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February 16 Homework Solutions
1.
Solve the diffusion equation in a cylinder with a convection boundary condition for the potential u(r,t) for 0 ≤ r ≤ R and t > 0.  The problem is defined as follows:
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In this problem  is the usual diffusivity, h is the convection coefficient, u∞ is the free stream potential, and k is the conductance.  The parameters , h, u∞, and k are constant.

The approach used for solving solution to this problem is a combination of approaches used for two problems done in class: (1) diffusion in a cylinder with the boundary condition that u(R,t) = uR , and (2) diffusion in Cartesian direction with the convection boundary condition.

The solution is similar to the one found for solving the diffusion equation in a cylinder, namely 
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.  In this equation, m are the roots of the following equation.
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Obtain an equation for Cm for the general initial condition, u(r,0) = u0(r) and for the special case where u0(r) = U0, a constant.  Use the following integral to find Cm:
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We want to solve the diffusion equation in a cylindrical coordinate system, 0 ≤ r ≤ R, for the potential u(r,t) with the initial condition that u(r,0) = u0(r) and the convection boundary condition at r = R.
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[1]
We do not have a Sturm-Liouville problem because the boundary condition at r = R is not homogenous.  If we define a new temperature variable,  = u - u∞, we will have a homogenous set of equations and boundary conditions 
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[2]
As usual, we seek a solution for (r,t) using separation of variables.  We postulate a solution that is the product of two functions, T(t) a function of time only and P(r) a function of the radial coordinate, r, only.  With this assumption, our solution becomes.


(r,t) = P(r)T(t)
[3]

We substitute equation [3] for u in equation [2].  Since P(r) is a function of r only and T(t) is a function of t only, we obtain the following result.
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[4]

If we divide the final equation through by the product P(r)T(t), we obtain the following result.
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[5]

The left hand side of equation [5] is a function of t only; the right hand side is a function of r only.  The only way that this can be correct is if both sides equal a constant.  As before, we choose the constant to be equal to2.  This gives us two ordinary differential equations to solve.

The first equation becomes
[image: image9.wmf])

(

)

(

2

t

T

dt

t

dT

a

l

-

=

has the general solution 
[image: image10.wmf]t

Ae

t

T

a

l

-

=

2

)

(

.  The second differential equation in [5] can be written as 
[image: image11.wmf]0

)

(

)

(

2

=

l

+

r

rP

dr

r

dP

r

dr

d

.  The general solution to this equation is P(r) = BJ0(r) + CY0(r), where J0 and Y0, are the Bessel functions of the first and second kind with zero order.  Thus, our general solution for u(r,t) = P(r)T(t) becomes
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[6]

As r → 0, Y0(r) → -∞; to keep the solution finite, we require that C2 = 0.  To satisfy the boundary condition on  at r = R, given by equation [2], we must satisfy the following equation for the solution P(r).
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[7]

Since the derivative dJ0(z)dz = –J1(z), we can write this boundary condition as follows, where we have defined m = R.
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[8]

Equation [8] defines a transcendental equation for m = R that gives the eigenvalues for this solution.  A plot of f(m), showing the first four zeros of this function for hR/k = 1, is given below.  A calculation of the first four zeros from equation [8], for hR/k = 1, gives the following values: 1 = 1.25578371, 2 = 4.079477709, 3 = 7.155799184, and 4 = 10.27098536.  This solution process can be continued to obtain a large number of eigenvalues that might be required for the solution of the series solution in equation [9].  For any value of hR/k, we can solve equation [8] for a sequence of values, m, that give the eigenvalues, m. = mR.  The solution to our radial diffusion problem is the sum of all possible solutions from equation [6] (with C2 = 0) with different values of m.  This gives.
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[9]
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[image: image16.emf]Eigenvalue Equation:Radial Diffusion with Convection Boundary Condition
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We still have to satisfy the initial condition that u(r,0) = u0(r).  We can do this by using an eigenfunction expansion for the solution to our Sturm-Liouville statement of the problem, (r,t).  Setting t = 0 in equation [9] sets the exponential term to one and gives the following result.
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[10]

The values of Cm are found from the general equation for orthogonal eigenfunction expansions which includes a weighting function.  Here the weighting function p(r) is equal to r.  For any initial condition, u0(r), we find the values of Cm from the following equation.  (In the second equation below, the integral in the denominator has been evaluated using integral tables.)
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[11]

For any given initial condition, u0(r), we can then integrate equation [11] to find Cm and we can then use equation [10] to compute u(r,t) = (r,t) + u∞.
If we consider the simple case where u0(r) is a constant equal to U0, we have the following result for Cm.
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Setting mR = m, substituting the result for Cm into equation [9], and rearranging the result leads to following solution for u(r,t), for the constant initial condition.
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[14]

This equation explicitly shows three dimensionless variables: (u – u∞)/(U0 – u∞), r/R and αt/R2.  In addition, the values of m depend on the dimensionless variable hR/k.

