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Solutions to Second Midterm Exam
1.
(35 points)
(a) 
In a certain location the wind speed follows a Rayleigh distribution with a mean wind speed of 7 m/s.  What is the total energy available in the wind, over a one year period, per unit area swept by the rotor?  (Assume a reasonable value for the density of air.)

From slide 49 of the March 12 lecture presentation, the mean power in the wind is given by the equation 
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=A3(9/8)1/2, where  is the most probable wind speed.  From slide 40 or 41 of the same lecture presentation we have the following relationship between the mean wind speed and : 
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.  Combining these equations gives the following equation for the wind power per unit swept area.
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Over a one year period (8760 hr) this would provide the following wind energy per unit area.
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(b)
A wind turbine with a rated power of 2.5 MW has a cp value of 0.35 (generator power to wind power ratio.  At what wind speed is this rated power obtained if the rotor diameter is (i) 70 m, (ii) 80 m?
The wind power is cp times the generated power, which gives a wind power of (2.5 MW) / (0.35) = 6.25 MW.  The instantaneous wind power is given by the equation Pwind = V3A/2 where A = (Drotor)2/4 so that Pwind = V3(Drotor)2/8.  Combining these equations and solving for the wind velocity gives
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Applying this equation to the two rotor diameters gives the following velocities to produce 2.5 MW:
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(c)
How much energy would be produced by each of these rotor diameters during a year if you account for (a) the time that the turbine is not operating because it is below its cut-in speed of 5 m/s, (b) the time that it is above its cut-out speed of 25 m/s and (c) the time that the generator is running at full load and cannot use all the energy in the wind.
The total power for generation consists of the following components: (1) the power in the wind, P0, reduced by the fraction below the cut-in speed, f0, and above the rated speed, f2.  This wind power must be multiplied by the power coefficient, cp, to get the generated power.  The second component is the power generated when the generator is operating at maximum power.  This occurs during the fraction of the time, f3, that the wind is above the rated speed, but below the cut-out speed.  These components can be summarized in the equation below.
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First, we use the equations on page 621 of the text to determine the amount of energy forgone using the Rayleigh distribution.  Equation (21) gives an approximate equation for the energy foregone below the cut-in wind speed, which we have called f0 above.
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Equation (14) in the text gives the definition of x in this equation as v/c.  From slide 41 of the March 12 lecture we find the following relationship between the c parameter and the mean velocity, which we can use to compute c and the value of x for VcutIn.
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This is below the value of x = 0.75 which is the upper limit for the 1% accuracy of the approximate formula.  Applying this value in our equation gives.
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The energy lost above the rated wind speed can be found from equation (22) on page 621 of the text.
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For the 70 m diameter rotor, the rated wind speed is 14.57 m/s.  At this speed, x = (14.57 m/s) / (7.899 m/s) = 1.845.  For the 80 m diameter rotor, the rated wind speed is 13.33 m/s.  At this speed, x = (13.33 m/s) / (7.899 m/s) = 1.688.  Both of these x values are below the minimum value of x = 2 for the 1% accuracy of this approximate formula, so the accuracy of the results is unknown.  For these two x values we can find f2, the fraction of wind energy above the rated speed
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Equation (1) on page 620 gives the cumulative amount of time that the wind speed is greater than a given speed for the Weibull distribution.  Setting k = 2 gives the fraction of time for the Rayleigh distribution as F(>v) = exp(-(v/c)2).  Call this fraction f3a.  This fraction is exp(-1.8442) = 0.03328 = f3a,70 for the 70 m rotor diameter and f3a,80 = exp(-1.6882) = 0.05796 for the 80 m rotor diameter.  The fraction of time that the speed is above the cut-out speed of 25 m/s is f3b = exp(-3.1652) = 4.463x10-5.
We can compute P0 from the first equation in this problem solution to use the mean speed directly.  Here we use 70 m diameter rotor as an example.
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For both rotors, fo = 0.02305; for the 70 m diameter rotor, f2 = f2,70 = 0.1326 and f3 = f3a,70 – f3b = 0.04446 – 4.463x10-5 = 0.04442.  This gives the available power as 
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For the 80 m diameter rotor, similar calculations give P0 = 1.976 MW, f2 = f2,80 = 0.1895 and f3 = f3a,80 – f3b = 0.05796 – 4.463x10-5 = 0.05792 and actual power can then be found as before.
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The annual energy is found by multiplying these numbers by 8,760 hours per year.  This gives 5184 MWh for the 70 m rotor diameter and 5498 MWh for the 80 m rotor diameter.
(d) Based on your answer to part (c), determine the capacity factor of the wind turbine for each rotor diameter.

