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* Review numerical differentiation

« Unique nt order polynomial for n+1
data points, regardless of form

» Exercise on Newton Polynomials and
Divided Difference Table

Lagrange Interpolation
* Cubic splines

* APPENDIX: Thomas algorithm for
solving tridiagonal matrix equations

California State Onigersiy 2

Northridge

Review Numerical Differentiation

* Finite difference expressions for
derivatives derived from Taylor series

« Derivative = (Finite difference  Usethis
expression) + (Truncation Error) Information onl

+ Use uniform grid with points x; = X, + ih
—f;=f(x) and h = step size = (xy — Xg)/N
—Have N + 1 points from X, to Xy

» Can derive expressions for first, second,
third, etc. derivatives
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Review Numerical Differentiation Il

+ Classify finite-difference expressions as
forward, backwards and central

— Forward difference: data for derivative at x
= x; come from points at X > x;

— Backwards difference: data for derivative at
X = X; come from points at X < x;

— Central difference: data for derivative at x =
x; come from points at x;, < X > X,
» Order of the error: truncation error
proportional to h" written as O(h")
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Review Derivative Expressions

f=fu=t,om) f=fiofa o)
h h
' f|+1_f|—1 2 f:w_‘_o h2
ot tosofr) o (h?)
What are (1) order of . —f . +4f . —3f
derivative, (2) order of = — 1y O(hz)
error, and (3) direction 2h
(forward, central, or Cf o+ f L —2f
backward)? fi :%Jro(hz)
Central differences easiest to use for a
N(I)rrlﬁ'l‘;';"(pl]gz given order of error (if data available) 5
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In-Class Exercise

* What is order of derivative, order of
error and direction of expression below?

() [sm)] f =l *161s =30 2fi 160, = fio | o)
0.7/0.644 12h
0.80.717| _ Central difference expression for the
g'g 8';?3 second derivative, with fourth-order error

110891 . Find acceleration att =1 s for

i:g 8:323 position (s in meters) data

1.40.985| - _ ~0.932+16(0.891) ~30(0.841) +16(0.783) ~0.717
1.50.997 12(0.2%)

Nbﬁi‘f};larg'c s’ =-0.792 m/s? 6




Polynomial Interpolation

Sum of Coefficients

* Why is the sum of the coefficients in
each derivative expression is zero?

. fi,—4f +3f,
N PR _ tia T lig TIOh 2
i ==22 +0(n) fi = == o)
_fia—-fi 2 f‘zw 0o(h?
f; _f+0(h) i h + ( )
f; :%+O(h) £ :%mﬁﬁ)
o= t160, —30R 16T, fy o)
12h

« If all f, are the same any derivative is zero
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Error

Figure 2-1. Effect of Step Size on Error

izg; F—\Umericdl derivative zefo ]
oo alledt step sjzes Truncatign errof: finea|
LEo2 dlog(errgr) 7dTpg (N) |/
1E03 N\ fol large ktep sizks (slgde
1E04 — = order of error /
1.E-05 /
1.E06 /
Tror \_[Roundpfferrgr at_/
108 \ lsmallef step s{zes /
1.E09 .,\
1.E10 \ /
1.E11
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Review Interpolation

Xi| Yi| * Example problem: What is
ol o the value of y when x = 347
» Can use different numbers of
10| 10

X-y data pairs from 2 to 6

20| 30| « For polynomial p(x), the basic
30| 60 rule is that p(x) =y,

—E.g. p(20) = 30
—What is p(40)?

40100 p(40) = 100

50| 150

TAlTomia giate Tersiy 9

Northridge

Unigueness of Polynomial

+ With n+1 data points we can fit a
polynomial of order n

* This polynomial is unique

« It can take different forms, second order
polynomials as an example
—y=a+bx+cx2=(cx+hb)x+a
— Newton: y = a5 + a;(X — Xg) + ay(X — Xg)(X — Xy)

— Lagrange: X— X, X=X
(X): Y, ( 2)( 3)
Xl_Xz)(X1_X3)
fonn) | Gl
N(')'r‘t‘i'ﬁ.'l"a‘g:: (% =% )% = %) (% =%, %= %) 10

