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March 23 Homework Solutions
1.
Evaluate the first and second derivatives of sin x at x = 1 radian using second-order central difference expressions.  Use step sizes of h = 0.1, 0.01, and 0.001.  Compute the error for each numerical result and use the relationship between the error and the step size to infer the order of the error.

Repeat the calculation of the first derivative for x = 0.01 radian using step sizes of 0.001 and 0.0001.  What order do your results imply at this point?  Comment on any differences between the results to this problem and the previous one.
The second-order, central-difference equations for the first and second derivatives are
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For x = 1 and h = 0.1, these expressions give the following results for f(x) = sin(x).
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The exact values of the first and second derivatives are 0.539402 and ‑0.841471.  This gives an error of 0.000900 and 0.000701 in the first and second derivative, respectively.  The results of all the calculations are shown in the table below.

	Results for x =1
	First Derivative
	Second Derivative

	h
	sin(x - h)
	sin(x)
	sin(x + h)
	Numeric
	Exact
	Error
	Numeric
	Exact
	Error

	0.1
	0.783327
	0.841471
	0.891207
	0.539402
	0.540302
	9.00E-04
	-0.84077
	-0.84147
	7.01E-04

	0.01
	0.836026
	0.841471
	0.846832
	0.540293
	0.540302
	9.00E-06
	-0.84146
	-0.84147
	7.01E-06

	0.001
	0.84093
	0.841471
	0.842011
	0.540302
	0.540302
	9.01E-08
	-0.84147
	-0.84147
	7.01E-08

	Results for x =0.01
	First Derivative
	Second Derivative

	h
	sin(x - h)
	sin(x)
	sin(x + h)
	Numeric
	Exact
	Error
	Numeric
	Exact
	Error

	0.1
	-0.08988
	0.01
	0.109778
	0.998284
	0.99995
	1.67E-03
	-0.00999
	-0.01
	8.33E-06

	0.01
	0
	0.01
	0.019999
	0.999933
	0.99995
	1.67E-05
	-0.01
	-0.01
	8.33E-08

	0.001
	0.009
	0.01
	0.011
	0.99995
	0.99995
	1.67E-07
	-0.01
	-0.01
	8.34E-10

	0.0001
	0.0099
	0.01
	0.0101
	0.99995
	0.99995
	1.67E-09
	-0.01
	-0.01
	8.11E-11

	0.00001
	0.00999
	0.01
	0.01001
	0.99995
	0.99995
	1.67E-11
	-0.01
	-0.01
	1.99E-08


There is no difference between the results for x = 1 and x = 0.01 for the values of h given in the table.  Both sets of calculations show that the error decreases by a factor of 100 as the step size decreases by a factor of 10.  This is the expected behavior for a second order error.  At smaller step sizes (shown in the table for x = 0.01) we start to see roundoff error in the results for the second derivative.  At a step size of 0.0001 the error only decreases by a factor of 10 instead of 100.  At a step size of 0.00001, the error actually increases when the step size is decreased. 

2.
Hoffman, page 646, problem 5.  By hand calculation determine the solution of the example heat diffusion problem by the FTCS method at t = 0.5 for x = 0.1 cm and t = 0.1 s.

Information about the example problem shown on page 600 can be found from the text, tables, and figures with the results.  It has the following data inputs:  = 0.01 cm2/s, boundary temperatures of zero, a range for x as 0 ≤ x ≤ 1 and a triangular initial temperature profile that can be inferred from Table 10.2 on page 601 to have the following equations: T(x,0) = 200x for 0 ≤ x ≤ 0.5 and T(x,0) = 200 – 200x for 0.5 ≤ x ≤ 1.  In this problem we are asked to use x = 0.1 cm and t = 0.1 s, so f = t/(x)2 = (.01)(0.1)/(0.1)2 = 0.1.  The FTCS method (which we have called the explicit method in class) has the following finite difference equation.
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For the value of f = 0.1 computed here we have the following numerical equation to implement.
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We can look at two approaches to the solution.  In the first approach we will ignore symmetry and simply solve the entire region 0 ≤ x ≤ 1.  In this case we are solving for Ti values from i = 0 at x = 0 to i = 10 at x = 1.  Since the boundary temperatures, T0 and T10 are zero, the equations for T1 and T9 can be written as follows:
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Applying these equations for five time steps gives the results shown in Table 1 on the next page.  We see that we have obtained a symmetric result as we expected.  We can take advantage of this symmetry to reduce the work required for the calculations.  To do this, we solve only from x = 0 to x = 0.5 with a symmetry boundary condition at x = 0.5.  This symmetry condition is expressed as ∂T/∂x = 0 at x = 0.5.  If we represent this zero derivative by a second-order, central-difference expression for the first derivative we have 
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This equation tells us that the two temperatures on either side of the symmetry plane are equal.  In this problem, with x = 0.1, this tells us that T6, the temperature to the right of the symmetry-plane temperature, T5, is the same as T4, the temperature to the left.  Thus we can write our general finite-difference equation for T5 as follows.
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Applying this equation for the same five time steps gives the results shown in Table 2, below.  These are seen to be exactly the same results as those obtained by ignoring symmetry.