2.
Calculate and plot the results of the equation you find in the first problem for the initial condition that u0(r) = U0.  For a given value of hR/k, you should be able to plot a dimensionless potential difference (u – u∞)/(U0 – u∞) versus r/R with t/R2 as a parameter for the curves on your plot.  Use the value of hR/k that will be assigned to you for this problem. 

You can download a spreadsheet from the course web site that has the first 500 roots of the equation 
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.  This spreadsheet also contains the zeros for J0 and roots to an eigenvalue equation for a hollow cylinder that are not required for this assignment.  It also has Visual Basic Macros that compute Bessel functions in case you are using Excel and do not have the analysis tool pack loaded; call the functions bessj0(x) and bessj1(x) to compute J0(x) and J1(x).  Software in C++ is available online at http://gams.nist.gov/.  Fortran 90 and later versions of Fortran have Bessel functions routines in their function libraries.

The results of equation [14] are shown in the three plots below; each plot shows the results of (u – u∞)/(U0 – u∞) plotted versus r/R with = t/R2 as a parameter.  A different value of hR/k is used for each plot.
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As the values of hR/k increase from 0.1 to 10, the gradient at the edge of the cylinder (r/R = 1) increases.  This is consistent with the physical definition of the problem.  As hR increases, relative to k, the (heat, mass, etc.) flux leaving the cylinder increases.  A larger gradient inside the cylinder is required to provide the larger flux leaving the cylinder.  In addition, the larger flux leaving the cylinder causes the dimensionless potential to reach zero faster for larger values of hR/k.  When hR/k = 0.1, the lowest line of dimensionless potential occurs for a dimensionless time of 20.  The time for this lowest line decreases to 2 when hR/k = 1 and decreases further to 0.8 when hR/k = 10.f

Data for the plot were created from a user-defined function written in Visual Basic.  The highest level of the function code is shown below.  The function was designed to compute the eigenvalues so than any value of hR/k (called Biot in the function code) could be used.
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 Function temperature(time As Double, radius As Double, Biot As Double) As Variant

   Dim eigenvalues(maxIterations) As Double

   If (getEigens(eigenvalues, maxIterations, Biot)) Then

        temperature = getTemperature(time, radius, eigenvalues)

    Else

        temperature = "No convergence in eigenvalue calculation"

    End If

End Function

You can download the spreadsheet with the complete Visual Basic code and the data table and plot for one value of hR/k from the course web site.
3.
The diffusion equation for spherical geometry with no variation in the angular coordinates is shown below.  In this equation we are using x for the radial coordinate to avoid confusion with the r(x) term in the Sturm-Liouville equation.  Here we are solving for u(x,t) in the region t ≥ 0 and 0 ≤ x ≤ R.  The equation and the boundary condition at the edge of the sphere are.
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At the center of the sphere, the solution must remain finite.

(a)
Show that the variable v = u – uR satisfies the differential equation.  What is the boundary condition for v at x = R?
If we define a new variable v(r,t) = u(r,t) – uR, and substitute this variable into the spherical diffusion equation, using x for the radial coordinate, we obtain the following result.
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[1]

Since uR is a constant, its derivative is zero and we see that v satisfies the same equation that u does.  Furthermore, since v = u – uR, the boundary value for v(R,t) = u(R,t) – uR = 0.

(b)
Show that the equation for v = u – uR can be solved by separation of variables using v(x,t) = X(x)T(t) where the function T(t) is an exponential decay in time.
We can apply the separation of variables solution to the differential equation for v.  Setting v(r,t) = P(r)T(t), substituting this result into the differential equation, and dividing the result by X(x)T(t) shows that separation of variables works.
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[2]

As usual, we have obtained a function of time equal to a function of the space coordinate, which can only be true if both functions are equal to a constant, which has been set to –λ2.  This gives us two ordinary differential equations to solve.  One of these is a first order equation for the time function, T(t) which gives us an exponential decal in time.
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The remaining ordinary differential equation, for the function X(x), is shown below.
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[4]

(c)
Show that the resulting equation for the radial function, X(x) satisfies the requirements for a Sturm-Liouville problem.  What are the parameters p(x), q(x) and r(x) from the general Sturm-Liouville problem for the radial function X(x) here?  Review theorem 1 on page 206 of Kreyszig which states that a homogenous boundary condition is not required at the lower or upper limit if p(x) is zero at either limit.  You should be able to apply this fact here.
We can compare this to the Sturm-Liouville equation below.
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[5]

We see that the equation for X(x) has the same form as the Sturm-Liouville equation if p(x) = x2, q(x) = 0, and p(x) = x2.  Furthermore, since v(r,t) = X(x)T(t), we must have X(x) = 0 to satisfy the boundary condition that v(R,t) = 0.  This gives a homogenous boundary condition at the upper limit that is required for a Sturm-Liouville problem.  Since p(x) = x2 is zero at the lower limit of x = 0, the boundary condition at this limit need not be homogenous, so long as the solution remains finite at thispoint.  Thus we conclude that the ordinary differential equation for X(x) satisfies all the requirements for a Sturm-Liouville problem.

