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March 2 Homework Solutions
1.
The Helmholtz equation, shown below, is like Laplace’s equation, except that it has an additional term, a2u.  Physically this additional term represents a source term is proportional to the potential u with a proportionality constant, a2.  For example in the diffusion of heat or species, the additional term represents a source of heat or species.  Find the solution to the following Helmholtz-equation problem.
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We make the usual separation-of-variables assumption that the solution u(x,y), can be written as the product of two one-dimensional functions, X(x)Y(y).
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Substituting this solution into the differential equation and dividing by the solution, X(x)Y(y) and moving the –a2 to the right-hand side, gives the following result.
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[2]

The first term in this equation is a function of x only and the second term is a function of y only.  These two terms add to a constant.  This can only be true if both the terms in X(x) and Y(y) are each equal to a constant.  As usual we want to choose a constant that will give us a Sturm-Liouville eigenvalue solution in the direction that has homogenous boundary conditions.  In this case, that is the x direction.  As usual, we set a term equal to 2 or –2 depending on the direction in which we want an eigenvalue expansion.  In this case, with a boundary condition at y = H that is a function of x, we want an eigenfunction expansion in the x direction to expand this boundary condition.  By setting the X(x) term equal to –2, we obtain the ordinary differential equation shown below.
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[3]

These ordinary differential equations have the following general solutions.
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[4]

Here we have defined the constant so that
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Our choice of setting the X(x) term equal to –2 gives us a sine and cosine solution in the x direction that will lead to the desired eigenvalue solution in this direction.  In order to satisfy the boundary conditions that u(0,y) = 0, we must have X(0) = 0.  This requires the constant B to be zero.  With X(x) = Asin(x), the only way we can satisfy the boundary condition that u(L,y) = 0 is if X(L) = 0.  This requires to be an integer multiple of /L.
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The boundary condition that u(x,0) = 0 requires that Y(0) = 0; this is only satisfied if D = 0.  Thus, the solution to our differential equation and the three zero boundary conditions can be written as follows.



[image: image8.wmf]2

2

)

sinh(

sin

)

(

)

(

)

,

(

a

L

n

y

L

x

n

AC

y

Y

x

X

y

x

u

n

n

+

÷

ø

ö

ç

è

æ

p

=

k

k

÷

ø

ö

ç

è

æ

p

=

=


[7]

Here we have added the subscript n to  as a reminder that the definition of contains , which equals n/L.  We have an infinite number of possible solutions for positive integer values of n.  We can sum each of these solutions to get the general solution.  If we replace the constant AC by a constant An, which can have a different value for each n, we have the following general solution.
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[8]

To match the boundary conditions that u(x,H) = uN(x), we have the following result.
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[9]

Multiplying both sides of this equation by sin(mx/L) and integrating from zero to L makes all terms in the sum zero except for m = n because of the orthogonality of the integral of two different eigenfunctions.
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[10]

We then have the following equation for Am.
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[11]

Substituting this result into equation [8] (and using the definition of n from equation [7] gives the answer for u(x,y) for any boundary condition, uN(x).

2.
What is the solution to problem 1 if uN(x) = U, a constant?

Substituting this boundary condition into equation [11] gives the following result for Am.
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We have seen previously that 
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= 1 – cos(mπ) which equals zero for even m and two for odd m.  This gives the following result for Am.
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We can define a new index, n, such that m = 2n+1, where n goes from zero to infinity in increments of 1.  With this index we can write
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With this new index and corresponding definition of An, we can write our solution as follows.
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[15]

where, with the new index, we write the value of n as follows.
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3.
What is the solution to problem 1 if the side boundary conditions are replaced by zero gradient boundary conditions?  I.e., find the solution to
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We can start from the separation of variables solution in equations [3] and [4] above.  In this problem we have to satisfy the zero boundary conditions that ∂u/∂x = 0 at x = 0 and x = L for all y values.  In order to satisfy this boundary condition for all y values, we must have dX/dx = 0 at these locations.  As shown below, taking the derivative of the solution X(x) and evaluating the result at x = 0 gives A = 0.
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[17]
Evaluating the derivative (with A = 0) at x = L gives the eigenvalue solution.
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[18]

