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March 16 Homework Solutions
1.
Kreyszig, page 586, problems 24-27.  Find the solution to the wave equation in r and θ coordinates, using the steps outlined in the problem.
The radial wave equation in two space dimensions (r and ) can be written as follows.
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[1]

Substituting u = F(r,θ)G(t) gives the following separation of variables result.
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[2]

Dividing by F(r,θ)G(t) gives the initial separation.
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[3]

Here we have taken the usual step of setting each side of this equation equal to a constant because teach side depends on different independent variables.  This gives an ordinary differential equations for G(t) and a partial differential equation for F(r,θ).
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[4]

We can further apply separation of variables to F(r,θ), writing F(r,θ) = W(r)Q(θ).  Substituting this into the partial differential equation for F(r,θ) in [4] gives. 
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[5]

Moving the Q derivative term to the right side of the equation and dividing by W(r)Q(θ)/r2 gives another separation of variables solution where we set the separation constant equal to n2.
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[6]

This gives two ordinary differential equations.
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[7]

The first ordinary differential equation in [7] is a modified form of Bessel’s equation whose solutions are
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[8]

The solutions to the equation for Q are sines and cosines.
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[9]

Finally we can also write the solution for G(t) in equation [4] as a sine and cosine.
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[10]

Because the  coordinate is periodic, the solutions for Q(θ) must be periodic.  That is Q(θ) = Q(θ+2πn) for integer n.  According to equation [9] this requires
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[11]

This will be true only if n is an integer.  Thus we conclude that n must be an integer to satisfy the periodicity condition.  Note that n can have a value of zero in which case the sine term is zero.
In the radial solution for W(r) we must set D = 0 so that the solution can apply at the center of the region, where Yn approaches infinity.  The boundary condition that u(R,θ,t) = 0 requires that W(R) = 0; this gives the following result from the radial solution (with D = 0).
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[12]

This requires that kR be a zero of the Bessel function Jn.  If we denote the mth zero of the Bessel function Jn as mn – i.e., Jn(mn) = 0 for m = 1, 2, … – we see that k is an eigenvalue that is given in terms of this zero.  From equation [12], we can define the eigenvalue kmn by the following equation.
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[13]

With this definition we can write the radial solution as
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We can obtain the solution for u by multiplying the solutions for individual variables.
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[15]

We can obtain the solutions in the text by separating the sine and cosine terms in the θ solution.  This gives
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[16]

where we have defined Amn = ACF, Bmn = BCF, A*mn = ACE, and B*mn = BCE.
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