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Introduction

These notes provide an introduction to the use of vectors and matrices in engineering analysis. In addition,
they provide a discussion of how the simple concept of a vector in mechanics leads to the concept of vector
spaces for engineering analysis.

Matrix notation is used to simplify the representation of linear algebraic equations. In addition, the matrix
representation of systems of equations provides important properties regarding the system of equations.
The discussion here presents many results without proof. You can refer to a general advanced
engineering math text, like the one by Kreyszig or a text on linear algebra for such proofs.

Parts of these notes have been prepared for use in a variety of courses to provide background information
on the use of matrices in engineering problems. Consequently, some of the material may not be used in
this course and different sections from these notes may be assigned at different times in the course.

Vectors, Linear Independence and Basis Sets
A vector is a common concept in engineering mechanics that most students first saw in their high-school

physics courses. Vectors are usually described in introductory courses as a quantity that has a magnitude
and a direction. Force and velocity are common examples of vectors used in a basic mechanics course.

In addition to representing a vector in terms of its
magnitude and direction, we can also represent a y
vector in terms of its components. This is illustrated in
the figure at the right. Here we have a force vector, f,
with a magnitude, |f|, and a direction, 0, relative tothe x | [ . 'F
axis. (Note that the notation of the vector, f, and its
magnitude, |f|, are different. The vector is the full fyj
specification of a magnitude and direction; e.g., 2000
pounds force at an angle of 30° from the x axis. The < 0 fx-i
magnitude |f| is 2000 pounds in this example.) The
components of the vector in the x and y directions are
called fx and fy, respectively. These are not vectors, but
are scalars that are multiplied by the unit vectors in the x and y direction to give the vector forces in the
coordinate directions. The unit vectors in the x and y direction are usually given the symbols i and j,
respectively. In this case we would write the vector in terms of its components as f = f«i + fyj. The vector
components are called scalars to distinguish them from vectors. (Formally a scalar is defined as a quantity
which is invariant under a coordinate transformation.)

> X

The concept of writing a vector in terms of its components is an important one in engineering analysis.
Instead of writing f = f«i + fyj, we can write f = [fx fy], with the understanding that the first number is the x
component of the vector and the second number is the y component of the vector. Using this notation we
can write the unit vectors in the x and y directions asi =[1 O] and j = [0 1]. This notation for unit vectors
provides a link between representing a vector as a row or column matrix, as we will do below, and the
conventional vector notation: f = fxi + fyj and f = [fx fy]. If we substitute i =[1 0] and j =[0 1]in the equation
f =fi + fyj, we get the result that f = fx[1, 0] + fy[0, 1] = [fx fy]. In place of the notation fx and fy for the x and y
components, we can use humerical subscripts for the coordinate directions and components. In this
scheme we would call the x and y coordinate directions the x1 and xz directions and the vector components
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would be labeled as f1 and fo. The numerical notation allows a generalization to systems with an arbitrary
number of dimensions.

From the diagram of the vector, f, and its components, we see that the magnitude of the vector, [f|, is given

by Pythagoras’s theorem: ‘f‘ = \/ fX2 + fy2 = \/ f12 + f22 . We know that we can extend the two-

dimensional vector shown on the previous page to three dimensions. In this case our vectors have three
components, one in each coordinate direction. We can write the unit vectors in the three coordinate
directionsasi=[1 0 0],j=[0 1 0],and k =[0 0 1]. We would then write our three-dimensional vector,
using numerical subscripts in place of x, y, and z subscripts, as f = fii + f2j + fsk or f =[f1 f2 f3]. If we
substitute i =[1 0 0],j=[0 1 0], and k =[0, 0, 1] in the equation f = fii + f2j + f3k, we get the result that f =
fifl 0 0] +f2[0 1 O] +f3[0 O 1] = [f1, f2, f3].

The dot product of two vectors, a and b is written as a<b. The dot product is a scalar and its value is
|a]|b|cos(6), where 6 is the angle between the two vectors. The magnitude of the unit vectors, i, j, and k, is
one. Each unit vector is parallel to itself so if we evaluate i-i, j¢j, or kek, we get |1||1|cos(0) = 1 for the dot
product. Any two different unit vectors are perpendicular to each other so the angle between them is 90°;
thus the dot product of any two different unit vectors is |1||1] cos(90°) = 0. The dot product of two vectors,
expressed in terms of their components can be written as follows. asb = (aii + azj +ask)*(b1i + bzj +bsk) =
aibiiei + aibziej + aibsick + azbajei + azbzjej + acbsjek + asbikei + asbokej + asbskek = aib: + azb2 + asbs. This
result — the dot product of two vectors is the sum of the products of the individual components — is the basis
for the generalization of the dot product into the inner product as discussed below.

The dot product represents the magnitude of the first component along the direction of the second
component times the magnitude of the second component. The most familiar application of the dot product
is engineering mechanics is in the definition of work as dW = fedx; this gives the product of the magnitude
of the force component in the direction of the displacement times the magnitude of the displacement.

The fact that the unit vectors are perpendicular to each other gives a particularly simple relationship for the
dot product. This is an important tool in later application of vectors. We use the word orthogonal to define
a set of vectors that are mutually perpendicular. In addition, when we have a set of mutually perpendicular
vectors, each of which has a magnitude of one, we call this set of vectors an orthonormal set.

We can represent any three-dimensional vector in terms of the three unit vectors, i, j, and k. Because of
this we say that these three vectors are a basis set for representing any three real, three-dimensional
vector. In fact, we could use any three vectors in place of i, j, and k, to represent any three-dimensional
vector so long as the set of three vectors is linearly independent.

For example, we could use anewset, m=i+j+k,n=i+j—kando =i+Kk. This would be an
inconvenient set to use, since the unit vectors are not orthogonal and the dot products would be hard to
compute. Nevertheless, we could represent any vector, a = aim + azn + az0, instead of the equivalent
vector (a1 + a2 + a3)i + (a1 + a2)j.+ (a1 - a2 + as)k. We can convert the vector B = bai + bzj + bsk
components into the m,n,o basis by solving the following set of equations:

a,+a,+a;=0h
a, +a, =h, [1]

You can verify that the general solution to this set of equations is the one shown below.
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a, =—0.5b, +b, +0.5b,
a, =0.5b, —0.5b, [2]
a,= b -b,

The two sets of equations above allow us to convert between the two different representations. However,
consider the following set of vectors, m=i+j+k,n=i+j—kand o =i +j, where we have made only a
slight change in o from its previous definition as i + k. In this case we see that vector, A = aim + azn + aso,
is equal to (a1 + a2 + as)i + (a1 + a2 + az)j.+ (a1 - a2)k. When can try to convert the vector B = bii + bzj + b3k
components into the m,n,o basis by solving the following set of equations:

a,+a,+a;=b
a, +a,+a;=h, [3]
& —a =b;

However, we find that subtracting the first two equations gives the result that 0 = b1 — b2, instead of an
equation that we can solve for a1 or a2. Thus, we conclude that the set of equations has no solution and we
cannot use the proposed set of vectors to represent any three-dimensional vector. The reason for this is
that the new proposed set does not have vectors that are linearly independent. Instead, the three
proposed vectors satisfy the following linear equation: m + n + 20 = 0. That is, we can solve for one of
these vectors in terms of the other two. We will later see that any set of vectors that we want to use to
represent any other vector in the space (such a set of vectors is called a basis set) must be linearly
independent.

We will extend these basic concepts of vectors, particularly the resolution of a vector into a set of
components, the use of a linearly independent basis set to represent any vector in the particular analysis of
interest, and the dot product of two vectors. These ideas will be later used to define a generalized vector
space that applies to sets of numbers or functions whose behavior is similar to the familiar physical vectors
from engineering mechanics. First, we will develop the general notation of matrices, which includes a
representation of vectors in terms of their components.

Matrices and their Operations

A matrix (plural matrices) is represented as a two-dimensional array of elements, ai, where i is the row
index and j is the column index. The entire matrix is represented by the single symbol A. In general, we
speak of a matrix as having n rows and m columns. Such a matrix is called an (n by m) or (n x m) matrix.
Equation [4] shows the representation of a typical (n x m) matrix.

In general, the number of rows may be different from the number of columns. Sometimes the matrix is
written as A xm) to show its size. (Size is defined as the number of rows and the number of columns.) A
matrix that has the number of rows equal to the number of columns is called a square matrix.

Matrices are used to represent physical quantities that have more than one number. These are usually
used for engineering systems such as structures or networks in which we represent a collection of
numbers, such as the individual stiffness of the members of a structure, as a single symbol known as a
stiffness matrix. Networks of pipes, circuits, traffic streets, and the like may be represented by a
connectivity matrix which indicates which pair of nodes in the matrix are directly joined to each other. The
use of matrix notation and formulae for matrices leads to important analytical results. We will see that a
matrix property knows as its eigenvalues represents the fundamental vibration frequencies in a mechanical
system. The structure of an (h x m) matrix is shown in the equation below.
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Two matrices can be added or subtracted if both matrices have the same size. If we define a matrix, C, as
the sum (or difference) of two matrices, A and B, we can write this sum (or difference) in terms of the
matrices as follows.

C=A=xB (possible onlyif Aand B havethe same size) 5]

The components of the C matrix are simply the sum (or difference) of the components of the two matrices
being added (or subtracted). Thus for the matrix sum (or difference) shown in equation [5], the
components of C are given by the following equation.

C=A+tB = c. =a;xh;, (i=Ln;j=1m) [6]

The product of a matrix, A, with a single number, X, yields a second matrix whose size is the same as that
of matrix A. Each component of the new matrix is the component of the original matrix, aj, multiplied by the
number X. The number X in this case is usually called a scalar to distinguish it from a matrix or a matrix
component.

