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March 24 Homework Solutions
1.
Problem 15.2 in text.  Estimate the total land requirements for wind farms generating an amount of electrical energy equal to the current US annual consumption (3.2x1010 kWh(e), if individual unit are rated at 500 kW(e), have a 50 m diameter rotor, and are spaced 3 diameters side to side , 10 diameters front-to rear, in giant contiguous wind farms having an annual average capacity factor of 25%.  Compare the required area to that of North and South Dakota (combined land area of 145,000 square miles), which have some of the best US wind resources.
The total capacity required to generate 3.2x1010 kWh(e) per year at a 25% capacity factor can be found from the definition of capacity factor, CF.
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If each wind turbine is rated at 500 kW, we will need 1.461x107/500 = 2.922x104 turbines.  For the spacing given, each turbine will require an area of (3)(50 m)(10)(50 m) =75,000 m2.  A square array of these turbines, ignoring downwind effects, would require a total area of (2.922x104 turbines)(75,000 m2/turbine) = 2.192x109 m2 = 2192 km2 = 846 mi2, much less than the land area of North and South Dakota.

Note that this calculation ignores the loss of power that occurs for wind turbines in rows behind the first row.  The discussion surrounding equation 15-4 in the text describes that equation which gives the factor, f, that represents the fraction of power that a turbine in downwind row Nr would produce when the downwind rows have a spacing of Nd rotor diameters.  Correcting the typographical error of a double minus sign in this equation gives the following result for f
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Apparently the counting starts with the front row as Nr = 0 to give f = 1 for the front row.
The calculations using this formula are described here and presented in the table below.  Using this formula we can compute the value of f for each row.  We can them sum the values of f for all rows up to and including a given row to find the ratio of actual power that would be obtained by one unit in a given row divided by the rated power.  Multiplying this sum by the 500 W maximum power rating for the wind turbine gives the rated power of one unit in each row.  We can then divide this number into the desired power of 1.461x107 kW to find the number of rows required.  The length of each row is 3 rotor diameters or 0.15 km per turbine.  The depth of each row is 10 rotor diameters or 0.5 km per turbine.  The required area is the product of the length and depth.  The most efficient approach would be to put all the turbines in the front row; that would require the minimum area and the minimum number of turbines.  However, it would also require a length of 4,383 km which will not fit in North and South Dakota.
	Row index
	Fraction of rated power in row
	Sum of fractions for all rows up to current row
	Total power of one unit in each row up to current row
	Units per row
	Row length (km)
	Row depth (km)
	Area (km2)
	Area (mi2)