(d)
Identify the weight function and write the inner product for the eigenvalue solutions to the radial equation.

Since the weighting function for the X(x) equation is r(x) = x2 the inner product for the eigenfunction solutions, Xm(x), is given by the following equation.
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[6]

Note that the upper and lower limits for the integral are the same as the lower and upper limits of x for the spherical coordinate system.  We know that the inner product will be orthogonal since X(x) is a solution to a Sturm-Liouville problem.

(e)
Define a new function, W(x), such that the radial solution, X(x) = W(x)/x.  Substitute X(x) = W(x)/x into the radial equation and show that you obtain a simple differential equation whose eigenvalue solutions are sines and cosines.
To see if the proposed solution X(x) = W(x) / x gives sines and cosines, we substitute this equation for X(x) into the first term in equation [4] and obtain the following result.
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[7]

Substituting this result and the proposed solution, X(x) = W(x) / x, into equation [4] gives the differential equation for W(x).
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[8]

Canceling one power of x in the final term and dividing the resulting equation through by x gives the familiar differential equation whose solutions are sines and cosines.
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[9]

(f)
What limitation do you have on the solution if we want X(x) to remain finite as x → 0?

The general solution to equation [9] is W(x) = Bsin(x) + Ccos(x).  Since X(x) = W(x) / x, the solution that we are seeking for X(x) is given by the following equation.
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[10]

As we approach the lower limit of x = 0, the term sin λx / x approaches 1; however the cosine approaches one so that the term cos λx / x approaches infinity.  To avoid this we must set C = 0 to keep our solution finite.

To have v(R,t) equal to zero for all t, we must have X(R) = 0.  This will be true only if sin λR / R = 0, which will occur only if λR is an integer multiple of π.  This gives us the eigenvalues for our solution.  

(g)
Write the general solution to the original partial differential equation for u(x,t) that meets the boundary condition at x = R and is finite at x = 0.
Our solution for v(x,t) can then be written as the sum of all the eigenvalue solutions.  Since u(x,t) = v(x,t) + uR, the desired solution for u(x,t) is the solution sum for v(x,t) plus uR.
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[11]

(h)
Use an appropriate eigenfunction expansion to determine the unknown coefficients in the solution from part (g) if the initial condition on u(x,0) is a function f(x).

We can combine the initial condition u(x,0) = f(x) and the definition of v(x,t) = u(x,t) – uR to get the initial condition for v as v(x,0) = f(x) – uR.  Setting t = 0 in equation [11] then gives us the following result for the initial condition on v.
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[12]

We can find the coefficients Cn by multiplying equation [12] by another eigenfunction, sin λmx / x and the weight function, p(x) = x2 and integrating from zero to R.
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[12]

On the right-hand side we can reverse the order of summation and integration and obtain sum of integrals of which only the one for which m = n is not zero.
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[13]

We find Cm by combining [12] and [13], and using the result that 
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 when λm = mπ/R.
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[14]

(i)
Use the result of part (h) to find the solution, u(x,t) for the initial condition u(x,0) = f(x) = U, a constant.

For the case where the initial condition on u(r,t) is a constant, f(x) = U0, we find Cm from the tabulated integral for x sin ax.
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[15]

We can replace -cos mπ by the equivalent expression, (-1)m+1, and substitute the result for Cm into equation [11] (after replacing the dummy index m in equation [15] by the index n used in equation [11]) to obtain.
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[16]

We can write the final solution for the variable of interest, u(x,t) by using the definitions that u(x,t) = v(x,t) +uR., and λn = nπx/R.
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[17]

As a final step, we can rearrange this equation into a dimensionless form by subtracting uR from both sides and dividing through by U0 – uR.  In this final result we replace x by the more conventional symbol for the radial coordinate, r.
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[18]

At r = 0, the summation terms have sin(nπr/R) / (nπr/R) which is one.  Thus, we use the following formula to calculate results at r = 0.
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[19]

The results from plotting equation [18] (or equation [19] for r/R = 0) are shown in the plot below.  Here the dimensionless potential difference from these equations is plotted as a function of the dimensionless radius of the sphere using the dimensionless time,  = t/R2 as a parameter for the different curves.  (The color coding corresponding to exact values of dimensionless time may be hard to see, but the general trend is that the dimensionless potential decrease, at all values of r, as time increases.  At large times, u(r, t) = uR and the dimensionless potential is zero.
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� EMBED Equation.3  ���








� Here we use the standard integral that 	� EMBED Equation.3  ���	[12]
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