B =xA if bij = Xa;; (i=Ln; j=1m) [7]

We define two special matrices, the null matrix, 0, and the identity matrix, I. The null matrix is an arbitrary
shape (may or may not be square) matrix in which all the elements are zero. The identity matrix is a
square matrix in which all the diagonal terms are 1 and the off-diagonal terms are zero. These matrices
are sometimes written as Om xn) Or In to specify a particular size for the null or identity matrix. The null
matrix and the identity matrix are shown below.

000 0 100 0
0 00O 0 010 0
0 00 0 ocoo0o1 . -0
0= . . . . I= . . . ‘. . [8]
000 - - 0] 000 - - 1]

A matrix that has the same pattern as the identity matrix, but has terms other than ones on its principal
diagonal is called a diagonal matrix. The general term for such a matrix is didj;, where di is the diagonal
term for row i and &j is the Kronecker delta; the latter is defined such that & = 0 unless i = j, in which case
0ij = 1. A diagonal matrix is sometimes represented in the following form: D = diag(dz, d2, ds,...,dn); this
says that D is a diagonal matrix whose diagonal components are given by di.
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We call the diagonal for which the row index is the same as the column index, the main or principal
diagonal. Algorithms in the numerical analysis of differential equations lead to matrices whose nonzero
terms lie along diagonals. For such a matrix, all the nonzero terms in a particular diagonal may be
represented by symbols like aii« or aii+. Diagonals with subscripts ai,-x or ai+k are said to lie, respectively,
below or above the main diagonal.

If the n rows and m columns in a matrix, A, are interchanged, we will have a new matrix, B, with m rows
and n columns. The matrix B is said to be the transpose of A, written as AT.

B=A" if by =a;; [i=Ln;j=1mAis(nxm);Bis(mxn).] [10]

ji

An example of an original A matrix and its transpose is shown below.

3 14
3 12 -6 T
= A =12 -2 [11]
14 -2 O
-6 0

The transpose of a product of matrices equals the product of the transposes of individual matrices, with the
order reversed. Two examples are shown below. Can you complete the third?

(AB)" =B'AT  (ABC)"=C'B'AT  (ABCD)' =... [12]

Matrices with only one row are called row matrices; matrices with only one column are called column
matrices.! Although we can write the elements of such matrices with two subscripts, the subscript of one
for the single row or the single column is usually not included. The examples below for the row matrix, r,
and the column matrix, ¢, show two possible forms for the subscripts. In each case, the first row or column
matrix has a double subscript, such as 1j for a component in the single-row of a row matrix or il for single
column of a column matrix; the second form has the commonly used single subscript. When row and
column matrices are used in formulas, such as the formula for the multiplication of two matrices shown
below in equation [19], that have two matrix subscripts, the first form of the matrices shown below are
implicitly used to give the missing subscript (with a value of 1) for the equation.

1 Row and column matrices are called row vectors or column vectors when they are used to represent the components
of a vector. In these notes, we will use upper case boldface letters such as A and B to represent matrices with more
than one row or more than one column; we will use lower case boldface letters such as a or b to represent matrices
with only one row or only one column. We will generally refer to these matrices as vectors.
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The transpose of a column matrix is a row matrix; the transpose of a row matrix is a column matrix. This is
sometimes used to write a column matrix in the middle of text by saying, for example, thatc =[1 3 -4 5]T.

Matrix Multiplication

The definition of matrix multiplication seems unusual when encountered for the first time. However, it has
its origins in the treatment of linear equation systems. For a simple example, we consider three two-
dimensional coordinate systems. The coordinates in the first system are x1 and x2. The coordinates for the
second system are y1 and y2. The third system has coordinates z: and zz. Each coordinate system is
related by a coordinate transformation given by the following relations.

Y1 =ap X + 5%, z, =by,y, +byy,

[14]
Yo =A% + X, Z, =01y + by,
We can obtain a relationship between the z-coordinate system and the x-coordinate system by combining
the various components of equation [14] to eliminate the yi coordinates as follows.

Z, = by [a; X% +a;,%, ]+ b,[a,, X +ay,X, ]

[15]
Z, =byg[ag1% + a1, ]+ Dyolay X +ay,%,]
We can rearrange these terms to obtain a set of equations similar to those in equation [14] that relates the
z coordinate system to the x-coordinate system.

z; =[by,a; + b8, 1% 018, +0158,55 1%, =CpiX +CpoX,

[16]
2, =[051801 D285 1% +[051815 +D55855]%, =Cp1X; +Cp0X,
We see that the coefficients cijj, for the new transformation are related to the coefficients for the previous
transformations as follows.

Cy; =[by,ay; +byya, ] Cyp =[by;a1, +byya,,]

[17]

Coy =[by184; +b5585] Cop =[Dy181, + 05,85, ]
There is a general form for each cj; coefficient in equation [17]. Each is a sum of products of two terms.
The first term from each product is a bik value whose first subscript (i) is the same as the first subscript of
the cjj coefficient being computed. The second term in each product is an ax value whose second subscript
() is the same as the second subscript of the ¢ term being computed. In each bikax product, the second b
subscript (k) is the same as the first a subscript. From these observations, we can write a general equation
for each of the four coefficients in equation [17] as follows.
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2
Cij :Zbikakj (i=12,]=12) [18]
k=1

The definition of matrix multiplication is a generalization of the simple example in equation [18] to any
general sizes of matrices. In this general case, we define the product, C = AB, of two matrices, A with n
rows and p columns, and B with p rows and m columns by the following equation.

p
C(nxm):A(nxp)B(pxm) = CI] :Zalkbkj (|=1,...,n;]=1,...,m) [19]
k=1

There are two important items to consider in the formula for matrix multiplication. The first is that order is
important. The product AB is different from the product BA. In fact, one of the products may not be
possible. The second item is the need for compatibility between the first and second matrix in the AB
product.?2 In order to obtain the product AB the number of columns in A must equal the number of rows in
B. A simple example of matrix multiplication is shown below.

3 4
3 0 -6

A= B=|1 2
4 -2 0

6 1

[20]
3(3)+0(1)-6(6) 3(4)+0(2)-6(1)] [-27 6
4(3)-2(1)+0(6) 4(4)-2(2)+0)| | 10 12

Matrix multiplication is simple to program. The C++ code for multiplying two matrices is shown below.3
This code assumes that all variables have been properly declared and initialized. The code uses the
obvious notation to implement equation [19]. The array components are denoted as a[i][k]. b[k][j] and c[i][j].
The product matrix, C, has the same number of rows, n, as in matrix A and the same number of columns,
m, as in matrix B. The number of columns in A is equal to p, which must also equal the number of rows in
B.

for (i =1; i <=n; i++ )
for ( jJ =1; J <=m; j++ )

6[1][31 0;
for Ck = 1; k <= p; k++ )
clil[i] += a[1][k] * b[k]1[3];

2 The terms premultiply and postmultiply are commonly used to indicate the order of the matrices involved in matrix
multiplication. In the matrix product AB, we say that B is premultiplied by A or that A is postmultiplied by B.
Alternatively, the terms left multiplied and right multiplied are used. In the AB product, A is right multiplied by B and
B is left multiplied by A.

3 The basic code structure is the same in any language. There are three nested loops. The two outer loops cover all
possible combinations of i and j to ensure that all the cij components are computed. The inner loop code is the typical
code for summing a number of items. C++ programmers will note that the loop indices used in this code ignore the fact
that the minimum index for a C++ array is zero. This was done deliberately for all code examples in these notes to
provide similar numbering for array indices in the notes and those in the code.
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We now examine how the coordinate transformations that we used above to introduce matrix multiplication
can be represented as matrix equations. We can define matrices, A, B, and C to represent the coefficients
that we used in our coordinate transformation equations.

a a C C
A= 11 12 B = b11 b12 C= 11 12 21]
A1 8y b,y by, C1 Cp
The various coordinate pairs can be represented as column matrices as shown below.
X X Y. Y. Z Z
X = 1]_| M1 y = 1)_| 11 7 = 1)_| "1 22]
Xp X21 Yo Y1 Z, Z7

With these matrix definitions, the two sets of simultaneous linear equations shown in equation [14] can be
represented by the following pair of matrix equations:

y = AX and z=By [23]

You can verify that the equations above are correct by applying the general formula for matrix multiplication
in equation [19] to the matrix equations in [23]. To do this, you should use the definitions of A, B, x, y, and
z, provided in equations [21] and [22]. If we combine the matrix equations in [23] to eliminate the y matrix,

we get the following result.

z =By =BAX or z=Cx with C=BA [24]
Note the importance of the order of multiplication. In general, BA; it is not equal to AB.

There are two cases where the order is not important. These are multiplication by a null matrix, which
produces a null matrix, and multiplication by an identity matrix, which produces the original matrix.

OA=A0=0 and Al=1A=A [25]

Although the order is not important here, the actual identity and null matrices used may be different. We
can rewrite equations [25] to explicitly show the rows and columns in each matrix.

OpxmAwxm =0pxm  AwxmOmxa) = Omxq)

A A A 1201

(n x m) (mxm)zl(nxn) (nxm) — Mnxm)

By definition the identity matrix is a square matrix. One size specification for the identity matrix, the number
of rows or the number of columns, is set by the compatibility condition for matrix multiplication. Once this is
done, the other size is set by the requirement that | is square. For the null matrices in equation [26], the
size specifications, n or m, must match the sizes for the A matrix. Although the size specifications p and q,
for the null matrices in equation [26] are arbitrary, they are usually taken as p = m and g = n to give a
square null matrix as the OA product.