Example

e y=3+2x+x%2hasvaluesy=3atx =0,
y=6atx=1landy=11atx=2
+y=3+3(x—-0)+1(x-0)x-1) has
same values as does polynomial below
y:3(X_1)(X_2)+6(X_OXX_2)+11(X_O)(X_1)
(0-1)0-2) ~ (1-0)1-2) "~ (2-1)2-0)
» Regardless of the form we use there is

only one (unique) ntt order polynomial
between n + 1 data points

California State Dniversity
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Review Newton Polynomials

* Po(X) = a9

* Pi(X) = ag+ a(x — o)

* Pa(X) = ag+ a;(X = Xg) + ax(X = Xo) (X — Xy)

* P3(X) = ag+ a;(X — Xg) + a(X = Xp)(X — Xy)
+a3(X — X)(X = X1)(X = Xp)

* P4(X) = ag+ a5 (X — Xg) + @x(X = Xp)(X — Xy)
+35(X = Xo) (X = X ) (X — Xp) + a,(X — Xg)(X
= X)X = %) (X = X3)(X — X4)

* Pa(X¥) = Pra(¥) + a,[Tizg(x — xp)

California State [nipersity 12

Northridge




Polynomial Interpolation

17,2014

Function newtonPoly(a() As Double, x() As _
Double, xFit As Double, n As Long) As Double

'Evaluates Newton polynomial of order n
Dim product As Double 'ongoing product
Dim sum As Double 'Ongoing sum
Dim k As Long 'Loop counter

sum = a(0)

product = 1

For k =1 To n
product = product * (xFit - x(k-1))
sum = sum + a(k) * product

Next k

newtonPoly = sum

End Function

California tate Dnfeesi
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Review Divided Difference Table
- Startwith x and | 0] ¥0=10 |<d
y data in first two A
columns 10| y,=20 5 =% N
* Take differences _ Y2V x“ T
of previous S .
columns divided |25|¥.=150 =
by delta-x terms F =YYy T
* Shaded cells Xl r
show 50| y,=320 5, =2
coefficients in F, :%
Newton 90| y,=790
polynomials

2500

1000

500

w — Beware of Extrapolation!

1500

15

Sample Divided Differ‘ence Tabl‘e

0] ¥%=10 <_a§,’ _ Follow same a, pattern
F =i : .
0= = «—a; for other starting points
10| y,=20 5,2 Nola,
e=X—g—5
Yo~ % 1~
F = T, = «—a
1 X, — X - - 0 Xo — X, 3
25 =150 5 =-2 1 _T-Ty
& V-V [ R iy
£ _J3" )2 T =22"%1 a
2T 1 X, =X, T 4
50| y,=320 5= 2]
X, —X, | Divided difference |
F, Yo=Yy table gives polynomial
X, =X coefficients (next
90| y,=790 page) | .

Newton Polynomials from X....

* pO(X) = a0 and pl(x) = aO + al(x - Xstan)

¢ pz(x) =apt al(x - Xstaro + aZ(X - Xstart) (X
- Xstart+1)

* pa(X) =apt al(X - Xstan) + az(x - Xstan) (X
- Xstart+1) + a3(x - Xstart) (X - Xstart+1)(x -
Xstart+2)

* @y = Ystarr &1 = Fstart = (ystart+1 - ystan) /

Xstart+1 ~ Xstart): A2 = Sstart = start+#1 ~ ---

-1 -1 n-1
p.(x)= "Z a, lm_[ (X=Xgrreg)  Pa(¥)= Poa ()2 [ T (X~ Xearrd)
Califorr mﬁrni‘cl’h\m _\‘lr‘:o = 17

Northridge

General Use of Table

+ Start at any point in divided-difference
table to get different interpolations
— Corresponds to using different set of data

points and different order for fit

+ Generally want to get interpolated value
at a point that is in the middle of n+1
data points for nth-order polynomial

* What x points would you use for second
order (quadratic) interpolation at x = 30 if
you had dataatx =[0 10 25 50 90]?

