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Determining Thermodynamic States

Introduction and overview
These notes provide information on determining the state of a simple compressible thermodynamic system for a variety of independent data pairs.

The state of a simple compressible thermodynamic system is determined by two independent intensive properties.  These intensive properties include the temperature, T, pressure, P, and specific properties such as the specific volume, v, the specific internal energy, u, the specific enthalpy, h, and the specific entropy, s.

For a single-phase fluid, any of the two independent variables listed in the previous paragraph can be used to find the state.  If the state of the system is a mixture of liquid and vapor, the temperature and pressure are not independent variables.  If either of these (T or P) is specified, the other (P or T) can be found from appropriate data tables.  There is a new variable, called the quality, x, that is defined in the mixed region.  The quality is the fraction of the total mass that is vapor.
The examples in these notes we will focus on solving problems using only the variables pressure, temperature, specific volume, and quality.  The other variables (specific internal energy, specific enthalpy and specific entropy) are handled in the same way as the specific volume.

Introduction to properties of real substances
For this introduction to real substances we will consider only the liquid and vapor states.  The P-v-T data for water, an example of a real fluid, is shown in the diagram on the following page.  Note that both scales are log scales covering several orders of magnitude.  The data are shown as a set of constant temperature lines called isotherms.  The right side of the figure, with the high specific volumes (low densities) is the gas region; the low specific volumes (high densities) on the left side correspond to the liquid region.

There is a limited region, called the saturation region, in which the liquid and gas (vapor)
 phases can coexist.  This region is shown by the red curve (labeled “Sat” for Saturation).  This saturation curve rises on the left signaling the boundary between the liquid phase and the mixed region.  It rises to a maximum pressure known as the critical pressure, which is the maximum pressure at which there is a liquid-vapor transition.  Above this point the mixed region cannot exist.  The point where this maximum occurs is known as the critical point and the properties at this point are known as the critical properties.  For water, for which this diagram is plotted, the critical pressure, temperature, and specific volume are, respectively, 22.06 MPa, 647.1 K, and 0.0560 m3/kg.  After reaching the critical point the saturation curve shows a lower pressure as specific volume increases into the gas region.  At the lowest point on this curve, P = 1 kPa = 103 Pa, the specific volume is 129.19 m3/kg.  The saturation curve marks the boundary between the mixed region and the one-phase regions: liquid on the left (at smaller specific volumes) and gas on the right (at larger specific volumes).  We will use data on this saturation curve to determine when property data indicate a liquid or a gas.
[image: image2.wmf]
The most important thing that this diagram tells us is that pressure and temperature are not independent in the mixed region.  We see that each isotherm, in the mixed region, has a constant pressure.  What this means for practical property determination is that (1) pressure and temperature and not independent in the mixed (liquid plus vapor) region and (2) with appropriate data we can find T from a given P or P from a given T if we know that we are in the mixed region.
The figure below shows the definition of the saturation (boundary) properties vf and vg.
[image: image3.wmf]
In this figure we see an isotherm (constant temperature line) that goes through the mixed region.  The pressure at which the isotherm traverses the mixed region is called the saturation pressure.  As noted above, this pressure can be found from appropriate data from the known temperature.  Similarly, if the pressure is known, the corresponding mixed region temperature, called the saturation temperature, can be found from appropriate data tables.
This diagram also shows that the boundary values for the mixed region depend on only one variable which may be either temperature or pressure.  The boundary point between the liquid and mixed region is called the saturated liquid.  Properties at this point are given the f subscript; this f subscript comes from the word fluid.  The figure shows the specific volume of the saturated liquid, vf.  We will also have similar saturated-liquid properties for specific internal energy, uf, specific enthalpy, hf, and specific entropy, sf.

There is a similar boundary between the mixed region and the gas region; properties at this boundary have the subscript g for gas.  This boundary is called the saturated vapor.  The figure shows the specific volume of the saturated vapor, vg.  We will also have similar properties for the following saturated vapor properties: specific internal energy, ug, specific enthalpy, hg, and specific entropy, sg.

Within the mixed region, at a given temperature or pressure, the properties of the liquid and vapor are always the same as those of the saturated liquid and saturated vapor, respectively.  The only thing that changes is the relative amounts of liquid and vapor.  If we denote the liquid mass by mf and the vapor mass by mg, the total volume in the mixed region will be given by the following equation.


V = mgvg + mfvf
[1]
The total mass is the sum of the liquid and vapor mass.


m = mg + mf
[2]

The specific volume in the mixed region is V/m, which can be found by dividing equation [1] by the total mass, m.
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We define the quality, x, as the mass fraction of vapor in the mixed region.
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[4]

Combining equations [3] and [4] gives.
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[5]

Here we have defined vfg = vg – vf.; this quantity is included in some tables of saturation properties.  We can rewrite equation [5] to solve for the quality, x.
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[6]

Similar equations could be written to find other specific quantities from a given quality:
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These equations could be rewritten to solve for the quality.