Simultaneous Linear Algebraic Equations

The coordinate transformation equations are simple examples of a more general case for simultaneous
linear algebraic equations. In the general case, we can have a set of simultaneous equations that is written
as follows
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m
D a;x; =h, i=1...,n [27]
j=1

We expect that a well-determined problem will have the number of equations, n, equal to the number of
unknowns, m, but in the general case, shown above, these n may be different from m. We see that this
system of equations in equation [27] can be represented by matrices Anxm), Xmx 1), and bnx1), where A
has the form shown in equation [4], x is the column matrix [X1, X2, X3, ...Xm]T and b is the column matrix [bs,
b2, bs, ...bn]". With these definitions, equation [27] is the same as the general equation for matrix
multiplication shown in equation [19]. (Recall that we have omitted the second subscript, which is one, on
the components of x and b.) The system of equations shown in equation [27] is written, in matrix form, in
equation [28], below.

Ax =b (28]

These matrices are written out in detail below. Here the column matrix, X, appears to have more rows than
the coefficient matrix, A. This is done to emphasize the notion that m may be different from n in general.
Of course, m may be equal to or less than n rather than greater than n as implied in the matrices shown in
the equation below.

) Ix] -
dp Qp Q3 A X h
2
Ay Ay Ay Ay Xs 2
Az; dzp dgg Am || - _ b, 29]
_anl app Qpz o anm_ ) _bn_
| Xm

In order to solve a set of simultaneous linear equations we use a process that replaces equations in the set
by equivalent equations. We can replace any equation in the set by a linear combination of other equations
without changing the solution of the system of equations. For example, consider the simple set of two
equations with two unknowns

3%, + 5%, =13

[30]
X —4x, =-1

You can confirm that X1 = 1 and x2 = 2 is a solution to this set of equations. To solve this set of equations
we can replace the second equation by a new equation, which is a linear combination of the two equations
without changing the solution. The particular combination we seek is one that will eliminate x1. We can do
this by subtracting the first equation, multiplied by 7/3, from the second equation to obtain the following pair
of equations, which is equivalent to the original set in equation [30].

3X; +5x, =13
B ﬂ 94 [31]

X, =
372 3
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We can readily solve the second equation to find x2 = 2, and substitute this value of xz into the first equation
to find that x1 = [13 — 5(2)]/3 = 1. The general process for solving the system of equations represented by
equations [27], [28], or [29], known as Gauss elimination, is similar to the one just shown. It requires a
series of operations on the coefficients aj and bi to produce a set of equations with the form shown in
equation [32], below, without changing the solution of the initial problem.

[0y Oy gy o Oy gy [ X ] [ By
0 Olyy Olpg o+ == Ayng Aoy X2 [32
0 0 Olgg “*+ QAgpg Oy X3 B3
) . . o= [32]
0 0 ot Opgng Oy || Xpat B”_l
I 0 0 0 Oy [ X0 ] _Bn |

The basic rule in the Gauss elimination process is that we can use alinear combination of two
equations to replace one of those equations, without changing the solution to the problem. This is
the process that we used above in going from the set of equations in [30] to the set of equations in [31].
Both sets of equations are equivalent in the sense that both sets of equations give the same answers for x1
and x2. However, the second set of equations can be directly solved for all the unknowns.

The revised coefficient matrix in equation [32] is called an upper triangular matrix. The only nonzero terms
are on or above the principal diagonal. The same operations that are used to obtain the revised coefficient
matrix are used to obtain the revised right-hand-side matrix.

The revised A and b matrices are obtained in a series of steps. In the first step, the x1 coefficients are
eliminated from all equations except the first one. This is done by the following replacement operations on
the coefficients in equations 2 to n. The replacement notation (<) from computer programming is used
here to indicate that an old value of ajj is being replaced by the results of a calculation. This avoids the
need to use mathematical notation that would require separate symbols for the old value and the new value
of aj.

a.
a, «a; ——+

ij ij al'

j J=1..n and bi<—bi—ibl I=2,...n [33]
a1

11

After equation [33] is applied to all rows below the first row, the only nonzero x: coefficient is in the first
equation (represented by the first row of the matrix.) You can confirm that this will set ai1 =0 fori> 1. You
can also apply the formulae in [33] to equation [30] to see that the result is equation [31]. The elimination
process is next applied to make the xz coefficients on all equations below the second equation zero.

aij<—aij—ha2j j=2,...n and bi<—bi—ﬂb2 i=3...n [34]
822 a,,

Equation [34] has the same form as equation [33]; only the starting points for the row and column
operations are different. The process described by equations [33] and [34] continues until the form shown
in equation [32] is obtained. From equation [32], the various values of x can be found by back substitution.
We can simply find xn as Bn/ann. The remaining values of x are found in reverse order by the following
equation.
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n
Bi — _Zaijxj
X = 1=+ i=n-1,n-2,...1 [35]
i

When we are solving for x;, all previous values of x; required in the summation are known.

The C++ code below shows a simplified version* of how the Gauss elimination method is applied to the
solution of equations. As in previous code examples, all data values are assumed to be properly declared
and initialized. The number of equations is equal to the number of unknowns, n. The row that is
subtracted from all rows below it is called the pivot row. The main outer loop in the first part of the code
uses the variable, pivot, to represent this row. The code execution is simplified by augmenting the a matrix
so that ain+1 = bi. This allows the code to proceed without separate consideration of similar operations on
the A and b matrix components.

// augment a matrix with b values
for ( row = 1; row <=n; row++) al[row][n+1l] = b[row];
// get upper triangular array
for (pivot = 1; pivot < n; pivot++ )
for ( row = pivot+l; row <= n; row++ )
for ( column = row+l; column <= n+l; column++)

alrow] [coTumn] -= a[row][pivot] * a[pivot] [column]
/ al[pivot][pivot];

// Upper triangular matrix complete; get x values
for (row = n; row <= 1; row--)

x[row] = a[row][n+1];

for ( column = n; column < row; column-- )
x[row] -= a[row][column] * x[column];

x[row] /= a[row][row];

The process outlined above for the solution of a set of simultaneous equations is known as the Gaussian
elimination procedure. Alternative procedures such as the Gauss-Jordan method and LU decompaosition,
work in a similar manner. They produce an upper triangular matrix or diagonal matrix that is then used to
solve for the values of x; in reverse order.

Matrix Rank Determines Existence and Uniqueness of Solutions

If the solution process outlined above is used on certain matrices, it may not be possible to obtain a
solution. Consider the two sets of equations shown below.

3%, +5%X, =13 3%, +5%, =13
and [36]
6X, +10x, =26 6x, +10x, =27

In the set of equations on the left, the second equation is simply twice the first equation. If we multiply the
first equation by two and subtract it from the second equation, we get the result that 0 = 0. Thus, the

4 Actual code would have to account for the possibility that the system of equations might not have a solution. It would
also use different operations to reduce round-off error. This example continues the practice used previously of starting
the array subscripts at 1 and ending them at n to be consistent with the notation in equations in these notes. Typical
C++ code starts the array subscripts at 0.
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second equation gives us no new information on the relationship between x1 and x2. We say that this
system of equations has an infinite number of solutions. Any value of x2 = 2.6 — 0.6x1 will satisfy both
equations. The second set of equations has no solutions. If we multiply the first equation by two and
subtract it from the second equation, we have the result that 0 = 1! Thus, this second set of equations is
incompatible and does not have a solution.®

This simple example can be generalized to discuss the existence and uniqueness of solutions for the
general set of equations. If we carry out the solution process outlined above to form an upper triangular
matrix, we may have the result that one (or more) of the final rows in the coefficient matrix is all zero. This
means that we cannot obtain a unique solution. Such a case is called a singular matrix. The rank of a
matrix is formally defined as the number of linearly independent rows in a matrix. (This can be shown to be
equal to the number of linearly independent columns.) The practical determination of rank is based on the
Gauss elimination process outlined above. If in the final matrix in the elimination process is a matrix with n
rows of which nzero rows contain all zeros, the rank of the matrix is n — nzero. (This rank is the same for both
the original matrix and the upper-triangular matrix because the Gauss elimination operations do not change
the matrix rank.) The A matrix for both sets of equations in equation [36] has only one linearly independent
row, thus its rank is one. The upper triangular form that results when a matrix is tested for rank is
sometimes called the row-echelon form. Sometimes in this form each row is divided by the diagonal
element on that row so that all the diagonal elements are one.

The two matrices in equation [37] below have been placed in row-echelon form by using Gauss elimination
on the original matrices. Can you determine the rank of the original matrices before looking at the answers
below?

The matrix on the left of equation [37] has four rows that are not all zero; thus, its rank is four. The one on
the right has six rows that are not all zero, thus its rank is six. This rank-six matrix has eight columns.
Because the number of linearly independent columns and the number of linearly independent rows are
both the same as the rank of six, we know that these eight columns will be related by two different linear
equations.

[37]

OO O © p 0O O
o O L O OO O
O O N O N O
O 00 o0 o o
O 0o 0o o r o
O 0o N NN
O O~ O ® O
O o Fr W o o
O oo N O
N W -y 0 0 -
_ Ol w o A~ O

O O O O O o
o O O O+ O
O O O W N DN

The existence and uniqueness of solutions are defined in terms of the rank of the augmented matrix, [A,b].
This is the matrix in which the right-hand side column matrix, b, is added as an extra column in the A
matrix. This augmented matrix is shown below for the general case of n equations and m unknowns. The
n equations mean that there are n rows in the matrix. The m unknowns give m + 1 columns to the
augmented matrix.

5 This result has a geometric interpretation. When we have two simultaneous linear algebraic equations, we can plot
each equation in x1—x2 space. The solution to the pair of equations is located at the point where both equations
intersect. If we did this for the left set of equations in [36], we would only have a single line.
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d; Qp H3z v o Qg bl
Ay 8y Ay vt Ay by
a a a Y- T o
[Ab]=| 3 T2 73 mes [38]
_anl dpp Ay ottt Gy bn ]

The existence and unigueness of solutions to Ax = b is stated below without proof.

If the rank of the original matrix, A, equals the rank of the augmented matrix, [A,b], and
equals the number of unknowns, m, there is a unique solution to the matrix equation,
Ax = b.