California State [nipersity 18

Northridge 10 25 50
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Polynomial Interpolation

Divided Difference Exercise

0| y,=10 Compute divided-
_ Y1~ Yo difference tabte for
X —x, quadratic polynomial
10| y,=20 5, = F.—F | through pojnts at x =
X, =Xy | 10, 25,50
F1:y27Y1 0:51*50
X, — X, — Xy —Xg —
25|y, = —27h _h—=T
¥2=150 Pt X3 — X, Ro_x —X
::ya_yz szz_b1 * 0
2 X=X, N X, —x
= —_3 2
50| y5;=320 5, = —
F,= Ya—Ys Use divided-difference
X, — X table to generate the
90| y,=790 quadratic polynomi;agl

Quadratic Polynomial

* Usual form for initial point at x = X,
= P2(X) =g+ ay(X — Xg) + A (X — Xo)(X = Xy)
* For starting at x = x;
= Po(X) = A+ ay(X — %) + 3y (X — X )(X — Xp)
— Using data from previous chart gives

26 7
p,(x)= 20+?(x —10)—ﬁ(x -10)(x—25)

— This gives p(x,) =y, for x, = 10, 25, and 50
— Interpolated value for x = 30 is 189

California State Dniversity
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Divided Difference Tablg for SquFion

0] yo=10 150-20 130 26
Vi=Ys S T |
F, =2 25-10 15 3
X, = Xq |
10| y,=20 |<a, B,-""Te|__320-150 _170_34
oy et 50-25 25 5
F="2—2«<a, T,=——2
=Xl X=X, —
25|y,=150 =21 g LT
Y2 " 2 Ro=2—
:_ys_yz _52_51 * °
2= Tl_
Xg — X — X, — X,
50 | y;=320 Sz:xj—xz
F.=" 34 26 102 130
_5 3 _15 15 __-28 _ 7
90 y,=790 "“50-10  50-10 (15)40)  (150)

Quadratic Interpolation versus Data

800 -
700 ==Quadratic
600 Interpolation

B Data

500

400

300
200 /./
100

0 V T T T T T T T |
10 20 30 40 50 60 70 80 90
-100

X

[ Nortnriage

Lagrange Interpolation

* Alternative form to write interpolation
polynomial without need for detailed
coefficient computations

* Linear polynomial with two points

X—X, X=X
+Yi
Xii—X% X =Xy

p(X): Yia

» Can you see that this is a linear
polynomial with p(x;;) = y;.; and p(x) =V,

California State Dniversity
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Lagrange Interpolation Il
* Quadratic polynomial with three points

X)=V. (X—Xi)(X—XM)
p( ) T (Xi—l_xi Xxil_xiu;(
(=t o) (e fxx)

+Yi i+
(Xi - Xi—l)(xi - Xi+1) ' (Xm =X )(Xi+1 - Xi—l)

+ Can you see that this is a quadratic
polynomial with p(x.,) = i, P(X) = Y
and p(Xi.1) = Vi

California State Oniyessity

Northridge #
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Polynomial Interpolation

General Lagrange Polynomial

 For n+1 data points from (X, ¥,) to (X,,
y,) we have the following nt order
polynomial

n

o | Vi ,H(X_ ;)
po)=35)
0 H(Xi _Xi)

j=1,j=i
« At any data point, X = X,, p(X,) = Yk

California State [nipersity

Northridge %
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Splines

+ Definition: a piecewise polynomial

where each piece is a low order
polynomial

Continuity: Depending on the order of
the spline one can maintain continuity of
the piecewise polynomial and one or
more of its derivatives

— Linear spline: continuity of polynomials

— Quadratic spline: continuity of first derivative
— Cubic spline: continuity of second derivative

California State Onigersiy 2

Northridge

Cubic Splines

» Have n+1 data points from (X, o) to (X,
y,) sometimes called “knots”

* Between each pair of knots, (x,, y,) to
(Xks1> Yks1)» We pass a cubic polynomial
-p) =a+bx+cx?+dx® k=0,.,n-1

* This set of n polynomials has a total of 4n
coefficients (a, to a,,.4, by to b,,.4, €10 C 4,
and d, to d, ;) that we have to determine

—We need 4n equations to determine these
coefficients

California State Dniversity

Northridge &

Knots and Polynomials

+ Diagram of n+1 knots and n polynomials
Po P1 P2 Pz Pn3 Pn2 Pna

Xo X1 X3 X3 Xn2  Xna Xq
+ Each point (knot) has known x, and y,
— Atend points po(Xs) = Yo and p,4(X,) = Yy
— At each interior point p,(X,) = Prs1(X) = Yk
— Have continuity of first and second derivatives
P'k(*) = P'ksa(X) and p*(X) = "1 (X, at knots

