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January 26 Homework Solutions

Page 209, problem 2 – Normalization of eigenfunctions ym of equations (1) and (2) means that we multiply ym by a nonzero constant, c, such that cmym has norm 1.  Show that zm = cym with any c ( 0 is an eigenfunction for the eigenvalue corresponding to ym
Equation (1) in this section defines eigenfunctions, ym, and eigenvalues, m, in terms of the following differential equation.
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If we multiply this equation byt any nonzero constant, c, we obtain
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Defining zm = cym gives the result that zm satisfies the form of the original equaqtion.  Thus it is an eignefunction of the equation corresponding to the given eigenvalue.

Page 209, problem 7 – Write the given ODE in the form (1) if it is in a different form.  Use problem 6.)  Find the eigenfunctions and eigenvalues of y” + y = 0 with y(0) = 0 and y(5) = 0.  Verify the orthogonality.
The form (1) is [p(x)y’]’ + [q(x) +r(x)]y = 0.  We see that the given equation, y” + y = 0 already has this form with p(x) = r(x) = 1 and q(x) = 0.  From our basic course on differential equations We know that the differential equation, y” + y = 0 is satisfied by functions like 
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and 
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cos(
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.  However, because cos(0) = 1, the cosine term cannot satisfy the boundary condition at x = 0.  Thus we must have only a sine term in our solution.  To satisfy the boundary condition at x = L = 5, we must have y(L) = 
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= 0.  This can only occur if 
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 is an integer multiple of .  Thus our eigenfunctions are 
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with 
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 = n which means that the eigenfunctions are sin(nx/L), with n = 1, 2, 3.… .

In the differential equation considered here, the p(x) term is 1 so that the orthogonality condition over our interval 0 ( x ( L becomes
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This integral can be found in an integral table as follows.
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We apply the first result to our integral to check the orthogonality condition for n ≠ m.
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We see that the orthogonality condition that the integral of different eignefunctions vanish is satisfied in this case.  For x = 0 the sine terms are zero.  For x = L, we have the sine of an integral multiple of , which is also zero.  Although it is not required for this problem, we can find the following result for m = n.
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