If the rank of the original matrix, A, equals the rank of the augmented matrix, [A,b], but is
less than the number of unknowns, m, there are an infinite number of solutions to the
matrix equation, Ax = b.

If the rank of the original matrix, A, is not equal the rank of the augmented matrix, [A,b],
there is no solution to the matrix equation, Ax = b.

We can see that these statements are consistent with the examples in equation [36]. A formal proof of
these statements is given in linear algebra texts.

These guidelines for the existence and uniqueness of solutions to simultaneous linear equations are
illustrated in the three sets of equations shown below. Each equation set has three equations in three
unknowns. The original equation set, shown in the first column, is converted to an upper triangular form in
the second column. We see that the first set has a unique solution. The second and third sets do not have
a unigue solution; however, there is a difference between these two. The second set has an infinite
number of solutions. For any value, a that we pick for xs we can determine a value of x1 and xz that is
consistent with the original set of equations. However, for the third set of equations, the upper triangular
form gives an inconsistent third equation. Thus, this set of equations has no solution.

I Original Equation Set Upper Triangular Form Solutions
X, —4X, — 26X, =2 X, —4X, — 26X, =2 X, =0
Set | 2X, +9%X, =-5 2X, +9%X, =-5 X, =—1
7%, + 3%, +8x, =—-13 50.5x; =50.5 X; =1
X, —4X, — 26X, =2 X, —4X, — 26X, =2 X, =12 -8«
Set Il 2X, +9%X; =5 2X, +9%,=-5 | X, =-2.5-4.5c
—2X%, +10x, + 61x; = -9 0=0 X;=a
X, —4X, —26X, =2 X, —4X, — 26X, =2
Set IlI 2X, +9X; =5 2X, +9%; =-5 Soll\tlj(t)ion
—2X, +10x, + 61X, =8 0=1

These three sets of equations are shown in terms of their A and augmented [A b] matrices in the table
below. We see that the set of equations in the table above corresponds to the data in the augmented
matrix. The first set of equations has rank A =rank [A b] = 3, the number of unknowns. We have already
seen that this provides the unique solution above. The second set of equations has rank A =rank [A b] =
2, less than the number of unknowns. This means that we have an infinite number of solutions. Again, this
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corresponds to the result above. Finally, the third case below has rank A = 2, but rank [A b] =3. This
difference in rank shows that there are no solutions.

- Original Matrices Row-Echelon Form Rank
A [A b] A [A b] A LA]
1 -4 -26 1 -4 -26 2 1 -4 -26 1 -4 -26 2
o 2 9 0 2 9 -5|[l0 2 9 0 2 9 -5||3]3
7 3 8 7 3 8 -13|||0 0O 505|||0 O 505 505
(1 -4 -26]|[1 -4 -26 2] 1 -4 -26 2]
etho 2 9 0 2 9 -5 0 2 9 -5/ 2]2
-2 10 61 ||[-2 10 61 -9 0 0 0 0
(1 -4 -26]||[1 -4 -26 2]|[1 -4 -26|| [1 -4 -26 2]
Sl’ﬁt 0o 2 9 0 2 9 -5(/|0 2 9 0 2 9 -5/ 2|3
-2 10 61 ]|[-2 10 61 -8|[|0 O O 0 0 0 1]

There is one final case to consider; that is the case of homogenous equations, where the b matrix is all
zeros. If there are n equations and the rank of the coefficient matrix is n then the only solution to the set of
equations is that all xi = 0. (This is called the trivial solution.) However, if the rank is less than n, it is
possible to have a solution in which all the xi are not zero. However, such a solution is not unique.

Consider the two sets of homogenous equations shown below. Each set of equations has a right-hand
side that is all zeros. (The two equation sets are identical except for the coefficient of the x1 term in the first
equation.)

—X; —4X, +3%; =0
—4x, +11x, —6X; =0
X, —8X, +5X; =0

X, —4X, +3X3 =0
—4x, +11x, —6X; =0
X, —8X, +5X; =0

and [39]

If we carry out the usual solution process to create an upper triangular matrix for these two sets of
equations, we obtain the following results.

— X, —4X, +3%;=0
27X, —18x; =0
0=0

X, —4X, +3%; =0
and —6X, +6X%3=0

—2.8X;=0

[40]

For the set of equations on the right, the rank of the coefficient matrix is the same as the number of
equations. Here we have a unique solution in which all of the xi = 0. The rank of the coefficient matrix for
the equations on the left is less than the number of equations. In this case, we have an infinite number of
solutions. If we pick xs = a, an arbitrary constant, we can satisfy all three equations if x2 = 2a0/3 and x1 = 3a
—4(2a/3) = a/3. One of the infinite solutions, with a. = 0, is the trivial solution where all x; = 0.5

6 You should make sure that you can place the original sets of equations in [39] and the upper triangular forms in [40]
into an A and an augmented [A b] matrix and show that both sets of equations have rank A =rank [A b]. Do both
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Determinants

A determinant is a single numerical value that can be computed for a square array. The values of
determinants play a theoretical role in matrix analysis and can be used for calculations on small matrices.
For matrices whose rank is greater than 3x3 or 4x4, alternative calculation methods are used in place of
determinants.

Various notations are available for a determinant. If A is a matrix, then Det A is the determinant for the
coefficients in a matrix. The determinant for an array of numbers that looks like a matrix can be written
using the absolute value sign, | <array>|, instead of the brackets, [<array>], that we have been using for
matrix coefficients. The various notations are shown below for a 2x2 array. For this array, the formula for
the determinant, which is shown as the final part of equation [41], is particularly simple.

a a a a a a
Aol 2| gy Al pet Bt 2 11 S
Ay; Ay dy; Ay dy; Ay

= 8118y, —ap1345[41]
For a 3x3 array, the determinant is a bit more complex.

i dyp A3 dqp dp A3
Det B 841855833 1 8183583 +8318,853
€llay; Ay Ayz = |Ay; Ay Ayl = [42]
— Q183,853 — 8181833 — 318,83
dz; d3p dg; dz; d3p dz;

The general equation for computing a determinant is given in terms of minors (or cofactors) of a
determinant. The minor, Mj of a determinant is the smaller determinant that results if row i and column j
are eliminated from the original determinant. The cofactor, Cj, equals (-1)"iM;. For example, if we start with
a 3x3 determinant, such as the one shown in equation [42] we can define nine possible minors (and
cofactors). Four of these are shown below:

a a a a
343 11 12 242 11 13
C33 =(-D~ Mg, = sz =(-D~ M,, =
21 a‘22 31 a33 [43]
a a a a
3+2 11 13 3+1 12 13
C32=(—1)+ |\/|32=— 031:(_1)+M31:
a21 a23 22 a23
The determinant of a matrix can be written in terms of its minors or cofactors as follows.
n . n
_ i+] _
DetAp,n =2, (-1 ;M =3 a,C;
i=1l i=1l [44]

= Z;,(_l)iﬂ ajj M ij = Zlaijcij
i= i=

Note that the sum is taken over any one row or over any one column. In applying this formula, one seeks
rows or columns with a large number of zeros to simplify the calculation of the determinant. We can show

sets of equations produce A matrices with the same rank? What are the ranks of the A and [A b] matrices for the two
sets of equations?
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that this equation is consistent with the results given previously for the determinants of 2x2 and 3x3 arrays.
Applying equation [44] to the third row of a 3x3 array gives the following result.

3
Det C(3x3) = Za‘3jC3j = a31C31 + a32(:32 + a33C33 [45]
=1

We could have applied equation [44] to any of the three rows or any of the three columns to compute the
determinant. | chose to use the third row since the necessary cofactors can be found in equation [43]. If
we use equation [41] to expand the (2 x 2) cofactors in [43] and apply those results to equation [45], we
obtain the following resuilt.

Det Ay 3 = 83M3; —a3,M3, +a33M 55
d;p A3 a3 d
—ds + az3
Ayy QAyz Ay; Ay dy; Ay
= 8g1 (@853 — Ay813) — A3 (A18p3 — Apdy3) + Az3(Qy18y, —Qypdy;)  [46]
= 831817893 — A3185,813 — 83781893 + Q35851813 + 8338118y, — G338,y

=d3

The final result, after some rearrangement, is the same as the one in equation [42].

Two rules about determinants are apparent from equation [45]:
e A determinant is zero if any row or any column contains all zeros.

e If one row or one column of a determinant is multiplied by a constant, k, the value of the
determinant is multiplied by the same constant. Note the implication for matrices: if a matrix is
multiplied by a constant, k, then each matrix element is multiplied by k. If A is an n x n matrix,
Det(kA) = k"Det(A).

Additional rules for and properties of determinants are stated below without proof.

o |f one row (or one column) of a determinant is replaced by a linear combination of that row (or
column) with another row (or column), the value of the determinant is not changed. This means
that the operations of the Gauss elimination process do not change the determinant of a matrix.

e If two rows (or two columns) of a determinant are linearly dependent the value of the determinant is
zero.

e The determinant of the product of two matrices, A and B is the product of the determinants of the
individual matrices: Det(AB) = Det(A) Det(B).

e The determinant of transposed matrix is the same as the determinant of the original matrix: Det(AT)
= Det(A).

If we apply the column expansion of equation [45] to an upper triangular matrix, A, we find that Det A =
a11Au1, since the a1 term is the only term in the first column. We can apply equation [45] repeatedly to the
cofactors. Each application shows that the determinant is simply the new term in the upper left of the array
times its cofactor. Continuing in this fashion we see that the determinant of an upper triangular matrix is
simply the product of the diagonal terms. We can combine this result with the fact noted above that the
operations of the Gauss elimination process do not change the determinant of a matrix to develop a
practical for computing determinants of any matrix. Apply Gauss elimination to get the matrix in upper
triangular form then the determinant (of both the original matrix and the one in upper triangular form) is
simply the product of the diagonal elements.
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As an example, consider the matrices from “Set 1” in the table on page 14. The original matrix was

1 -4 -26 1 -4 -26
0 2 9 |;its upper triangular formwas [0 2 9 |. We can readily compute the
7 3 8 0 0 505

determinant as the product (1)(2)(50.5) = 101. You can show that the same value is obtained by the
conventional formula for the evaluation of the original 3 x 3 determinant.