California State [nipersity

Northridge ®

Conditions at Knots

Piecewise polynomial must be contin-
uous at each internal knot from x; to x,,;
and must match the y value at the knot
— This means py(X) = Ps1(Xd) = Yi

Yy = pk(Xk): & +bkxk +Ckxlf +de§
Y = pk+1(Xk): 8 +BaX L XE X
* This appliesfromk=1tok=n-1
giving us 2n — 2 equations

California State Dniversity

Northridge %

Conditions at Knots I

ME 309 — Numerical Analysis of Engineering Systems

+ At the ends of the interval, the
polynomial values must match the data
— This gives two more equations for a total of

2n-2+2=2n
Yo = p1(X0): a + b1Xo + Clxg + dlxg
yn = pn(xn): an +ann +Cnxn2 +dnxr?

+ At the interior knots we want to have
continuity of first and second derivatives
— We have no data to match, just continuity

California State [nipersity

Northridge
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Polynomial Interpolation

Continuity at Knots Il

» n -1 first derivative continuity conditions
at each interior knot (i=1, ...,n—=1)
—dp/dx = b, + 2¢c,x + 3d,x? at any x

b, +2¢, %, +3d, X7 =b, ., +2¢, %, +3d,,,X

* n— 1 second derivative continuity cond-
itions at internal knots (i=1, ..., n — 1)

— d?p,/dx? = 2¢, + 6d,x at any x
2c, +6d,x, =2¢c,,, +6d,,,X,

California State [nipersity
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Counting Equations

* Have2n+(n—-1)+(n-1)=4n-2
equations to determine 4n coefficients

* Need some approximations to get an
additional two equations

» Need to develop a solution procedure to
solve for all coefficients necessary to
have n splines for our n — 1 data points

— See Rao, pp 394-395 for derivation of
equations to solve for spline equations in
terms of second derivatives

California State Onigersiy
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Overview of Solution Process

» Know that each polynomial has second
derivative given by d?p,/dx? = 2c, + 6d,x

» Shows that second derivative varies
linearly with x between knots

* Use linear interpolation for second
derivative to derive a set of equations for
unknown second derivatives, p,” = o

— Solve these equations for o, then use these
values to reformulate the cubic spline
equations

California State Dniversity

Northridge %

Solving for the o,

» Define hy, = x,,; — X, as the variable step
size between x values (k=0, ... n—-1)

* Define Ay, = (Vi1 — Yi/hi
+ Derived equations for o,

N 1o, + 2(hk—1 +hy )O'k +hoy, = G[Ayk - AYH]

* This is known as a tridiagonal set of
equations because, when written as a
matrix only three diagonals have
nonzero terms

California State [nipersity

Northridge
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Tridiagonal Equations for o,

+ Example of o, matrix equations (for n+1
= 8) before adding two other equations

Oy

2h+h) b 0 0 0 0 0o, | [6(ay,-ay,)
h 2h+h,) b, 0 0 0 0lo,| |6(ay,-ay)
0 h, 2(h, +hy) h, 0 0 0o, | |6lay;—ay,)
0 0 h, 2(h, +h,) h, 0 0o,| |6y, -ay)
0 0 h, 2(h,+h) hy 0o, | [6(ay;—ay,)
0 0 0 0 hy  2(hg+hy) hyos| |6(Ay,—Ays)

o

» Have six equations in eight unknowns

— Assume some end conditions to get
equations for o, = f(5y,0,) and o = f(o5,06)

California State Dniversity

Northridge
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Assuming Extra Equations

ME 309 — Numerical Analysis of Engineering Systems

» Use assumptions about 6, and o,
— Assumptions for oy and o,, can be different

1. Assume a value (typically ¢ = 0, called
the “natural” boundary condition)

2. Assume constant (6, = 6; 6,1 = G,,)
3. Assume linear behavior resulting in
following equations at either end

Oy =%[(h0+hl)0'1—h002]

1
Oy = h [(hnfz + hnfl)gnfl - hn710'n72]
California State [nipersity h—2

Northridge
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March 12-17, 2014

Assuming Extra Equations Il

4. Specify the value of p’(x) at the endpoint
which gives the following results

3
0o = hi [Ayo - p'(XO )assumed ]7 %
0

2

17, y
T [0 (%0 ).ssumed Tt = AWYoa )= 0-2 .

