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November 1 Homework Solutions

1. Shift theindex in the power series Z 5(s +1)
~ s? +1
summation sign is x™. Verify your result by writing the first four terms for each form of
the series. Determine the range of x for which the solution will converge; this is
known as the radius of convergence for the series.

! so that the power under the

To accomplish the shift, we define a new index m =s — 1 to get the term x™ in the summation
sign. To do this we have to replace s by m + 1 everywhere in the summation. At the lower limit
of s =2, we have m =2 -1 =1. Thus, the summation becomes

is(s+1) Z(m+l)(m+1+1) M1l Z(m+1)(m+2)

= s°+1 = (m+1)°+1 (m+1)% +1

The first four terms in the original series (for all values of s from 2 to 5) are

= (s +1) 6x 12x*> 20x® 30x*
> = =—+ + +
2z T 10 17 | 26

The first four terms in the modified series (for all values of m from 1 to 4) are

(M+1(Mm+2) o _ 6x 12x*  20x* 30x*
Z X" =—+ + +
(Mm+1)? +1 5 10 17 = 26

The first four terms are the same in both series.

The radius of convergence is given by equation (11) in section 5.1 (p. 172)of Kreyszig 10t
edition.

(m+2)(m+3
R Lim |a_, Lim m+2 ‘ Lim [(m 2+1km+3|
= m — o am m—)oo m+1)(m+2 m—)ool(m +1km+1‘
m+1
Lim ”( 2+1km+3| Lim |m3+5m2+8m+6|_1
m—>ol(m+2)? +1 m+1)| m—>oo|m’+5m® +9m+5|

The last step in taking this limit is the application of L’'Hépital’s (old spelling L’'Hospital’s) Rule
which states that the limit of a ratio where the numerator and denominator are both indefinite is



November 1 homework solutions MESO01A, L. S. Caretto, Fall 2017 Page 2

the ratio of the derivative of the numerator to the derivative of the denominator. This rule may be
applied more than once to the same fraction. In our case we apply this rule two times to obtain
the limit as m approaches infinity of the ratio (6m + 5)/(6m + 5) = 1. We thus conclude that the
radius of convergence, which is 1 divided by the limitis 1/1 or R = 1.

2. Find the two solutions for the differential equation (x + 2)%y”’+ (x + 2)y’ - y = 0, using the
Frobenius method.

To simplify this task, we will use z = x + 2 as the independent variable. For this substitution, we
will still have d2y/dz? = d2y/dx? and dy/dz = dy/dx. Thus, we seek the solution to z2y” +zy - y = 0.
ory’ +vylz-ylz2=0.

We write the solution using Frobenius method in the following form.
y(z)=z"> a,z"=> a;z"" [1]
n=0 n=0

Here the an are unknown coefficients and the value of r is also unknown. We can differentiate
this series twice to obtain.

d 2y ©
= Y (n+r)(n+r-1a,z""? 2]
n=0

ay _ Y (n+ra,z™ and
dZ n=0

We can substitute equations [1] and [2] into our differential equation: y” + y'/z - y/z? to obtain the
following equation.

i(n +r)(n+r-21a,z""? +%(i(n + r)anz"”lj —%(ianz””j =0 [3]
Z" \\h=0

n=0 n=0

If we combine the z2 and z terms outside the sums with the z terms inside the sums, each series
sum has a term in z™"2, and we can combine these into a single series as follows.

i[(n+r)(n+r—1)+(n+r)—1]anz””‘2 =§:[(n+r)2 —1]anz””‘2 =0 [4]

n=0

The first (n = 0) term in this series is (1?2 — 1aox"2). The indicial equation required to set the
coefficient of x’2 = 0, without setting ao = 0 is r> = 1. So the roots of the indicial equationare r =
+1. This is the case where the two roots differ by an integer. We proceed by examining the first
solution where r = 1. From equation [4] we see that we have to satisfy the following equation for
the coefficient of each power of x to vanish.