Determinants are not used in normal numerical calculations. However, if you need to find the numerical
value for a large determinant, the process outlined above is the most direct numerical approach.

Cramer’s rule gives the solution to a system of linear equations in terms of determinants. This approach is
never used except for very small numbers of equations, typically two or three. According to Cramer’s rule
the solution for a particular unknown x; is the ratio of two determinants. The determinant in the
denominator uses all the usual matrix coefficients, aj. The determinant in the numerator consists of the aj
coefficients except in one column. When we are solving for x; we replace column i in the ajj coefficients by
the right-hand-side matrix coefficients, bi. For a set of three equations in three unknowns, Cramer’s rule
would give the solutions shown in equation [47].

Cramer's rule allows us to find an analytical expression for the solution of a set of equations, and it is
sometimes used to solve small sets of equations (2 x 2 or 3 x 3). However, it is never used for numerical
calculations of larger systems because it is extremely time consuming.

b, a, a; a; by a; a, a, b

b, a,, a, 3y b, ay ay,; Ay b

by ag, ag _ |ag by ag _ |ag 3y, by
X, = X, = Xg = [47]

dqp Qyp a3 Ay Q3 d; dp A3

dy; dyy Ay dy; dyy dAy dy; dyy Ay

dy; Az dgg dz; dzy dgg dy; Az dgg

Determinants are also related to rank. An array in which the rows are not linearly independent will have a
zero determinant. As an example of this consider the left-hand set of equations from equation [39]. Recall
that the coefficients for that set of three equations had a rank of two because the equations were not
linearly independent. When we evaluate the determinant for this array below, using equation [42] for the
determinant of a (3x3) array, we find that the determinant is zero.

-1 -4 3| =(CEDHAYE)+(-HEBE) + D) (-4)(-6)
-4 11 -6 -(-)E8)(-6)-(-4)-HB)-OAHEA) [48]
1 -8 5| =-55+96+24—(-48)-80-33=0

This gives us another approach to determining when a set of equations with all zeros on the right-hand side
has a solution other than the simple one that all xi are zero. This condition is that the determinant of the
coefficient matrix is zero. If Det(A) = 0 then a solution to Ax = b, where b contains all zeros, that does not
have all xi = 0 is possible. There are actually an infinite number of such solutions. These solutions differ by
an arbitrary multiplier. We will use this idea below when considering matrix eigenvalues.
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Inverse of a Matrix

We have defined operations for adding, subtracting and multiplying matrices. Matrix inversion is the matrix
analog of division. For a square matrix, A, we define a matrix inverse, A1, by the following equation.

AAT=ATA= [49]

If we have a matrix equation, Ax = b, we can, in principle, solve this equation by premultiplying both sides
of the equation by A-1. This gives the following result.

If Ax=Dh, AAx=AD = Ix=Ab = x=AD [50]

The various steps in equation [50] use the definition, in equation [49], that the product of a matrix and its
inverse is the identity matrix and the definition, in equation [25] that the product of any matrix with the
identity matrix is the original matrix. Although the result that x = A-lb may be written as the solution to the
original equation, the actual solution of matrix equations like Ax = b is done by methods other than the
direct calculation of the inverse. It is not always possible to find the inverse. A square matrix that has no
inverse is called a singular matrix.

It is usually not necessary to find the inverse of a matrix. If necessary, you can find a numerical value of
the inverse by the same process used to solve simultaneous linear algebraic equations. To understand

how this is done, we define a second matrix, B, as Al. Then, by the definition of inverse we have the
following equation.

If B=A" AB = | [51]

Equation [52] shows the matrices involved in this equation.

A, Qg v o A || by b by by, 10 0 - 0

8y pz v vt Ay by by, b23 b,, O 1 0 - 0

a32 a33 cee e aSn b31 b32 b33 b3n _ 0 O l cee  ees O 52
a, 8y v o Ang | _bnl bn2 bn3 bnn_ _0 O 0 .- - 1_

We have a form similar to the usual problem of solving a set of equations. The coefficient matrix, A, is the
same, but we have n right-hand side columns of known values. Each of these columns of known values
corresponds to one column of unknowns in the B matrix that is A1, If we use our usual process for solving
Ax = b, with, for example, b =[1 00 0 ...0]", we will obtain the first column of B = A"l. Repeating the
process for similar b columns, which are all zeros except for a 1 in row k gives us column k of the inverse.
For example, equation [53] shows the solution for the second column of B = AL,
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Ay Ay Az o Ay, || by

Ayp Ay Ay A, || Bs2 1

d3; d3 Az g, || 032 | 53]
_anl Ay Qpz o ann_ _bn2_ _0_

Because the operations for solving a set of simultaneous linear equations are based on the A matrix only,
the solution for the inverse is actually done simultaneously for all columns.

An analytical expression for the inverse can be obtained in terms of the cofactors discussed in the section
on determinants. We continue to define B = A-1; the components of the inverse, bj, are then given in terms
of the minors or cofactors, Cj, of the original A matrix and its determinant.

-1 Cji i+] M ji
If B=A", i = =(-1 : [54]
Det(A) Det(A)
The simplest application of this equation is to a 2x2 matrix. For such a matrix, the coefficients of B = A
are given by the following equations.

by, = (—1)1+1 My -z by, = (—1)1+2 Moy SR
Det(A) Det(A) Det(A) Det(A) 5]
a4 M a » M a
by = (_1)2 ' 2= " by, = (—1)2 ? 2= "

Det(A)  Det(A) Det(A) Det(A)

Combining the results of equation [55] with equation [41] for a 2x2 determinant, gives the following result
for the inverse of a 2x2 matrix.

=]
1 8| 1 Ay —ap

= [56]
dy; Ay A118p —Ap1dyp [~ 8y 8

You can easily show that this is correct by multiplying the original matrix by its inverse. You will obtain a
unit matrix by either multiplication: AA-* or A"*A. The same process can be used to find the inverse of a
(3x3) matrix; the result is shown below:

(822833 —32853)  (AzpBr3 —83381,)  (App8p3 —8p03y3)
1 | (831823 —8338p1)  (Bi@33 —A31@13) (31843 —14353)
_ (Api83; —831857) (8181, —31583,) (811855 —8p184)
81877833 + 818383 + 318,853
— 81837853 — 88,833 —83187,83
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Equations [56] and [57] show the value of determinants in providing analytical solutions to inverses.
Although determinants are valuable in such cases any use of determinants should be avoided in numerical
work.

The general rule for the inverse of a matrix product and the inverses of the individual matrices is similar to

the same equation for the transpose of a matrix product and the product of the transposes of the individual
matrices. This relation is shown below.

(AB)*=B*A"  (ABC)'=C'B'A? (ABCD)'=... g

Matrix Eigenvalues and Eigenvectors

If a square matrix can premultiply a column vector and return the original column vector multiplied by a
scalar, the scalar is said to be an eigenvalue of the matrix and the column vector is called an eigenvector.
In the following equation, the scalar, A, is an eigenvalue of the matrix A, and x is an eigenvector.

AnxmXnxy) =Mnxy [59]

We can use the identity matrix to rewrite this equation as follows.

[A(nxn) - I(nxn)7\']x(n x1) :O(n x1) [60]
8, — A a;p ag3 a, X 0
ay; Ay —A dys ayp, Xy 0
Azq dsy az3 — A dzp, X3 _ 0 61]
| Ap Any An3 R - M A | Xm | _O_

As discussed above in the sections on simultaneous linear equations and determinants, equation [61] has
the solution that all values of xi are zero. It may have a nonzero solution if the determinant of the coefficient
matrix is zero. That is,

ay—A app aj3 ap,
8y  @yp—A Ay Ay
a a a A a
Det[A—I0]=Det| ' 32 33 N 1=0 62
L apy A Apg R © M _}\'_

From the general expression for a determinant, we see that one component of the final expression for a
determinant of any size is the product of all elements on the principal diagonal. In equation [62] this term
will give an nt" order polynomial in A (for our n x n matrix). This n* order polynomial is known as the
characteristic equation of the matrix. This characteristic equation can be solved for n values of A, not all
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of which may be distinct. For a two-by-two matrix, setting Det[A — IA]=0 gives the following quadratic
equation.

&y —A a =(a; M@y —A) —aya, =

63]
2 [
ayy 8y, —A| A" —(ay+3y,)A+ay;8y, —8y8,, =0

We can solve the quadratic equation in [63] to get two roots that give us the two possible eigenvalues:

2
_ (@ +ay,)=* \/(311 +ay,)" + 4(6‘21"3‘12 - a11a22)
2

A

[64]

Each eigenvalue will have its own eigenvector. Each eigenvector is found by the solution of equation [57].
If we denote the eigenvectors as X1 and X2), the components of eigenvector j may be written as X1 and
X@2. Accordingly, we have to solve the set of equations shown below two times once for A1 and once for A..

(a1 =2 )Xy + @y =0

[65]
A1 Xy (@22 =2 )X(jy2 =0

Again, the solution is not unique. Any set of x values, multiplied by an arbitrary constant, will satisfy this set
of equations. For simplicity we pick x@p1 = a. We have two possible results for the eigenvector component,
X(j2 depending on which equation we use.

A —a a
Xn =% X2 = 0 =) a=_—=—a [66]
a1p (A; —ay)

There appear to be two different solutions for X2, depending on the use of the first or second equation to
get this eigenvector component. However, equating these two values for x()2, will eliminate the arbitrary
constant, a, and obtain equation [63] that we solved for A. Thus the two possible expressions for X2 in
equation [66] will result in the same value.