	Table 1 -- Solutions to Problem 5, Page 646 in Hoffman Ignoring Symmetry

	
	x = 0.0
	x = 0.1
	x = 0.2
	x = 0.3
	x = 0.4
	x = 0.5
	x = 0.6
	x = 0.7
	x = 0.8
	x = 0.9
	x = 1.0

	t = 0.0
	0
	20
	40
	60
	80
	100
	80
	60
	40
	20
	0

	t = 0.1
	0
	20
	40
	60
	80
	96
	80
	60
	40
	20
	0

	t = 0.2
	0
	20
	40
	60
	79.6
	92.8
	79.6
	60
	40
	20
	0

	t = 0.3
	0
	20
	40
	59.96
	78.96
	90.16
	78.96
	59.96
	40
	20
	0

	t = 0.4
	0
	20
	39.996
	59.864
	78.18
	87.92
	78.18
	59.864
	39.996
	20
	0

	t = 0.5
	0
	19.9996
	39.9832
	59.7088
	77.3224
	85.972
	77.3224
	59.7088
	39.9832
	19.9996
	0


	Table 2 – Solution to Problem 5, Page 646 Considering Symmetry

	
	x = 0.0
	x = 0.1
	x = 0.2
	x = 0.3
	x = 0.4
	x = 0.5

	t = 0.0
	0
	20
	40
	60
	80
	100

	t = 0.1
	0
	20
	40
	60
	80
	96

	t = 0.2
	0
	20
	40
	60
	79.6
	92.8

	t = 0.3
	0
	20
	40
	59.96
	78.96
	90.16

	t = 0.4
	0
	20
	39.996
	59.864
	78.18
	87.92

	t = 0.5
	0
	19.9996
	39.9832
	59.7088
	77.3224
	85.972


3.
Hoffman, page 647, problem 23.  By hand calculation determine the solution of the example heat diffusion problem by the BTCS method at t = 0.5 s for x = 0.1 cm and t = 0.5 s.

Information about the example problem shown on page 600 can be found from the text, tables, and figures with the results.  It has the following data inputs:  = 0.01 cm2/s, boundary temperatures of zero, a range for x as 0 ≤ x ≤ 1 and a triangular initial temperature profile that can be inferred from Table 10.2 on page 601 to have the following equations: T(x,0) = 200x for 0 ≤ x ≤ 0.5 and T(x,0) = 200 – 200x for 0.5 ≤ x ≤ 1.  In this problem we are asked to use x = 0.1 cm and t = 0.5 s, so f = t/(x)2 = (.01)(0.5)/(0.1)2 = 0.5.  The BTCS method (which we have called the fully implicit method in class) has the following finite difference equation.


[image: image8.wmf](

)

n

i

n

i

n

i

n

i

T

fT

T

f

fT

=

-

+

+

-

+

+

+

+

-

1

1

1

1

1

2

1


Substituting f = 0.5 gives the following general equation.
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As in the solution using the FTCS method in problem 5, we can solve this problem by either considering or ignoring symmetry.  In either case the zero boundary temperature at x = 0 gives the following equation for T1.
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If we ignore symmetry, we have will have a zero boundary temperature, T10, at x = 1.  This gives the following equation for T9.
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If we use the symmetry condition, we have the result that T6n+1 = T4n+1; we only have to solve for T1 to T5, where we can use the following equation for T5.
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The BTCS method gives us a set of simultaneous equations to be solved for the unknown temperatures.  In this case, if we consider symmetry, we have to solve the following set of equations.
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This is a simple enough system of equations that we can solve it by almost any method.  In general we would have to solve this equation repeatedly for each time step.  In this problem, we are only taking one time step so we have only one right-hand-side vector, namely the initial conditions.  Substituting this initial profile into the right-hand-side matrix gives.
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Here we will use the Thomas algorithm to solve the problem.  In that algorithm we have a general tridiagonal equation of the form Aiui-1 + Biui + Ciui+1 = Di.  We solve this set of equations by defining two quantities, Ei and Fi such that we can compute ui = Fi + Eiui-1.  The equations we use for Ei and Fi are different for the first equation.  For the first equation we use