Unless we set B = 0, which gives zero for the solution, we must have L = nπ, where n is an integer, to satisfy this boundary condition.  As in the first problem, the boundary condition that u = 0 when y = 0 for all x can only be satisfied by setting D = 0 to eliminate the hyperbolic cosine term.  With A = D = 0 and λL = nπ we have the following solution for u(x,y).
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[19]

As before, we have added the subscript n to  as a reminder that  and are related.  We have an infinite number of possible solutions for integer values of n.  We can sum each of these solutions to get the general solution.  If we replace the constant BC by a constant Bn, which can have a different value for each n, we have the following general solution.
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[20]

Because the cosine of zero is not zero, we start the summation at n = 0.  In the solution of Laplace’s equation with a gradient boundary in the Sturm-Liouville problem, we saw that we had to consider a different solution for Y(y) in the case where the eigenvalue, nπ/L = 0.  In that case, with no source term, the solution for Y(y) was a straight line.  In this problem, however, setting  = 0 in equation [3] gives the following equation for Y(y).
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[21]

This equation has the solution Csin (ay) + Dcos (ay) and we would set D = 0 to satisfy the condition that u = 0 for y = 0.  In the development below we will continue to use sinh(ny) in the equations, but we will have to use sin(ay) for the n = 0 eigenvalue.
To match the boundary conditions that u(x,H) = uN(x), we have the following result.
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[22]

We can simplify this equation by using the orthogonality relationships for integrals of the cosine.  If we multiply both sides by cos(mx/L), where m is another integer, which may be zero, and integrate from a lower limit of zero to an upper limit of L, we get the shown in equation [23].  As usual, we apply the orthogonality relationships for the cosine eigenfunctions to eliminate all terms from the infinite series sum over n except for the term where n = m.
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The integral 
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when m ≠ 0.  For m = 0, the integral is L.  Thus we have two expressions for Bm: the first is for m = 0 where cos(mπx/L) = 1; the other for m ≠ 0.  For m = 0, 0 = [02 + a2]1/2 = a and we use this result below in the equation for B0.
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[24]
For a given boundary condition, uN(x) we can determine Bm and substitute the coefficients into equation [20] to get the solution u(x,y).
4.
Use the solution to problem 3 to find the solution of the following problem, where U1 and U2 are both constants.
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We can find the solution to this problem, u(x,y) as the superposition sum u(x,y) = u1(x,y) + u2(x,y), where u1 and u2 are solutions to the following problems.
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(You can confirm that the sum, u1 + u2, satisfies the differential equation and the boundary conditions of the original problem.)  The solution for u2 is just the solution found in problem 3, applied to the particular case of a constant potential, U2 at y = H.  We consider the two separate cases in equation [24] for uN(x) = U2, a constant.  For m = 0, we obtain the following result for B0.
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[25]
When m is not zero, we have the following result for Bm from equation [24].
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[26]
With these results for Bm, our infinite series solution in equation [20] contains only one nonzero term, the term for m = 0.
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[27]

The solution for u1 is just the mirror image of the solution for u2.  If the substitute H – y for y and U1 for U2 in equation [28] we will obtain the solution for u1(x,y).
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[28]

The superposition solution to the original problem is simply the sum of the two solutions just obtained: u(x,y) = u1(x,y) + u2(x,y).
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[29]

In the limit as a approaches zero, the value of sinh az approaches az so we have the following version of equation [29] as a approaches zero.
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[30]

This is the solution to problem 4 on the homework for February 23 in which you solved Laplace’s equation (which is just the Helmholtz equation with a = 0) using the same boundary conditions as in this problem.
5.
Write the solution for the potential in a solid cylinder for which Ri ≤ r ≤ R0 and 0 ≤ z ≤ H with the following boundary conditions: u(r,0) = U1, u(r,H) = U2, u(Ri,z) = U3, u(R0,z) = U4, where U1, U2, U3, and U4 are all constants.  Use solutions from lecture notes for similar problems to construct the solution for this problem.
Here we have to use four superposition solutions to obtain the desired solution.  All four solutions are for a finite cylinder Ri ≤ r ≤ Ro and 0 ≤ z ≤ H.  Al four solutions have three boundaries where the boundary conditions are zero and one boundary with a nonzero boundary condition that matches one of the boundary conditions in our problem.  The four solutions we require are described in the table below in terms of their boundary conditions.
	Solution
	Bottom boundary
	Top boundary
	Left Boundary
	Right Boundary