As a numerical example, consider the determination of the eigenvalues and eigenvectors for the matrix,

0

solution process as an example of finding eigenvalues and eigenvectors for larger systems. Solving the
equation Det[A — IA] for this matrix gives the following result.

1-14 5
0 2-2
=1. (Here we have used the numbering convention that the highest eigenvalues has the lowest index.)

We now substitute each eigenvalues into the equation (A — IL1)x@) = 0, and solve for the components of
each eigenvector. For the first eigenvector we obtain.

1 5
A :{ 2}. You can find the answer using equations [65] and [66]. However, we will outline the entire

Det[A-14]= =(1-1)(2—2)—(0)(5) =0. The roots to this equation are A1 = 2 and Az

[67]

We see that the last equation results in 0 = 0, which gives us no useful information. Since we know that the
homogenous equation set has an infinite number of solutions, we pick an arbitrary value, o, for X@)2. With
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this value, the first equation gives us the result that X1 = 5a. Thus our first eigenvector, x) = [5a  o]T.
We can apply the same procedure to find the second eigenvector.

[68]

Here both equations tell us that X2 must be zero. However, there is no information about x@)1. We
conclude that this must be an arbitrary quantity that we will call . This gives our second eigenvector, X =
[B 0]". We can verify our solution for eigenvalues and eigenvectors by showing that they satisfy the
defining equation, Ax = AX.

1 5] 5a D Ba)+ (5)(a) 10 5a
= = =2 =N X [69]
0 2| al| [(0E)+@)(x)]| | 2a o 0

{1 5B [O®)+G)O) ] [B] .[B oy
@0 2]o] [OE@)+@@©)]| [0] Jo|] *®

AX(l) -

[70]

The calculations above show that the definition of eigenvalues and eigenvectors is satisfied regardless of
our choices for o and B. This is a general result. We are always free to choose one component of the
eigenvector. However, the remaining components will be set. Typically the eigenvector components are
chosen to give a simple expression for the eigenvector (i.e, one in which all the components are integers or
simple fractions) or a unit vector.”

In the example of the two-by-two matrix used above, we could express the eigenvectors we found in any of
the ways shown immediately below. The last expression shown for each eigenvector is a unit vector. Note
that the two eigenvectors are not orthogonal in this example.

S0t 5 Y 76 B 1

@ (6] @) (2) (2)
o 1 0 0
}/ A 26

Matrix Transformations Using Eigenvectors

It is possible to use the eigenvalues and eigenvectors to transform the original A matrix into a diagonal
matrix. To do this we define a matrix, X, whose columns are the different eigenvectors. That is X = [X),
X@), X@),-.- Xm]. We also define a diagonal matrix, A, whose elements are the eigenvectors; i.e., A = [Aidi].
The matrix product, AX can be viewed as the product of A with each eigenvector. That is AX = [Axq),
AX@), AX@),... AXm] = [AX@), A2X@), A3X@),... AnX@m]. We can use this result to show that AX =X A. To do
this, we examine the matrix product XA below, where we regard the subscript that identifies the particular
eigenvector as a column index.

7 A unit vector, u, is one for which the two norm, [|u]|z = JZUE = 1. If we have a vector, v, that is not a unit vector we

can convert it into a unit vector by dividing each component by ||v||2. This would give the components of the new unit

. . V.
vector by the following equation: U; = ! 5
V2V
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Xap X1 Xen v Xeu| (A 00 e 0
X2 X232 X@2 = 7 Xm)2 0 2, O 0
X X X s eee X 0O 0 A 0
N R R |
Xon X@n X@n 0 Xen] [0 0 0 e A
Carrying out the indicated matrix multiplication gives the following result.
MXap  AoXepn  AaXan ot ApXn
MXp2 MaX@z AaX@z o AnXny2
Aq X A, X AoX cee e ACX
XA = | w3 A2%@s Aa¥a n%m3
(73]
_7\‘1X(1)n MaXoyn  AgX@n oot }\‘nx(n)n_
:[an) MX@o) MXg o le(n)]:AX

Equation [73] gives the desired result that XA = AX; we can premultiply this equation by X! to obtain the
following result.

A=XTAX [74]

That is, we can use the matrix created by using the eigenvectors as matrix columns to produce a diagonal
matrix from the square matrix, A. The nonzero components of the diagonal matrix are the eigenvalues of

the A matrix. This type of transformation is important in many advanced applications of matrix theory. An
example of this, the use of matrix eigenvalues in the solution of a system of ordinary differential equations,
is shown in the next section.

In the example started on page 21, we found the eigenvalues, A1 =2 and X2 = 1, and the eigenvectors xq) =

Sa B . 15 . , , Ssa f
and xp) = for the matrix, A = . Using these eigenvectors, we find X = . We
o 0 0 2 a 0
. 1 { 0 - ,B}
use equation [56] to get X! =
(52)(0) - ()(B) | —a Sa

Substituting X1, A, and X into equation [74] gives the following result.

ot T
oaf|—a S5a |0 2| a O
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1[0 -BJ1 5] @®Ew)+EG)() @OP)+(5)0)
af[-a 5o |0 2] (0)5a)+(2)(a) O)(P)+(2)(0)

11 0 —-B|10a B__ 1|(-2ap 0 | |2 O] (A O
aBl-a 5o | 2a 0

“aBl 0 —aBl |0 1] |0 &,

This X-1AX produce produces the expected result: a diagonal matrix with the eigenvalues of A on the
diagonal. We also see that the result does not depend on the arbitrary multiplicative constant used in each
eigenvector.

Similarity transformations
An important concept in the computation of matrix eigenvalues is that of a similarity transformation. For a
square matrix, A, the transformation, B = P-*AP, where P is any invertable square matrix, produces a new
matrix, B that has the same eigenvalues as A. We can prove this by starting with the eigenvalue equation
for B, Bx = Ax, and substituting the transformation B = P1AP.

Bx = PTAPX = AX [76]
If we premultiply each side of the last equation by P, we can manipulate the result as follows.

PP1APx = IAPx = APx = PAX [77]

Since A is a scalar, we can write PAx = APX, so that the last equation in [77] becomes an eigenvalue
equation for A.

A(Px) = A(Px) [78]
Equation [78] tells us that we can multiply the vector, Px, by the matrix, A, and obtain the same vector,
multiplied by A. This is an eigenvalue/eigenvector equation where the eigenvalue for the A matrix is the

same as the eigenvalue for the B matrix. The eigenvectors of the A and B matrices, related by a similarity
transformation, B = P1AP, satisfy the following relationships: xa = Pxg or, equivalently, xg = B = Pxa.

Application of Matrix Eigenvalues and Eigenvectors to a System of Differential
Equations

This transform may be used in the solution of simultaneous differential equations. A general system of
linear, first-order differential equations for variables, yi(t), can be written as follows:

dy, < i
_+Zaijyj =r(t) i=1...N [79]
dt j=1

In this equation, the values of aj are constant. If we define y and r as column matrices, we can rewrite this
system of differential equations as a matrix equation:”

" If y is a matrix, with components yij, then the derivative dy/dx is a matrix whose components are dyi/dx.
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d—y+Ay =r [80]

dt

We can use the matrix, X, whose columns are eigenvectors of the A matrix to define a new set of
dependent variables, si(t) whose components define the column matrix, s, by the following equation.

y=Xs or s=X7ly 81]
With this definition, the original matrix differential equation [80] can be written as a differential equation in s.

%+AXs:r = X§+AXs=r [82]
dt dt

The second equation is possible because we have assumed that all the values of ajj are constant; i.e., they
do not depend on time. This means that the eigenvectors in the X matrix will be constants as well. If we
premultiply the second equation in [82] by X1, we obtain the following result, using equation [74] to replace
X1AX by the eigenvalue matrix, A.

x—1x$ +XIAXs=Xr = | % +As=X71r [83]

If we define a new right-hand side column matrix, p(t) = X-r(t) our system of differential equations can be
written as follows.

ds
— + As=p(t 8
g T AS p(t) [84]

Since A is a diagonal matrix, the differential equation for each component, si(t) depends only on si and pi. It
does not depend on other components of the s array. Thus, we have a set of independent scalar
differential equation to solve.

ds.
Ziias =p(t 8
raE p; (t) [85]

This differential equation has the form of the general first-order differential equation,

dx
P f, (O)x = f,(t) [86]

The solution to this general equation is shown below.

x=¢ ! fldt[jej Wt dt+ C} [87]

The constant, C, is found from the initial condition on the dependent variable. Equation [85] can be placed
in the general form of equation [86] if we define f1 = Ai and f2 = pi(t). Since Ai is not a function of time, we
can write the solution to equation [85], replacing x by si as the dependent variable, as follows.
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s, =e M Ue’“t p,dt+C, Jz ce ™ +e™ Ie“ p,dt=Ce ™ +q(t) [88]
Here we have defined qi(t), which depends on the problem-specific value for p = X-r.
q,(t)=e* [e* pat [89]

If pi is a constant, we have the following result for g.

At

[qi (t)]pi — e—,utJ'e/Iit p.dt = p At . J‘eAit p.dt = a it . 97 _ % [90]
In this case, the solution for yi becomes
y; =Cie ™ + B [91]

i
If we know the initial values of yi at t = 0, denoted as yi(0), we could find the corresponding initial values of

si from the definition of s in equation [81]. If we denote the initial values of si as si(0), we would find these
from the initial y values as follows.

s(0)=X"y(0)  y(0)=Xs(0) [92]

With this definition of s(0), with components, si(0), we can solve for the constant, Ci, in equation [88] as
follows.

