hoffman approach you would include node 4,1 in the iterations.)

For node 1,1 we have the following calculations if we assume that all the unknown values are zero initially.


[image: image41.wmf][

]

[

]

65

4

/

0

0

100

100

3

.

1

)

0

(

3

.

4

/

3

.

1

3

.

)

0

(

12

)

0

(

21

)

1

(

01

)

1

(

10

)

0

(

11

)

1

(

11

=

+

+

+

+

-

=

+

+

+

+

-

=

u

u

u

u

u

u


We see that the values required at the new time step in this equation are boundary values.  Proceeding to the next node we can use the value just found for u11 in the equation.
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Node 13 is a node next to a boundary.  From the analysis above we have the following equation for the node next to the east boundary
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Solving this equation for uN-1j gives the equation in the Gauss-Seidel iteration format.
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Converting this from Gauss-Seidel iterations to SOR iterations gives.
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With  = the assumed value of 1.3 for this problem, this equation for the east boundary becomes.
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Using the iteration results previously found, we can now compute u31 for the first set of iterations.
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We can now proceed to the next row, starting with u12.  Here we have one boundary value, u02 = 100, and the value of u11 just computed above.
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The iterations continue in this fashion until all nine unknowns are computed.  Following that, the next set of iterations starts.
Using the approach in Hoffman, we would solve the usual iteration equation for the node next to the east boundary.
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Applying the Hoffman method, we would solve the following equation for the east boundary.


[image: image50.wmf]0

4

2

1

1

1

=

+

-

+

+

-

-

Nj

Nj

j

N

N

Nj

u

u

u

u

u


Rewriting this for Gauss-Seidel and SOR iterations (with  = 1.3) gives.
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With the boundary conditions and previous iteration results we can find first iteration value for the east boundary temperature on the first row as follows.
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Iterations in this approach then continue as before with the same value found for u12.

4.
Hoffman, page 585, problem 37.  Consider steady heat diffusion in the unit cube, 0 ≤ x ≤ 1, 0 ≤ y ≤ 1, and 0 ≤ z ≤ 1. Let T = 100 on the surface z = 1, and T = 0 on the other five surfaces.  Solve this problem with the seven-point method with x = y = z = 1/3.
Laplace’s equation in three dimensions is written as follows in Cartesian coordinates.
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We define a grid numbering scheme where xi = x0 + ix, yj = y0 + jy, and zk = z0 + kz.  If we replace each second derivative by a second-order accurate finite-difference expression, using this grid, we obtain the following result.
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We can multiply this equation by the common step size, x = y = z, to obtain the following result.
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Our grid with x = y = z = 1/3 will have four nodes in each coordinate direction including the boundary notes.  The only nodes that are not boundary conditions are the nodes 111, 211, 121, and 221 in the k = 1 plane and nodes 112, 212, 122, and 222 in the k = 2 plane.  The matrix equation below shows the finite-difference expression for each of these nodes.  (Each node is linked to three boundary nodes, which hides the overall structure of a three-dimensional solution matrix.)
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This set of equation can be solved by using the minverse and mmult functions of Excel.  A copy of the Excel spreadsheet used to solve this set of equations is shown below.
	ijk
	Matrix Coefficients
	RHS
	Solution

	111
	-6
	1
	1
	0
	1
	0
	0
	0
	0
	6.667

	211
	1
	-6
	0
	1
	0
	1
	0
	0
	0
	6.667

	121
	1
	0
	-6
	1
	0
	0
	1
	0
	0
	6.667

	221
	0
	1
	1
	-6
	0
	0
	0
	1
	0
	6.667

	112
	1
	0
	0
	0
	-6
	1
	1
	0
	-100
	26.667

	212
	0
	1
	0
	0
	1
	-6
	0
	1
	-100
	26.667

	122
	0
	0
	1
	0
	1
	0
	-6
	1
	-100
	26.667

	222
	0
	0
	0
	1
	0
	1
	1
	-6
	-100
	26.667


There are only two values at each z plane because the grid has a symmetric placement of the nodes.  In fact, we could solve this problem by considering only the region 0.5 ≤ x ≤ 1 and 0.5 ≤ y ≤ 1 with a zero gradient boundary condition at the x = 0.5 and y = 0.5 boundaries.  If we used more nodes in the z planes we would have seen different values for the solution as we get closer to or further away from the vertical walls with a zero boundary condition.
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