	0
	1
	1
	500
	29220
	4383
	0.5
	2192
	846

	1
	0.9802
	1.9802
	990
	14756
	2213
	1
	2213
	855

	2
	0.9608
	2.9410
	1470
	9935
	1490
	1.5
	2235
	863

	3
	0.9418
	3.8828
	1941
	7526
	1129
	2
	2258
	872

	4
	0.9231
	4.8059
	2403
	6080
	912
	2.5
	2280
	880

	5
	0.9048
	5.7107
	2855
	5117
	768
	3
	2303
	889

	6
	0.8869
	6.5976
	3299
	4429
	664
	3.5
	2325
	898

	7
	0.8694
	7.4670
	3733
	3913
	587
	4
	2348
	907

	8
	0.8521
	8.3191
	4160
	3512
	527
	4.5
	2371
	915

	9
	0.8353
	9.1544
	4577
	3192
	479
	5
	2394
	924

	10
	0.8187
	9.9731
	4987
	2930
	439
	5.5
	2417
	933

	11
	0.8025
	10.7756
	5388
	2712
	407
	6
	2441
	942

	12
	0.7866
	11.5623
	5781
	2527
	379
	6.5
	2464
	951

	13
	0.7711
	12.3333
	6167
	2369
	355
	7
	2488
	960

	14
	0.7558
	13.0891
	6545
	2232
	335
	7.5
	2511
	970

	15
	0.7408
	13.8299
	6915
	2113
	317
	8
	2535
	979

	16
	0.7261
	14.5561
	7278
	2007
	301
	8.5
	2559
	988

	17
	0.7118
	15.2678
	7634
	1914
	287
	9
	2584
	998

	18
	0.6977
	15.9655
	7983
	1830
	275
	9.5
	2608
	1007

	19
	0.6839
	16.6494
	8325
	1755
	263
	10
	2633
	1016

	20
	0.6703
	17.3197
	8660
	1687
	253
	10.5
	2657
	1026

	21
	0.6570
	17.9768
	8988
	1625
	244
	11
	2682
	1036

	22
	0.6440
	18.6208
	9310
	1569
	235
	11.5
	2707
	1045

	23
	0.6313
	19.2521
	9626
	1518
	228
	12
	2732
	1055

	24
	0.6188
	19.8709
	9935
	1470
	221
	12.5
	2757
	1065

	25
	0.6065
	20.4774
	10239
	1427
	214
	13
	2783
	1074

	26
	0.5945
	21.0719
	10536
	1387
	208
	13.5
	2808
	1084

	27
	0.5827
	21.6547
	10827
	1349
	202
	14
	2834
	1094

	28
	0.5712
	22.2259
	11113
	1315
	197
	14.5
	2859
	1104

	29
	0.5599
	22.7858
	11393
	1282
	192
	15
	2885
	1114

	30
	0.5488
	23.3346
	11667
	1252
	188
	15.5
	2911
	1124

	31
	0.5379
	23.8725
	11936
	1224
	184
	16
	2938
	1134


When we have 32 rows, the required area is 1134 mi2, which is about 0.8% of the land area of North and South Dakota.
2.
Problem 15.4 in text.
a.
What fraction of the time will a wind turbine having a cut-in wind velocity of 4 m/s be non rotational (and thus appear “broken” to an uninformed observer) in a wind field having a Rayleigh velocity distribution with a most probable speed of 6.4 m/s.
The Rayleigh distribution for velocity may be written in any of the equivalent forms shown below.
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The parameter c is related to the mean velocity and the most probable velocity as shown below.
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[1]
We can integrate the distribution to get the probability that the wind speed is less than some stated value V0.
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If the most probable velocity is 6.4 m/s, then c = 21/2Vmp = 21/2(6.4m/s) = 9.051 m/s and the probability that the velocity is less than V0 = 4 m/s, or (V0/c)2 = [(4 m/s) / (9.051 m/s)]2 = 0.1953 is
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b.
What percentage of the total possible windborne energy is foregone below this cut-in speed?

Here we can use equation (21) on page 621 of the text which gives an approximate equation for the energy foregone below the cut-in wind speed.
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Equation (14) in the text gives the definition of x in this equation as v/c which we computed above for the data of this problem (4 m/s) / (9.051 m/s) = 0.4419.  Applying this value in our equation gives.
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So only 0.44% of the wind energy is foregone by this cut-in speed.

c.
If the same turbine has a cut-out wind speed of 30 m/s, what percentage of the total possible windborne energy is foregone above this cut-out speed?

Here we can use equation (22) on page 621 of the text which gives an approximate equation for the energy foregone above the cut-out wind speed.
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As with the cut-in fraction equation, x in this equation is v/c.  For the previously found value of c and the given cut-in velocity, we have x = (30 m/s) / (9.051 m/s) = 3.315.  Applying this value in the cut-out equation gives.
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So only 0.053% of the wind energy is foregone by this cut-out speed.

3. Problem 15.12 in text.  Assume the following status for worldwide total and wind electric generation as of the year 2000
	
	Total
	Wind

	Installed Capacity, GW(e)
	2,000
	10

	Capacity Factor
	50%
	25%

	Current annual growth rate in generation
	3%/year
	22%/year


By what year will wind generation generate 20% of all electricity if current trends continue?
Assume that the current capacity factors and growth rates continue for the immediate future.  The total energy generated in one year is simply the capacity factor times the installed capacity.  This gives the following result for the future total generation in year y, using the formula for compound growth.

Etotal = (0.5 GW·yr/GW)(2000 GW)(1 + 0.03)y – 2000

Using a similar formula for the future wind generation in year y gives.

Ewind = (0.25 GY·yr/GW)(10 GW)(1 + .22)y – 2000

The year, y, in which Ewind = 0.2Etotal is given by the following equation:

Ewind = (2.5 GW·yr)(1 + .22)y – 2000 = 0.2Etotal = 0.2(1000 GW·yr)(1 + .03)y – 2000
Rearranging this equation gives

(2.5 GW·yr)(1 + .22)y – 2000 = .2(1000 GW·yr)(1 + .03)y – 2000 = 
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We can solve the equation 80 = 1.84466y – 2000 for y as follows.
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If current trends continue wind energy will be 20% of the total energy generated in 2026.  Note the problem with this assumption; if current trends continue wind energy will constitute 100% of electric power in 2035!
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