[image: image9.wmf]fg

f

fg

f

fg

f

f

g

f

s

s

s

h

h

h

u

u

u

u

u

u

u

x

-

=

-

=

-

=

-

-

=


[8]

Property Tables
There are separate property tables for saturation, in which pressure or temperature is the independent variable and for one-phase regions, in which there are two independent variables, pressure and temperature.  A part of the saturation table for water with temperature as the independent look-up variable is shown below.

[image: image10.emf]
For a given temperature, we can use a table like this to find the corresponding saturation pressure and the property values for the saturated liquid (f subscript) and vapor (g subscript).  For example, at a temperature of 25oC, the corresponding saturation pressure is 3.1698 kPa and the values of vf and vg are 0.001003 m3/kg and 43.340 m3/kg, respectively.  (Note that we could similarly find the specific internal energy values uf and ug as well as the difference ufg = ug - uf from this table extract.)

If we were asked to find the pressure and specific volume of water at a temperature of 25oC and a quality x, say x = 40% for example, we would use the following reasoning:

· Because we are given a quality, we know that we are in the mixed region.

· We use the given temperature of 25oC to find the data from the saturation table.

· Because we are in the mixed region, the pressure is the saturation pressure of 3.1698 kPa.
· We also use the given temperature to find the values of vf and vg then use the equation that v = vf + x(vg – vf) to find the specific volume.  (We could use a similar equation to find all other properties.)  The result for this case is shown below.

· 
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If we were asked to find the specific volume at a pressure of 5 kPa and a quality of 40%, we could interpolate
 in the table above between data for P = 4.2469 kPa at 30oC and P = 5.6291 kPa at 35oC.  However, there is usually a separate saturation data table with pressure as the main look-up variable.  An example of such a table for water is shown below.  This table shows that the saturation temperature is 32.87oC at a pressure of 5 kPa and the values of vf and vg are 0.001005 m3/kg and 28.185 m3/kg, respectively.  Note that both saturation tables have the same kind of data.  One is easier to use when we are given the temperature and the other is easier to use when we are given the pressure.  However, we only need one of these tables, using interpolation when necessary, to find the desired saturation data.
[image: image12.emf]
Tables for the gas region, usually called superheat tables, require values of temperature and pressure to determine the state.  An example is shown below.

[image: image13.emf]
From this table we can find the following properties at a temperature of 400oC and a pressure of 50 kPa = 0.05 MPa: v = 6.2094 m3/kg, u = 2698.9 kJ/kg, h = 3279.3 kJ/kg, and s = 8.8659 kJ/kg·K.  Note that the first row (labeled “Sat”) in this table gives the saturation data for each pressure; the temperature for these data is shown next to the pressure.
Compressed liquid tables are sometimes available.  Such tables also use temperature and pressure as independent look-up variables.  When compressed liquid tables are not available, one can make the assumption that the properties of the compressed liquid are the same as those of the saturated liquid at the same temperature.  For example, if we did not have compressed liquid tables for water we could estimate the specific volume of a compressed liquid at 35oC and 20 MPa as the specific volume of the saturated liquid at 35oC, which is 0.001006 from the saturation table on page 4.
Interpolation
[image: image1.jpg]California State University

Northridge



If you do not have an interpolation function on your calculator, you can use the equation derived below for linear interpolation.  In this case we assume that we have a table of data which gives y as a function of x.  We know a value of x and want to find the corresponding value of y.  We interpolate when we find that the value of x we are looking for lies between two table values x1 and x2, with corresponding y values y1 and y2.  
The simplest interpolation approach is to assume that there is a straight line between the two points as shown in the figure to the right.
We can use any two points on a straight line to determine the slope.  If we use the two data points from the table (x1,y1) and (x2,y2) we would compute the slope s = (y2 – y1)/(x2 – x1).  If we use the first data point from the table (x1,y1) and the point we are trying to find (x,y) we would have a different equation for the slope, but its value would be the same: s = (y – y1)/(x – x1).  Equating these two equations for the slope gives
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[9]
Solving for the desired value of y gives
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[10]
Equation [10] is the desired computational equation.  Equation [9] is an easier equation to remember because of the similar form of both sides.  Some examples below apply equation [10] to interpolate values in property tables.
Finding the state
Finding the state means finding all other properties from two independent intensive properties.  Here we will focus on using P-v-T data, however we can work with other properties (u, h, s) by following the same procedures for those properties that are used below for specific volume.

Given quality and pressure or temperature.  Whenever we are given the quality we know we are in the mixed region.  Here we take the following steps to find all properties.

· Use the saturation table for the given variable (temperature or pressure).

· If the temperature is given we find the pressure as the saturation pressure from the table; if the pressure is given we find the temperature as the saturation temperature.

· From the appropriate saturation table, at the given value of pressure or temperature we can find the values of vf and vg then use equation [5], v = vf + x(vg – vf), to find the specific volume.  (We could use similar equations to find all other properties.)
Given temperature and pressure.  If these are independent variables we must be in a one-phase region for gas or liquid.  The easiest process to follow is shown below.
· Start by looking in the superheat table for the desired pressure; if you can find the desired temperature here you can take the data directly from the table (perhaps with interpolation).