	u1(r,z)
	u1(r,0) = U1
	u1(r,H) = 0
	u1(Ri,z) = 0
	u1(Ro,z) = 0

	u2(r,z)
	u2(r,0) = 0
	u2(r,H) = U2
	u2(Ri,z) = 0
	u2(Ro,z) = 0

	u3(r,z)
	u3(r,0) = 0
	u3(r,H) = 0
	u3(Ri,z) = U3
	u3(Ro,z) = 0

	u4(r,z)
	u4(r,0) = 0
	u4(r,H) = 0
	u4(Ri,z) = 0
	u4(Ro,z) = U4


The solution for u4 is the top equation in slide 37 from the February 16 lecture presentation.  The solution is copied below with the constant, U, in the original equation set to U4 for the solution here.
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[31]

The quantities Fn and Gn defined in this equation are shown on the previous slide of the lecture notes.
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[32]

The solution for u3(x,y) is not given in the lecture notes or slides.  However, the previous solution for u4, as presented in the February 16 lecture presentation, can be modified to give the solution required for u3.  The radial function in the solution for u4, as shown on slide 32, is P(r) = CI0(λr) + DK0(λr).  We will have the same radial solution here, but the values of C and D will be different.

In the solution for u4 we had the boundary condition that u(z,Ri) = 0 which required P(Ri) = 0.  That led to the equation that CI0(λRi) + DK0(λRi) = 0.  As a consequence of this zero boundary condition at r = Ri we had the conclusion that C = –D K0(λRi) / I0(λRi).  See slide 33 for this equation.

In the solution for u3, we have the zero boundary condition at the outer radius.  That is we want u(z,Ro) = 0.  This will require P(Ro) = 0.  If we substitute r = Ro into our general radial solution for P(r) and set the result to zero we obtain CI0(λRo) + DK0(λRo) = 0.  This zero boundary condition at r = Ro then leads to a relationship between C and D that is almost the same as the one for a zero boundary at r = Ri.  The only difference is that Ro rather than Ri appears in the equation.  Thus, the relationship between C and D for the problem here is C = –D K0(λRo) / I0(λRo).

With this relationship between C and D, the equation that satisfies the differential equation and the three zero boundary conditions can be adapted from equation shown below, which is the bottom equation on slide 33.  To modify this equation we simply replace Ri by Ro as indicated by the boundary condition equation found in the previous paragraph.
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[33]
Substituting Ro for Ri gives us our solution for u3(r,z).
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[34]
We now have to apply equation [34] to the boundary condition that u(Ri,z) = U3.
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[35]
We can compare equation [35] to the eigenfunction expansion in slide 34 of the lecture, which is shown below.
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[36]
We see that in the lecture we were applying the boundary condition at r = R0 so that the terms in brackets from the lecture have the inner and outer radius terms just the opposite of the inner and outer radius terms used in this solution.  Since the eigenfunction expansion is done in the z coordinate, the bracketed terms are not affected by the expansion.  For the problem in the lecture, we obtained the following coefficients when we had a constant boundary condition at r = R0 and a zero boundary at r = Ri.  (See slide 36.)
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[37]
For the problem considered here, the zero boundary condition at r = R0 and the constant boundary condition at r = Ri, we simply reverse the Ro and Ri in the brackets to match the similar term in equation [35].  We can do this since the eigenfunction expansion in the z direction will not affect these terms.  Switching the inner and outer radii and substituting the result for Cm into the solution for u3 in equation [34] gives the following solution for u3.
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[38]
The second solution can be taken directly from slide 47 of the February 16 lecture presentation.  (In the equation below we have set the constant value to U2 and the cylinder height to H as given for this problem.)
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[39]
In this equation, P0(λmr) = Y0(λmR0) J0(λmr) – J0(λmR0) Y0(λmr) and λm = αm/R0 where αm is the mth solution of the equation
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[40]
Although we did not obtain a solution for u1 in the lecture notes, we can adapt the solution that we have for u2 by replacing z in equation [39] by H – z.  Placing the value of U1 for the constant gives the solution u1(x,y) as follows.
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[41]
Equations [41], [39], [38], and [31] give the solutions for, respectively, u1, u2, u3, and u4.  These four solution must be added together to obtain the final solution for this problem.
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