[(n+ r)? —1]an = [(n +1)? —1]&1n =n(n+2)a, =0 [5]

The only way to satisfy this equation for values of n > 0 is for an = 0 for n > 0. Thus, the power
series solution in equation [1] has only a single term.

y(z)=>a,z"" => a,z2"" =a,z 6]
n=0 n=0
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In the case where the two roots of the indicial equation differ by an integer, the second solution is
given by the following equation, where rz is the second root of the indicial equation and k may be
zero.

Y, (2) =ky,(2)In(2) + 2" 3 A 2" =ky,(2)In(2) + D  AZ"" [7]
n=0 n=0
If we differentiate this soltuion two times we obtain the following results.
dyz(z) —k dyl(z) In(Z) +k yl(z) + ZAH (n + r2)ZnJrrz—l [8]
dz dz z o

dy; (2) _ dy1 (Z)I() 2k dyl(Z) kyl(Z)

. . - +ZAn(n+r —(n+r,)z™ [9]

If we substitute this result into our differential equation : y” + y/z — y/z? = 0, we obtain

dy1 (2) 2k dyl(Z) kyl(Z)
dz dz

In(z) + +ZAn(n+r —I)(n+r,)z"%

z

{ dyclj(z)l ( ) kylz( )+ZAH(n+|’ )Zn+r2 j| |:ky1(z)|n(z)+zAnZn+r2}:
[10]

We can rearrange this equation, collecting all the terms multiplying In(z) as follows.

2k dy, (z) kyl(Z)
dz z?

k{dyf(z) LLdn@

1
dz z dz z2° 1(2)}”(2) iy

> L 1 z - _ 13
D A M+, =D(n+r,)z"" +—[k&+ZAn(n +1,)z"" l} — =A™ =0
n=0 VA Z n=0
[11]
The first term in brackets that multiplies kin(z) is simply the original differential equation. Since y1
is a solution to this equation, the term in brackets is zero. In addition there are two kyi/z? terms

with opposite signs that cancel. Eliminating these terms and combining the common summation
terms gives the following equation.

2 dyl(z) + i[(n +r,-)(n+r)+(n+r,)-1A z"*? =0 [12]

z n=0

Since y1 = aoz, dy1/dz = ao. Substituting dyi/dz = ao.and r2 = -1 into equation 12 and simplifying
the summation term gives.

—a +Z[(n+r) —1]Anz"”2 :2—2ka0+in(n—2)Anz"‘3:O [13]
n=0

Writing the first few terms in this equation gives the following result.
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0-Az % +2kaz™ +3A, +8A4x+in(n—2)Anz”’3 =0 [14]

n=0

We must have A1 = k = As = A4 = 0 to set the coefficients of the initial terms to zero. In addition,
all subseugent values of An for n > 4 must be zero. Thus, the only possible nonzero values of An
are Ao and Az. Setting k =0 and r2 = -1 in equation

V(D) = ki (D@ + Y AL = Az Az 15

We see that this second solution contains the first solution, y = aoz. Thus we can use any linear
combination of z and z! as a basis for the solutions to the original differential equation. Since we
made an initial choice to solve our equation for z = x + 2 instead of X, we see that we can write
our solutions in terms of the original x variable as y1 = x + 2 and y2 = 1/(x + 2).

dr - -
3. Use the equation from Kreyszig that d—[x VJV(X)]= —Xx""J,.,(X) to show that
X

IX’VJ La(X)dx=—=x7"J (X)+cC.

d
Equation (25) on page 223 of Kreyszig states thatd—[X’VJv (X)]= —X"J,.,(X). If we multiply
X

this equation by —dx and take the indefinite integral of each side we obtain the result that
—J'd[x‘VJV (x)]z _[x‘”JHl(x)dx +const . Since J.d[x‘VJv(x)]z X™"J,(X), and the
constant can be placed on any side of the equation, we have obtained the desired result.