· If you can’t find the temperature you are looking for, look at the saturation temperature listed next to the pressure. 
· If the temperature you are looking for is less than the saturation temperature you have a liquid.  If you do not have a compressed liquid table use the approximation that the specific volume of the compressed liquid is the same as the specific volume of the saturated liquid at the same temperature; i.e. v(T,P) ( vf(T) for compressed liquids.
· If the temperature you are looking for is greater than the saturation temperature, but less than the first row of temperature data, interpolate between the saturation data (at the temperature given next to the pressure) and the data for the first temperature row.

As an example, we will use the table for superheated water on page 5 to find the specific volume of water at a pressure of 50 kPa and three different temperatures: (1) 100oC, (2) 90oC, and (3) 40oC.

We see that we can find the first temperature of 100oC in the table for P = 50 kPa = 0.05 MPa, so that we can read the properties directly: v = 3.4187 m3/kg, u = 2511.5 kJ/kg, etc.

The second temperature of 90oC lies between the saturation temperature of 81.32oC (found next to the pressure value) and the first temperature row in the table at 100oC.  We can use equation [10] to interpolate between the data for the saturation temperature (v = 3.2403 m3/kg in the “Sat” row) and the data for T = 100oC (v = 3.4187 m3/kg) to get the specific volume at the desired temperature of 90oC.
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We would use a similar interpolation for the other properties in the table: u, h, and s.  In such interpolations the temperatures in the interpolation equation would not change, but the specific volume data would be replaced by the data for the desired property.

The temperature of 40oC is less than the saturation temperature, so we are in the liquid region.  If we did not have a compressed liquid table we would use the value (from the saturation table on page 4) of vf = 0.001008 m3/kg at 40oC as the value for the compressed liquid v(50 kPa, 40oC).  Similar assumptions could be used for the other properties: u, h, and s.
Given specific volume and (temperature or pressure).  In this case we may be in a one-phase region or the mixed region.  Here are the steps to follow.
· Use the given pressure or temperature with the appropriate saturation table to locate the region for the state.

· If the given pressure or temperature is greater than, respectively, the critical pressure or the critical temperature (the last row in the saturation temperature), we are in a one-phase region.  Use the superheat table (or compressed liquid table if available) to find the state.

· When we are below the critical pressure or temperature, use the appropriate saturation table to find the values for specific volume of the saturated liquid, vf, and saturated vapor, vg.

· If the given v is greater than vg, we are in the gas region, use the superheat tables to find the given volume at the given temperature or pressure.

· If the given v is less than vf, we are in the compressed liquid region.  If a compressed liquid table is not available we can find T for a given P using the saturation table for temperature.  If a compressed liquid table is not available, we cannot find the pressure for a given temperature.

· If the given v lies between vf and vg, we are in the mixed region.  For a given pressure, the temperature is the saturation temperature.  For a given temperature, the pressure is the saturation pressure.  We can compute the quality from the given value of v and the values of vf and vg found above using the equation v = vf + x(vg – vf.  (Similar equations, involving the quality, x, apply to other properties: u, h, and s.)
The following problem illustrates various possibilities for this case.  Consider water at a pressure of P = 2 MPa, what is the temperature when the specific volume, v = (a) 0.00115 m3/kg, (b) 0.01 m3/kg, (c) 0.2 m3/kg?  If the state is in the mixed region find the quality.
We can find the saturation data from Table A-5, on page 917 of the course text.  We are below the critical pressure, and at P = 2 MPa = 2000 kPa, vf = 0.001177 m3/kg and vg = 0.099587 m3/kg.
For part (a), v = 0.00115 m3/kg is less than vf so the state is a compressed liquid.  If we do not use the compressed liquid table for water we want to find the temperature for which vf = 0.00115 m3/kg.  From the saturation table for temperature, Table A-4 in the text, we find that this value of vf occurs between 195oC (v = 0.001149 m3/kg) and 200oC (v = 0.001157 m3/kg).  Interpolating between the data at these two temperatures gives the desired temperature.
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For part (b), v = 0.01 m3/kg is between vf and vg so we are in the mixed region.  We find the temperature as the saturation temperature at the given pressure of 2 MPa: T = Tsat(P = 2 MPa) = 212.38oC.  We find the quality from equation [6] as follows:
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For part (c) v = 0.2 m3/kg is greater than vg, so we have a gas.  Looking in the data table at P = 2 MPa, we find that the volume of v = 0.2 m3/kg lies between temperatures of 600oC (v = 0.19962 m3/kg) and 700oC (v = 0.22326 m3/kg).  Interpolation gives the desired temperature.
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� The word vapor is defined as a gas phase in equilibrium with the liquid phase; the gas phase is sometimes called the superheated vapor phase.


� This table extract and all other tables in these notes are taken from the course text, Çengel and Boles, Thermodynamics, An Engineering Approach (7th edition), McGraw-Hill, 2011.


� See the section on interpolation below.
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