E1 = -C1/B1 and F1 = D1 / B1
For all other equations, except the last one, we compute Ei and Fi by the following equations.
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For the last equation, which we will call equation N here, we do not compute a value of EN, but the value that we compute from the equation we would use for FN actually gives us the value of the last unknown, uN.
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Once we have the value for xN, we can find the values for all the other unknowns using a back substitution process.  In this process we find the unknowns in reverse order starting with xN-1 = FN‑1 + EN-1uN.  As an example we will solve the above set of equations using this algorithm.  We see that the unknowns are numbered from 1 to 5 and all the values of Bi are 2.  Almost all of the values of both Ai and Ci are -0.5; the only exception is A5 which is 1.  (Note that the value of A in the initial equation and the value of C in the last equation are not defined.)

To solve the system of equations above we start with the initial values:

E1 = -C1/B1 = -(-0.5)/2 = 0.25 and F1 = D1 / B1 = 20/2 = 10

We then proceed through the remaining equations.
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The unknown value, T5, is found from the formula for F5.
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We now find the remaining unknowns, in reverse order, from the formula Tn = Fn  + EnTn+1.  Applying this formula to all the remaining unknowns gives

T4 = F4 + E4T5 = 53.20574 + (0.267943)(88.4503) = 76.90608

T3 = F3 + E3T4 = 38.57143 + (0.267857)(76.90608) = 59.17257

T2 = F2 + E2T3 = 24 + 0.266667)(59.17257) = 39.77901

T1 = F1 + E1T2 = 10 + (0.25)( 39.77901) = 19.94475

This completes the solution.  In practice, the solution can be found by using cell formulas in an Excel spreadsheet.  An example of this is shown below.  Here the initial data values for Ai, Bi, Ci, and Di are copied into columns A, B, C, and D.  Columns E and F contain formulas for computing the quantities Ei and Fi.  The unknowns are then computed by cell formulas in column G.

	i
	Ai
	Bi
	Ci
	Di
	Ei
	Fi
	Ti

	1
	
	2
	-0.5
	20
	0.25
	10
	19.94475

	2
	-0.5
	2
	-0.5
	40
	0.266667
	24
	39.77901

	3
	-0.5
	2
	-0.5
	60
	0.267857
	38.57143
	59.17127

	4
	-0.5
	2
	-0.5
	80
	0.267943
	53.20574
	76.90608

	5
	-1
	2
	
	100
	
	88.45304
	88.45304


The cell formulas for computing Ei, Fi, and Ti are shown in the table below.  In this table, the initial data row is row 21.  The Thomas algorithm can also be coded as a visual basic function.

	Ei Formulas
	Fi Formulas
	Ti Formulas

	=-C21/B21
	=D21/B21
	=F21+E21*G22

	=-C22/(B22+A22*E21)
	=(D22-A22*F21)/(B22+A22*E21)
	=F22+E22*G23

	=-C23/(B23+A23*E22)
	=(D23-A23*F22)/(B23+A23*E22)
	=F23+E23*G24

	=-C24/(B24+A24*E23)
	=(D24-A24*F23)/(B24+A24*E23)
	=F24+E24*G25

	=-C25/(B25+A25*E24)
	=(D25-A25*F24)/(B25+A25*E24)
	=F25


4.
Hoffman, page 647, problem 28.  By hand calculation determine the solution of the example heat diffusion problem by the Crank-NIcholson method at t = 0.5 s for x = 0.1 cm and t = 0.5 s.
The solution to this problem is similar to the previous one.  We are using an implicit procedure to complete the solution in one time step.  The difference here is in the use of the Crank-Nicholson algorithm that uses the following equation.
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This problem, like the previous one, has x = 0.1 cm and t = 0.5 s, and a = 0.01 cm2/s.  This gives f = t/(x)2 = (.01)(0.5)/(0.1)2 = 0.5.  Using symmetry so that the last equation as a coefficient of -2f for T4 and 2(1 + f) for T5 gives the following solution matrix.
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Applying the same Excel formulae used to compute the BTCS results gives the following solution for the Crank-Nicholson algorithm.
	A
	B
	C
	D
	E
	F
	T

	
	3
	-0.5
	40
	0.166667
	13.33333
	19.98811

	-0.5
	3
	-0.5
	80
	0.171429
	29.71429
	39.92864

	-0.5
	3
	-0.5
	120
	0.171569
	46.27451
	59.58371

	-0.5
	3
	-0.5
	160
	0.171573
	62.84272
	77.5736

	-1
	3
	
	180
	
	85.85787
	85.85787
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