5(0=Ce*”+q0) = C=50-q0) 193
With this value for Ci, the solution to our differential equation becomes:

S; = [Si 0)-q, (0)]9_1it +q;(t) [94]

For the special case where all the pi are constant we have qi = pi/A, and since @i is not a function of time in
this case, gi(0) = pi/Al.

Si = |:5i 0)- %}e"“ + % [95]

We can rewrite equation [94] as a matrix equation if we define the matrix E as the following diagonal matrix.

e 0 0 - 0
0 e” 0 - 0
E=[ge™]=| 0 0 e™ .. 0 [96]

0 0 0 ... e™
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In order to rewrite equation [94] (or equation [95]) as a matrix equation, we have to rearrange the order of
the exponential terms to give the correct results from matrix multiplication.

s; =[5,(0)~q, (O) ™ +q; (t) = *[s,(0) —q; (0)]+ ¢ (t) [97]

s(t)=E[s(0)+q(0)]=a(t) 98]

If we substitute the definitions of s from equation [81] and the definition of s(0) from equation [92] we obtain
a matrix equation for the original y variable.

s(t)= X"y = E[s(0)+q(0)]+q(t) = E[X 'y(0)+q(0)|+q(t) [99]

Multiplying this equation by X gives the solution for y(t) as follows.

y(t)= XE[X y(0)+q(0)]+q(t) [100]

Equation [95] gives the solution for constant pi. This equation contains the term pi/Ai which can be written
as the product of two matrices as shown below. This equation uses the result that the inverse of a diagonal
matrix [ai6i] is the diagonal matrix [km/ax].®

p/A] (Y4 0 0 - 0 p
pz//ﬁtz 0 1//12 0 0 P,
Ps/2 |=| O 0 YA - 0 | py|=ATp [101]
_pN/;LN_ L 0 0 0 lr/ﬂ“N__pN_

Using this result and the steps that led to equation [99], we can rewrite equation [95] as shown below.
s=Es(0)-EAp+A'p=Es(0)+(1-E)A'p [102]

If we substitute the definitions of s from equation [81] and the definition of s(0) from equation [92] we obtain
a matrix equation for the original y variable.

y =X"EXy(0)+ X (1-E)A'p [103]

In the simplest case where all the right-hand-side terms ri(t) in the original equation [79] are zero, we will
have p = 0 and the solution becomes.

y = X'Exy(0) [104]

This equation tells us that the behavior of the solution depends on exponential terms whose time
coefficients are the eigenvalues of the matrix from the original set of differential equations.

8 The usual formula for the product of two matrices, cim = Zxaikbkm gives the following result for the product of the
original matrix and the proposed inverse: cim = Zkaidikdkm/am = 6im. Here we use the fact that the product dikdkm iS zero
unless i =k and m = k. The result cim = dim is the required unit matrix for the product of a matrix and its inverse.
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Special matrices and quadratic forms

A set of column matrices, e®, is said to be orthogonal if scalar product of a given matrix with any other
matrix, except itself, is zero. We can write the definition of an orthogonal set of matrices as follows:

The set e is orthogonal if (e(i) )T el =d;5; [105]

If all the values of di are one, the set of matrices is orthonormal. Any set of orthogonal matrices may be
converted to an orthonormal set by dividing each matrix, e® by \[d .

An orthogonal matrix is one for which the inverse of the matrix equals its transpose. That is, the matrix,
A, is orthogonal if A1 = AT. One consequence of this definition is that the rows (and columns) of an
orthogonal matrix form an orthogonal set of row (or column) matrices.

Matrix elements may be complex numbers as well as real numbers. We have already defined the
transpose, B = AT, of a matrix, A, as one for which bj = a;. For complex matrices (i.e., matrices with
complex components, we define the adjoint matrix, At, as the transpose of its complex conjugate.

B=A'= (AT )* = (A* )T =  b;=a [106]

We have used the notation that a* is the complex conjugate of a; some texts use the notation a to denote
the complex conjugate® of a. The matrix, A*, is obtained from the matrix A, by replacing each component,
aj, by its transpose complex conjugate, aj*. Matrix notation varies among sources; some authors use the
notation A* or AH for an adjoint matrix. These authors then use the notation, A, for the complex conjugate
of matrix A.

A unitary matrix is a generalization of the orthogonal matrix for complex-valued matrices. A unitary matrix,
U, is one for which the adjoint, Ut, equals the inverse, U

A self-adjoint matrix is one for which A = Af. Such a matrix is also called a Hermitian matrix. A real
symmetric matrix is a self-adjoint or Hermitian matrix.

A normal matrix is defined as one for which the product of a matrix with its adjoint does not depend on the
order of the multiplication. This means that AAT = ATA| if A is a normal matrix. Both Hermitian matrices
and real symmetric matrices are normal. The important feature of normal matrices is that their
eigenvectors form a complete orthogonal set. This means that the X matrix, described before equation
[72] and defined implicitly in that equation, will have an inverse. In addition, it is simple to determine the
inverse of the eigenvector matrix, because it must be an orthogonal matrix. From the definition of
orthogonal matrices this means that X1 = XT. Many engineering applications yield symmetric matrices,
which are guaranteed to provide an orthogonal eigenvector matrix.

9If z is a complex number whose real part is x and whose imaginary part is y, we write z = x + iy where i = \/_1 . We
can also write z = re®®, where r2 = x2 + y2, and 8 = tan}(y/x). The complex conjugate, Z = z* = x — iy = re’® The product
of a complex number with its complex conjugate equals the magnitude of the complex number: |z|2=zZ =z z=12=x?
+y2
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To illustrate this important result for normal matrices, consider the following problem that determines the
1 21

eigenvectors used in the transformation X*AX for the following real symmetric matrix: A={2 0 3|.

1 31
We first obtain the eigenvalues by solving the equation that Det(A — IA) = 0. This equation gives

1-% 2 1
Det(A—IM)=| 2 0-% 3 |=
1 3 1-a [107)
1=MEMA-2)+(2)E)D) + D)(R)E) 0
-OEVNO-@)A-1) -A-2))(B)

Doing the indicated algebra gives the following cubic equation for A.

A-2)2(=A) +6+6+A—4(1—-21)—9(1—-1)

) [108]
=(1-2)% (-0 +A—-131-A)+12=0

The goal seek tool of Excel was used to find the eigenvalues of this equation. The three eigenvalues are 11
=4.71319670582861, A = -2.78926346205648, and Az = 0.0760667562278632. You can verify that these
values are the solutions to the eigenvalue equation.

The eigenvectors are found by solving the matrix equation (A — IA)x = 0. For the first eigenvalue, we have to
solve the following matrix equation.

—3.7131967 2 1 Xy 0
2 —4.7131967 3 Xay2 | = 0 [109]
1 3 —3.7131967 || Xays 0

Applying Gauss elimination to this system of equations gives the following result.

~3.7131967 2 1 g [0
0 ~3.635958 3.538619 | X, |=|0 [110)
0 0 0 | xus| [O

As we expected, our eigenvector equation has infinite solutions. If we pick a value of one for x(1)3, we obtain
X2 = [0 — 3,538619(1)]/(-3.635958) = 0.973229 and x@u = [0 — (1)(1) — (2)(0.973229)] /(-3.7131967) =
0.79350979. The norm of this eigenvector is the square root of the following sum: (1)? + (0.973229)? +
(0.79350979)2 = 2.5768232. Thus the norm of this first eigenvector, [|X)||2 = (2.5768232)2 = 1.605252. If
we divide each component by this norm, we will obtain the following normalized eigenvector x(1) = [0.494321
0.606278 0.622955]". You should be able to verify that the two norm of this eigenvector is one and that it
satisfies the equation that (A — IA)x = 0. We can repeat this process for the other two eigenvectors and then
we can obtain the X matrix in which each column is one of the eigenvectors. The inverse of this matrix is
also shown below. This was found using the MINVERSE function of Excel.
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0.494321 0.270183 -0.826225
X =(0.606278 -0.788297 0.104950

0.622955 0.552801 0.553478
0.494321 0.606278 0.622955

X1=|0.270183 -0.788297 0.552801
-0.826225 0.104950 0.553478

[111]

We see that the inverse matrix in this case is the same as the transpose of the X matrix. This confirms that
the set of eigenvectors is orthogonal. (You should also be able to show that any pair of eigenvectors has dot
product (inner product) that is zero.) This example illustrates the fact that a symmetric matrix produces an
orthogonal set of eigenvectors. This greatly simplifies the X-1AX transformation process since X-1=XT for an
orthogonal matrix.

A positive definite matrix is a Hermitian matrix that satisfies the following relationship for any column matrix
(column vector) that is not 0. (You should keep in mind that a Hermitian matrix whose components are real
is simply a symmetric matrix.)

Positive Definite A:  x'Ax>0 [112]

If all the components of x are real, xT is simply xT. A positive semi-definite matrix is one for which the
greater-than sign is replaced by a greater than or equal to sign.

Positive Semidefinite A:  xTAx>0 [113]

The product xTAx is illustrated below.

A Qp A3 A, || X

Ay Ay Ay Aoy || X2
xTAx=[x1 X, X xn] 3 ez Tes TR g

_anl dpp Qpz vt ann__Xn_

Taking the Ax product gives the following intermediate result.
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I allxl + a.12X2 + a13X3 +oeeeees + aln Xn
a21X1 + a22X2 + a23X3 + """ + a2n Xn
K * * * * a X +a X +a X + """ +a X
XrAX:[Xl X, X, e Xn] 3171 32”2 T Aa3” 3nn [115]
_anlxl + an2X2 + an3X3 + """ + annxn_

The final product of a row matrix times a column matrix yields a (1 by 1) matrix, which is essentially a
scalar. This scalar is given by the following matrix multiplication.