n-1
» Assumptions gives equations for o, and
o, that can be used to replace these
variables in tridiagonal matrix equations

* Reduces solution for g, ton—1
equations in n — 1 unknowns

Califormia o Diyersi
CaliforniaState Dniyersity 27

Northridge

Assuming Extra Equations Il

3. Not-a-knot condition assumes continuity
of third derivative at second and second-
from-last data point: p;"(x,) =
P2’ (x1)  pp' (ao1) = ppla (oo y)

— Same as linear o vs. x behavior
— Gives same equations for 6, and o,

ho ho
—0y + 1+h—1 Jl_h_lﬂ'z =0

h h

n-1 n-1

h—Un,z— 1+h— Op1+0,=0
n-2 n-2

California State Onigersiy 38
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Assuming Extra Equations IV

h h
—00+(1 +—0>01——002 =0

* Not-a-knot N h; m
Equations hn_l Op—py — (1 + hn_l) Op—1+0, =0
n-2 n-2

) 1
« Linear o vs. %:E[(hﬁhl)aﬁhocrz]
i 1
X Equatlons o, = T[(hn—z + hn—l)o'n—l - hn—lo-n—z]

n—2

* Common —hyoy + (hy + hg)oy — hyo, =0
Form hnflo'nfz - (hn—z + hnfl)o_nfl + hnfzo_n =0

Califormia o Dinfyerst
CaliforniaState Dniyersity 39

Northridge

Modifying Equations |

1. Assume a value for the second
derivative, cpgymeq (0ft€N Gaccumed = 0)
— First equation with o,
hooo + 2(h0 + h1)‘71 +ho, = G[Ayl - Ayo]
—If 6y = 0 assumed first equation becomes

z(ho + hl)o'l +ho, = 6[AY1 - AYO]_ hoG0, assumed
— Similarly with 6,, = 6, assumea the last
equation becomes

hn—zan—z + 2(hn—z + hn—l)o-n—l = 6[Ayn—l - Ayn—z]_ hn—lo-n./-\ssumed
California State Oniyessity 40

Northridge

Modifying Equations I
2. Assume second derivative is constant
at endpoints so that 6, = 6, or 6, = 6,3

— First equation before and after substituting
o, = o, into first equation

hoo, + Z(ho + h1)o'1 +ho, = G[Ayl - Ayo]
(3h0 + 2hl)0'1 +ho, = G[Ayl - Ayo]

— Similarly with o, = o,,.; last equation is
hy20, + (Zhn-z + 3hn—1)an—1 = G[Ayn—l - Ayn-z]

California tate Dnfeesi
California State Diniyersity Mn

Northridge

Modifying Equations Il
3. Not-a-knot: second derivi'ﬂive is linear
near the endpoints o, =—=[(h, +h,)o, —h,o,]

— First equation before and after substituting
o, = o, into this equation
hoo, + 2(h0 + h1)0'1 +ho, = G[Ayl _Ayo]

h hl
(2 + h(l)](ho + hl)o-l + [hl _hjjo'z = B[AY1 - A)’0]
— Last equation with same assumption is

2
(hnz - l:ln—l janz + [2 + |:|n71 j(hnz + hn—l)anfl = 6|:Ayn71 - Ayn—Z]
n-2

n-2
California State Oniyessity 2

Northridge
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Polynomial Interpolation

Modifying Equations IV

4. Specify first 01

3 .
. . = Ay - p Lassumed | T4
derivative "y [ e d] 2

— First equation shown below before and
after substitution

hooo + 2(h0 + h1)0'1 +ho, = 6[AY1 - AYO]
3 .
(2 hO + 2hljo-1 + hlUZ = 6Ay1 - 9Ay0 +3 pO,assumed
— Similar operation on final equation gives

hnfzo-nfz + (Zhnz + i;janfl = gAynfl - 6Ayn—z -3 p;uassumed

Northridge
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Tridiagonal Equations for o,

» Example of o, matrix equations after
adding two missing equations

Cl
2(h+h)

2

o oo o~ W
=

o o o

0 0 0o D,

h, 0 0o, G(AYZ - AY1)
2(h, +h;) h, 0oy _ 6(Ay; —Ay,)

hy 2(h3 + hA) 0o, - G(AVA - AY;)

