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October 25 Homework Solutions

1. Solve the equation y”’ — 4y’ = 0 by first converting it to a system of first-order
equations and as given. Provide a general solution and give details of your work.

If we define z = y’, the second order equation can be written as y” =z’ = 4y’ = 4z. Thus, we have
a system of two simultaneous first order equations

MR

The solution to this equation can be found by obtaining the eigenvalues of the matrix as follows.
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Det(A—M):{ N

} =-A(4-2)=0
The roots are L =0 and A = 4. We next have to find the eigenvectors. For A= 0 we have to solve
the following equations for eigenvector components, x1 and Xo.

Ox1+x2=0

Ox1+4x2=0
This gives x2 = 0 and x1 = a, an undetermined constant. Thus the first eigenvector can be written
as a[1 0]'. For A= 0 we have to solve the following equations for eigenvector components, X1
and Xxz.

-Ax1+x2=0

Ox1+0x2=0
These equations have the solution that x1 = b and x2 = 4b, where b is undetermined; our second

eigenvector can be written as b[1 4]". Thus, we can write a general solution to the problem in
terms of the eigenvectors and exponents of the eigenvalues as follows.

i £

Since we were originally interested in the second order equation in y we see that the solution for y
isjy =a + be*] (Note that the solution for z = 4be* equals y’ as required.)
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This equation has the general form y” + ay’ + by = 0, with a = -4 and b = 0. We solve the general
equation by finding the roots of the characteristic equation. Here we find the roots as follows.

/IZ—aJ_r\/a2 —4b :—(—4)iw/(—4)2 — 4(0) 40
2 2 ’

Thus the general solution to our equation isy = ae® + be*orJy = a + be*] as found previously.

2. Solve the following initial value problem showing all details: y.’=y>-5sintand y,’ = -
4y, + 17 cos t with y1(0) = 5 and y»(0) = 2.

To solve this pair of equations we differentiate the first equation giving the following result:
y1” =y2"—5cost

If we substitute the second equation for y2’ into this equation we get a second order differential
equation that only contains yi.

yi”’=y2"—5cost = -4y1 + 17cost—5cost=-4y1 + 12 cos t
The resulting equation, y1” + 4y1 = 12 cos t, is seen to have a homogenous equation, y1” + 4y1 =
0, whose solution is A sin 2t + B cos 2t. The complete solution to this equation requires the
particular solution that we can find by the method of undetermined coefficients. We write the
particular solution as yp = C sint + D cos t so that yp” = -C sint— D cos t. Substituting this
particular solution and its derivatives into our differential equation gives the following result.
—Csint—Dcost+4(Csint+Dcost)=12cost

Equating the coefficients of the sine and cosine terms on each side of this equation gives the
results that C =0 and D = 4. Thus, yp = 4 cos t and the complete solution for y1, the sum of the
homogenous and particular solution, is y1 = Asin 2t + B cos 2t + 4 cos t.
We have to obtain the solution for y2 to apply the initial condition on that variable. According to
the first equation, y2 = y1’ + 5 sin t. Differentiating the solution for y: that we just found gives the
following result for yo.

y2=y1’' +5sint. =2A cos 2t — 2B sin 2t —4 sint + 5sint= 2A cos 2t — 2B sin 2t + sin t
Applying the initial conditions on y1 and y2 gives the following results.

yi(0))=5=Asin0+Bcos0+4cos0=B+4 => B=1

y2(0)=2=2Acos0-2Bsin0+sin0=2A => A=1

Thus, our solutions are |y1 =sin 2t+cos 2t +4 cos tI and
|y2:ZCos 2t - 2 sin 2t + sin tI
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3. Find the power series solution of the differential equation y” — 3y’ + 2y = 0.

In the power series solution, we postulate a solution of the following form
y(x) =D a,(x-%)" [1]
n=0

Here the an are unknown coefficients. We can differentiate this series twice to obtain.

dy S n-1
— = E na (X-X and
dx n=0 " ( O)

d2y S n-2
dX2 =Zn(n—1)an(X-X0) (2]
n=0

Substituting equations [1] and [2] into our original differential equation gives the following result.
> n(n—Da, (x-%,)"*=3> na, (x-%,)"" +2> a,(x-%,)" =0 3]
n=0 n=0 n=0

We want to rewrite the first two sums in this equation so that we have the same form as the final
sum. We consider each of these separately. In the first sum of equation [3], the first two terms
(forn=0and n = 1) are zero. Thus, we can write this sum as follows, where we introduce a new
index, m = n-2.

S n(n—1)a, (x- %,)"% =040+ n(n-1)a, (X-%,)"2 = 3 (M+1)(m+2)a,, (x- X,)"

n=0 = m=0

(4]

In a similar fashion, we note that the first (n = 0) term in the second sum is zero and we rewrite
this sum using the new index m = n — 1 to give

D na, (x- %) =0+ na (x- %) =D (Mm+D)a,,, (X-X)" 5]
n=0 n=1 m=0

We now want to substitute equations [4] and [5] back into equation [3]. Before doing this we note
that the summation index, n, in the final sum is a dummy index and re can replace this by m = n.
This gives the following result in place of equation [3].

S M+D(m+ D, (x-%)" ~3D (M +Da,, (x-%,)" +23 2, (x-x,)" =0 [6]
m=0 m=0 m=0

Since each sum in this equation has the same lower and upper limits we can combine them as
follows.

i[(m +1)(m+2)a,,, —3(m+1)a

m=0

+2a, |(x-x,)" =0 [7]

m+1

In order for this series sum to equal zero for any value of x, the coefficient of each power of x
must equal zero. Thus we must satisfy the following equation for each value of m.
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(m+1)(m+2)a,,, -3(m+Da,,, +2a,=0 [8]

We can solve this equation for am-2.

_3(m+Da,, —2a
™2 (m+1)(m+2)

. (9]

We can use this equation to find any value of am+2 in terms of previous coefficients am+1 and am.
Since we cannot solve this equation for ao and a1, we will leave these constants to be used to
satisfy boundary conditions on the differential equation. Setting m = 0 in equation [9], gives the
value of az as follows.

4 —a _3(0+Da,, —2a, 3a —2a,
20T 0+)(0+2) 0 2

[10]

Setting m =1 in equation [9] gives us the value of as in terms of a1 and a2. We can use equation
[10] to obtain an equation that then gives as in terms of ao and aa.

3a, —23, | a
4 _gn _3+Da,-2a 6a,-2a _ 2 ' _T7a,—6a, 1
UM A+D@a+2) 6 6 6

We can continue in this fashion to try to deduce a general formula for am. Next we have m = 2.

7a, —6a, | 5 3a, —2a,
_3(2+Da,,, —2a, 9a;-2a, 6 2 _ 15a, —14a,

4 a2+2 - -
2+1)(2+2) 12 12 24
[12]

We do not appear to have a simple solution yet. The solution that we have so far, with terms up
to and including (x — xo)?#, can be written as follows.

-2 7a, — 15a, —14
y=a0+al(X—X0)+3alTao(X—X0)2+al—6ao(X—Xo +M(X

3
) 24

_XO)4 4+

We see that the values of ao and a1 are given by the initial conditions: ao = y(xo) and a1 = y’(xo).
Although we know that the differential equation has a simple solution in terms of exponentials,
general power series solutions will not have simple expressions and we can just leave the
solution in the form above, with the knowledge that we can get the coefficients for additional
terms in the series by the recursion equation [9]. In a numerical application of a power series
solution, we would not even need to reduce the individual coefficients by algebra to terms
involving ao and a1. Instead, we could use equation [9] to obtain numerical results for the
coefficients.