Xy (allxl +a Xy Xy e +ay, Xn)+

Xy (321X1 +apyXy +ApgXg +oeeeee +a2nxn)+

. Xz (BagXo 4 QaoXy + BagXe ++veer +a. X )+
' Ax = 3( 31X1 183Xy +az3X;5 3n n) 116]

Xn (anlxl tan Xy ta,3X3 + e +annxn)

We can express the result of this matrix multiplication by a single scalar, using summation notation.

n

n n n n
22X :Zzaijxi Xj=p X+ Yagxx; [117]
i

n
j=1 i=1 j=1 i= i=1 j=L, j=i

xTAX = Zn:x,*

i=1

We see that the right hand side is a sum of pure quadratic terms, xi"xi and mixed quadratic terms, X;x;.
Each pure quadric term, xi?, occurs only once and it is multiplied aii. As usual, the product of a number, xi
with its complex conjugate x;* gives a real number that is the magnitude of the original complex number.
Also, for a Hermitian matrix, where aj* = aji, the elements on the principal diagonal, ai, must be real
numbers for the general definition of a Hermitian matrix to apply.

A given mixed quadratic term occurs twice: in the form xi* a; xj, and once in the form x* a;i xi. The addition

of these two terms can be simplified by the use of the basic relationship for a Hermitian matrix that a;j* = a;i.
As shown below, these two terms lead to the sum of two times the real value of the each individual term.0

Using this relationship we can reduce the number of terms in the final summation of equation [117] by
summing only over values of j that are greater than i.

10 This is based on the result that the sum of a complex number, z = x + iy, and its complex conjugate, z* = x — iy,
equals 2x, two times the real component. Similarly, z — z* = 2iy, 2i times the imaginary component.
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x"Ax = Zanx +22 ZRe(aUx X;) [119]

i=1 j=i+l

If the matrices A and x are real we can write equation [119] as follows.

X" AX = Zaux +22 Zauxx [120]

i=1l j=i+1

If A is positive definite, we are assured that any general quadratic form like the ones in equations [119] or
[120] will be positive. (If A is positive semi-definite we know that the sums will be greater than or equal to
zero.) We can show that a matrix is positive definite or semi-definite by finding all its eigenvalues. A
Hermitian matrix is positive definite if all its eigenvalues are positive; it is positive semi-definite if all its
eigenvalues are zero or positive.

Vector spaces, norms, and inner products

Several concepts that we introduced with vectors can be generalized to other areas of engineering
analysis. This general picture is called an abstract vector space. The name “abstract” is used because the
things that we represent in such spaces may not be the same as the traditional vectors we are used to in
mechanics. (However, traditional vectors are one item that is represented in a vector space.)

We recognize that vectors are usually represented by two or three components in a two- or three-
dimensional space. We define a dot product for vectors and we define the magnitude of the vector as the
sum of the squares of its components. We know that we cannot represent a three-dimensional vector in a
two-dimensional space, and we know that we can represent a vector in more than one way by using a
different coordinate system. When we represent a vector, we like to use an orthogonal coordinate system
as the basic way to represent the vector. In this case, we know that the dot products of unit vectors in
different coordinate directions are zero. All the ideas in this paragraph should be familiar to you for vectors
representing force, velocity, acceleration and the like that you have encountered in your engineering and
physics courses. We want to generalize these ideas to systems that can have any number of components,
not just two or three. In addition, we want to consider functions as well as numbers as the components.

We also want to consider the possibility that the elements that we represent may have complex values.
That is a quantity, z, may be represented as the sum of a real part, x, and an imaginary part, y; we write

this as z = x + iy, where i = J=1. We define the complement of this complex number (with the notation z*
or Z)as x—iy. Thatis, we change the sign of the imaginary part and use an asterisk or a line over the
complex variable to denote the complex conjugate. A system of definitions that is developed for complex
variables can be readily applied to real variables by setting the complex part equal to zero. Furthermore,
the complex conjugate of a real number is just that number. If we sety = 0 in the definition, z* =Z = x — iy,
we get z*|y=0 = X. A vector that consists of complex components, z, will have a complex conjugate z*,
whose components are the complex conjugates of the components of the original vector, z.

The basic definition of a (linear) vector space simply states that vectors must satisfy certain simple
properties. These are listed below.

1. Ifx andy are vectors in the space then x + y is also a vector in the space.!?

11 Sometimes the symbol @ is used to emphasize that the “addition” operation for vectors may be different
from the usual operation we expect of adding each component the vector, a, to the corresponding
component of the vector b to get the components of the vector sum a + b. We will not be considering such
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2. The addition operation in the previous statement is commutative and associative. Thatis, X +y =y + X
andx+y+z=(Xx+y)+z=x+(y +2).

3. The space contains a null element, 0, suchthatx +0=0+x =x.
4. For each vector, X, in the space there is another vector, -x, such that x + (-x) = 0.

5. Vectors can be multiplied by scalars. If x and y are vectors in the space and o and 3 are scalars, all
the following relationships hold:

i) ax, px, ay, and By are all vectors in the space
i) (o +B)X = ax + BX

iii) (o + B)X = ax + BX

iv) opx = (ap)x = a(Bx)

V) a(X+Y)=ax +ay

vi) 1x =X

6. The norm of a vector, x, expressed as ||x||, is @ measure of the size of the vector. Thisis a

generalization of the usual definition of the length of a vector, [x| = /X{ + X5 + X5 . There are many
possible norms. Any definition of a norm must satisfy the following relationships:

D) fox|| = [ [|x]] |a| =+ aa for complex o
i) [Ix||>0ifx =0

iii) |Ix||=0ifx=0

i) [Ix + yll < Ix]] + lyll

7. Acommon definition of the norm has the form |x| = i|xi|q]/vq. This is called the “q norm” and is

usually written as |[|X||q. In this notation, the usual definition of a vector length is the “two norm”, ||x||2 .
Other common norms are the one norm, which is simply the sum of absolute values and the “infinity
norm” which is the element which has the maximum absolute value.

8. The vector dot product is generalized for abstract vector spaces using the notation (x,y). (Sometimes
the notation <x,y> is used.) These inner products satisfy the following relationships.

=,
i) (ax + By, 2) = (X, 2) + B(Y, 2)

i) (x,x)=0ifand onlyif x =0

abstract operations here. In a similar sense the symbol ® is used to represent a general operation of
multiplication which may be different from normal multiplication of two numbers.
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iv) (X,X)>0unlessx =0

V) (X, BY) = (By, x)" = [B(y, X)I" = B=[(y, X)]"= Bx(y, X)* = P*(X, y)

9. We can form linear combinations of any number, k, vectors in the space. The linear combination is
defined in terms of a set of k scalars, a1, a2, ..., ok, such that our linear combination is given by the

k
equation Zaix(i)
i=1

k
10. A set of vectors is said to be linearly dependent if Zaix(i) =0, where at least one of the ai is not
i=1
equal to zero.

11. Alinearly independent set of vectors is one that is not linearly dependent.

12. The vector space is said to be n-dimensional if a set of n linearly independent vectors exists in the
space, but no set of n+1 linearly independent vectors exists in that space.

13. Any vector in an n-dimensional space can be represented by a linearly independent combination of n
vectors. Such a set of vectors is called a basis set and is said to span the space.

14. Two vectors whose inner product equals zero are said to be orthogonal. Thatis, x and y are
orthogonal if (x, y) = 0.

15. A set of n vectors, ew), €@, -.. , €n), are said to be orthogonal if the inner product of any unlike pair of
vectors vanishes. That is if (eg), eg) = 0 for any i and j such that i # j, the set of vectors is orthogonal.

16. A set of n vectors, ew), ew), .- , €n), are said to be orthonormal if the inner product of any unlike pair of
vectors vanishes and the inner product of like vectors equals one. For an orthonormal set, then, (e,
eq) = Ji.

17. We can convert any orthogonal set of vectors into an orthonormal set by dividing each component of
the orthogonal vector with index i, by the inner product for that vector with itself, (e, eq).

The statements above summarize several definitions about abstract vector spaces, norms and inner
products. A major idea that is used throughout engineering analysis courses is the idea that we can
represent a “vector” in terms of a basis set, which is a linearly independent set of vectors that span the
space. This means that any “vector” in the space can be expressed as a linear combination of the basis
set.

We know that this is true for our conventional vectors where we use the basis set i, j, and k. The possible
dot products of this basis set can be seen to form an orthonormal set. As noted earlier, these possible dot
products are ii = joj = kek =1 and i*j =ik = jei = jek = ki = kej = 0. In a more general notation we can
represent this basis set as eq) =i, e@), =, and e@) = k. This basis set is orthonormal since (e, eg) = 5i.

We will extend the notation of inner products and orthogonality to functions. For functions, the inner

product is defined in terms of an integral. If we have a set of functions, fi(x) defined on an interval a < x <b,
we define the inner product for these functions as follows.

b
(1. F;)=[ 700 F;(0p(x)dx [121]
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In this definition, the function p(x) is called the weighting function. In many cases, p(x) =1 and is not
considered in the definition of the inner product of functions. The functions fi(x) are orthogonal if the
following relationship holds.

b
(. F)=] 700 F;(0p(x)dx = a3 [122]
We can define a set of orthonormal functions by the following equation.
b *
(F. )= 700 F;(x)p(x)dx =5 [123]

Any set of orthogonal functions gi(x) can be converted to a set of orthonormal functions fi(x) by dividing by
the square root of the inner product, (gi,g).

f.(x) = 9i (%) _ gi (%)
! . b
V(@0 [ 97 ()g; (x)p(x)dx

[124]

We can show that the functions fi(x) form an orthonormal set by constructing the inner product (fi, fi).

_ 9i 9i _ (9i,9:) _
A N CRER RN D) (J(gr.9)f '

Note that the inner product (gi,gi) is a constant so that we can bring it outside the inner product calculation
for (fi,fi). We see that the inner product of fi with itself is equal to one. The inner product (f;, f) is
proportional to (gi, g;) which is zero. Thus the functions fi form an orthonormal set.

[125]