0 h4 2(h4 + hs ) hs Os G(Ays - AYA)

0 0 A B; || o6 D,

* B1, Gy, D1 Ag=An1, Bg= By, and Dg= Dy, 4
depend on end condition assumptions

California State Onigersiy
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B11 C1; D1; An_1, Bn-11 Dn-1 Partl

Assume Second

Assume Constant Se-

Variable Derivative at Ends | cond Derivative at Ends
B, 2(hy + hy) 3hy + 2h;
C,; h, h,
D, Gﬁ)(l;o: Aol = 6[Ay, — Ay
,Assumed
An-l hn-2 hn-2
Bn-l 2(hn-z + hn.l) 2hn-2 + 3hn-1

Dn»l 6[AYn-l - Ayn-Z] -

hn-lcn,Assumed

6[AYn-l - AYn»z]

California State Dniversity

Northridge ®

B‘]1 C‘]1 D']1 An_Q, Bn_Q, Dn_g Pal’t “

Variable Not-a-knot: Linear Assumed first
Second Derivatives derivative at ends
B, h,+ 2h, 3hy/2 + 2h,
C, h, —hg h,
D 6[Ay; — Ayolhy 6Ay; — 9Ay, +
! / (hl + hO) 3p 0,Assumed
An-l hn-2 - hn-l hn-2
Bn-l 2hn-2 + hn-l 2hn-2 + Shn-l/2
D 6[Ayn-l - Ayn-Z]hn-Z gAyn-l - 6AYn-z -
nt / (hn-2 + hn-l) 3p n,Assumed
Northridge “

Tridiagonal Matrix Equation

B, C, 0 0 0 o07x] [p
A, B, C, 0 0 0|x| |D,
0 A B, C, 0 0|x| |D,

0 A B, 0 0|x | |D,
|0 0 0 0 A, By|x| [Dy]

» Solve this with Thomas algorithm
— See appendix for derivation

California State Dniversity

Northridge
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Tridiagonal (Thomas) Algorithm

* Loop over all rows from k =1 to k = N-1;
for each k value compute the following

B < Bea = AciCi /By

+ Compute x, =D, /B,
* Loop over all rows fromk=N-1tok=

1in reverse order. For each row, Kk,
compute x, from the following equation

X
k B,

California State [nipersity

Northridge

— Dk — Ck Xia

D1 < D = AciDi /By

48
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The Spline Polynomial Spline vs. High Order Newton
* Once the o, values are known we have X yl * Two fits for ten data
the following equations for p,(x) to be 805 0.71 points at left
applied between x, and x,,, 825 0.763 — Ninth order Newton
Cubic splines T polynomial
_x) 865 1.336 ; ; ; ;
pk(x):ﬁ[(xk“ x) —hk(XM—X)} used to program 885 2169 - C_ublc spllne.wnh nine
6 he com - : different cubic formulae
5 puter driven 905 1.598
+@[(X—Xk) 7hk(xka)} machines 925 0916 °* Results compared on
6 k because there is : following plot
X X X=%, Siscontinuity | 945 0.672
T ey ey 965 0.615 * Which do you think is
985 0.606 better fit?
Northridge @ Northridge @
25 Compafing Newton Polynomial with Cubic Spline v Effect of End Conditions on Cubic Spline
—Newton 21 /.\
2 /\ ’:‘ulyrllul nial / \ —Second derivative zero
= Data 1o o "
1.5 /

tant derivati
fine / \ — Linear second derivative
/\ 1 First derivati

\ ——
— ~o /| ) ,// \

0.5 .l

o \/ vy | a—" \

\._.
-1
Rorthridge s Northiridge =
APPENDIX: Thomas Algorithm Tridiagonal Matrix Equation
» Application of Gaussian elimination to B C 0 0 o o0Tx1 D
matrix with only three diagonals 1M % 1
— Called a tridiagonal matrix A, B, C, 0 0 0| x, D,
— Algorithm is sometimes called TDMA for 0 A B, C, 0 0 | x D,
Tridia i i =
gonal Matrlx Algo.rlthm. o : 0 A B, 0 0| x, D,
— Actually applies Gaussian elimination, but . . . . . . .
results are much simpler due to simple : : : : : :
structure of the tridiagonal matrix 0 0 0 - 0 Ay By|xy Dy