The capacity factor may be viewed as the ratio of the average power over some time period to the rated power.  Since the statistical analysis gives us the average power directly we can compute the capacity factor for the 70 m rotor diameter as (0.5918 MW) / (2.5 MW) = 0.2367 and for the 80 m rotor diameter as (0.62762 MW) / (2.5 MW) = 0.2510.

2.
(35 points)
Compute the total cost per kilogram of enriched uranium (with a U235 mass fraction of 3.2%) loaded in the reactor if the cost of the refined uranium (with the natural U235 content 0f 0.71% is $10/kg for the following combinations of separation cost and the amount of U235 remaining in the tails (the part not used) from the separation process: (a) the tails assay is 0.2% and the cost per SWU is $50/kg; (b) the tails assay is 0.4% and the cost per SWU is $50/kg; (c) the tails assay is 0.2% and the cost per SWU is $250/kg; (d) the tails assay is 0.4% and the cost per SWU is $250/kg.
The total cost of the uranium fed to the reactor is the sum of the raw material cost plus the cost for the separation.  If we denote the unit cost of the natural uranium feed, F in kg, as C1 = $10/kg and the cost of separation as C2 in $/SWU-kg.  Our total cost, CT, in dollars becomes
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If we divide this by the product rate, P, of enriched uranium fed to the reactor, we get the following equation for the total cost per unit mass of uranium fed to the reactor.
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From the solutions to the March 5 homework problems we have the following equations for F/P and SWU/P.
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In these equations, T, is the mass of tails equal to F – P, NF is the mass fraction of U235 in natural uranium (0.0071), NP is the mass fraction of U235 in the product, and NT is the mass fraction of U235 in the tails.  The notation V(N) denotes the value function taken from the same homework solution.
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For the stipulated values of NP to be fed to the reactor and the known natural fraction of U235, the value function has the following values.
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The four different cases have only two different values of the tails fraction, NT: = 0.002 and 0.004; the value function for these fractions is computed below.
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For the two different values of NT, we can compute the ratios F/P and T/P as follows.
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The SWU cost for these two tail fractions can now be found.  For NT = 0.002 and 0.004, we find
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We can now compute the total cost for the four cases given in the problem:
	NT = 0.002
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	C2 = $50/SWU
	

	NT = 0.004
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	C2 = $50/SWU
	

	NT = 0.002
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	C2 = $250/SWU
	

	NT = 0.004
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	C2 = $250/SWU
	


At these costs, the extra expense of the separation for taking the tails fraction from 0.4% to 0.2% is more than the extra natural uranium that has to be purchased for the higher tails fraction.
4.
(30 points)
You have a friend who is teaching high school physics.  When she learned that you are taking this course she asked you to give a talk to her physics class about solar energy.  Prepare an outline of this talk in which you want to discuss all aspects of solar energy, starting with the energy that comes from the sun and discussing the various modes and applications for converting solar energy into useful heat and work.  Discuss the current and projected status of solar energy use, including costs and potential limitations.
The credit for your answers to this question depend on the level of detail given and the logic with which you interpret this detail go give your conclusions.  Specific topics to be covered include home use of solar as either solar thermal [for heating homes (active or passive), domestic water, and swimming pools] or solar photovoltaic (with a discussion of net metering and battery backup) and central power generation by various modes (power tower, through, dish sterling) including use of thermal storage.
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