4. Using the substitutions y =u+/X and z = kx?/2, show that the differential equation y” +

k?x%y = 0 reduces to Bessel’s equation. Find a general solution to the original equation
in terms of Bessel functions.

From the definition of y we have dy/dx = x¥2du/dx + ux12/2 and d2y/dx? = x12d2u/dx? - ux372/4 +
x2du/dx. Substituting this result into our original differential equation gives.

2 _
X%g_l:+x‘%3—u—x%%+k2x2ux%zo [1]
X X

Multiplying this equation by x32 gives

2
xzd—g+xd—u—g+k2x2ux2:0 [2]
dx dx 4

If we shift the independent variable from x to z = kx?/2, so that x = (2z/k)2 and dx/dz =
(2/k)Y2z112[2 =(2kz)12, we have

du _dzdu _

du
a 2kz)’2 24 3
dx dxdz (2k2) dz 13l
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d’u_d (duj dz d (duj dz d [(Zk 2% du} (2kz)%i{(2kz)%d—u}
dz dz

dx?  dx\dx) dxdz\dx) dxdz
d2 72 g d2u  d 4
— (2k2)”? (2kz)y U2 g S &
2 dz dz dz

Substituting x = (2z/k)¥2 and the results of equations [3] and [4] into equation [2] gives.

2 el
Zkz(zk du kd—“J (%j (2k2)%d—u—%+4zzu

2dz dz dz 5]
=47° u sz—u 22 d—U—E+4z u=0
dz? dz dz 4

Combining the first derivative terms and dividing the equation by 4 gives
d’u  _du 1
P —+71—+|2°——|u=0 [6]
16

After dividing this equation by z2 we see that this equation has the form of Bessel’'s equation,
d?u 1du z°-(@/4)
dz® zdz z

general solution as u = AJua(z) + BJ-14(z). We are actually interested in a solution to our original
equation with x as the independent variable and y as the dependent variable. Using the
definitions of u and z we can obtain the desired final result as y = xY2[AJua(kx?/2) + BJ-1a(kx?/2).

u =0, with v="%. Since this is a non-integer v, we can write a

5. The function Iv(x) = ivJ.(ix), where i2 = -1, is called the modified Bessel function of the
first kind of order v. Show that Iy(x) is a solution of x2y” + xy’ — (x> + v?)y = 0.

We can test this solution by plugging it into the differential equation. Because i is a constant, we
can readily obtain the necessary derivatives of y = Iy(X) to obtain the following result for the
differential equation given in the problem statement.

xz(;ngl+ x%—(x2 Fv2y=x? dz[i_;)fzv(ix)]+Xd[i_vj):(ix)]—(xz V2, () =0

If we define a new variable, z = ix, so that z2 = -x?, and dx = d(z/i), we can substitute this variable
and bring the constant iV outside the derivative operators to obtain.

2} v dz[‘]v(z)] Z.., d[‘Jv(Z)] 2, 2%-v —
(—Z ) W—‘FTI m—(—z +v ) JV(Z)—O

Cancelling common factors of i, and —1 in the second and first term and the common factor of i
in all remaining terms gives.
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4°0,@], ,db.@], (2 _
z 5 ti— g +@ —v ﬁva)_o

Dividing by z2 gives Bessel’s equation for which J.(z) is a solution.

dz[‘]v(z)]+1d[‘]v(z)]+22_V2 J (Z):O
dz? z oz 2

Thus, the proposed solution to the original differential equation is correct.

To obtain the power series solution for Iv(x) we use the the power series equation for Jv(x). We
can mainpulate the result using definition of i = -1 to eliminate the (-1)™ term in the numerator of
the sum.

vt v v (D)™ (ix)
L 0)=17J, (k) =t ('X)mz_azm”m!r(mwu)_
S U 0 S SV S

S22 mIT(m+v+1) 222 mT(m+v+1) 222 miT(m+v+1)

The final result is the series for Iy(x) given in the problem statement.