~ Basic equation for one row of matrix « First and last equation have only two

AXi 4 +BX +Cx, =D terms
53 California State Dnigersity

Northridge

California State Dniversity

Northridge

54
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Polynomial Interpolation

Data Storage

Tridiagonal matrix zeros are not stored
Instead of usual A(i,j) matrix structure,
only the three diagonal terms are stored
» These are stored as one-dimensional
arrays: A(i), B(i), C(i)

The right-hand-side column is stored as
the D(i) array

» Apply the usual Gaussian elimination to
get all zeroes below the main diagonal

CaliforniaState Dniyersity

NorthrldgL %

March 12-17, 2014

Zeroes in Column One

(B, C, 0 0 0 0]y D,

0 Bz—%c1 cC, O 0 0 |x, Dz—%Dl
- 1 1
/0 A, B, C, 0 0|%|_| D,
[

i 0 A, B, 0 0 |% D,
Y : S :

1 1 X

R 0 0o - 0 A, B ]| D, |

Already Zero
» Changes required only for B, and D,

when row 1 is the pivot row
— Factor A,/B; gives A, « A, — (A,/B;)B, =0
56

California State Dnigersity

Northrldgc

Zeroes in Column Two

B, C, 0 0 0 0 '-Xl [ D,
0 B, C, 0 0 0|y D,
0 0 Ba—ic2 C, 0 0 |x Da—ﬁo2
- B, I B,
N 0 A, B, 0 0 |% D,
P : AR :
| 1
110, 0 A, B, X Dy
A }\Iread%zero

anges required onIy for B3 and D,

when row 2 is the pivot row

- B, and D, changed from original values in
o N;M)I[gwous step with row 1 as pivot row

Northridge o

General Formula

+ Tridiagonal structure changes only B,
and D,., when row K is pivot row
— Formulas: B, < B,,~24C, D, <« D,,-21p,

Californiaate Unigeesity B, B,

Northridge

B, C, 0 0 0 07y D,
0 B, c, 0 0 0y D,
0 0 B-Tc, c 0 0 |x D, -5,
B, = B,
0 A, B, 0 0% D,
|0 0 0 0 Ay B Dy

Back Substitution

» Matrix at end of elimination steps

8, ¢, 0 0 -~ 0 07 x]/[D

0 B, C, 0 0 0 |x | |D,

0O 0 B,C, -~ 0 0 |x]||D

oo ot | |7 p,

0 0 0 -+ 0 By, Cuylxysl |:

0 0 0 - 0 0 By |x ] |Dy]
— Back-substitu- Xn =Dy /By

tion formulas  — Be=CXes for N1 N-2,-21

California State Diniyer

NorthrldgL B,

ME 309 — Numerical Analysis of Engineering Systems

Thomas Algorithm

* Loop over all rows from k =1 to k = N-1;
for each k value compute the following
Be < Bea = AciCi/By Dy < Dy AL D, /B,
+ Compute x, =D, /B,
* Loop over all rows fromk=N-1tok=

1in reverse order. For each row, Kk,
compute x, from the following equation

X, = Dk _Cka+1
“ B
3

California State [nipersity

Northridge

60
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Polynomial Interpolation

March 12-17, 2014

Assignment Three Grades

* Number of students: 20

* Maximum possible score: 40
* Mean score: 28.2

* Median score: 28.5

» Standard deviation: 7.67

« Distribution of scores:
13 13 19 22 22 26 27
27 27 28 29 29 29
31 34 34 37 38 38 40

California tate Dnfeesi
California State |'v|l‘l ity 61

Northridge

Assignment 3 Comments

 Functions to solve f(x) = 0 should have

the name of the functions to compute

f(x) as an input arguments to the

function not as part of the function

— Need f function name for Newton’s Method

— See solutions for correct way to do this

— You will have to do this in later assign-
ments on numerical integration and
numerical solution of ordinary differential
equations

California State Onigersiy 62

Northridge

Assignment 3 Comments |l

» Codes to solve f(x) = 0 should check
both error for convergence and excess
iterations to avoid infinite loop
— Return answer if required tolerance met

before iterations exceeded
— Return error message if tolerance not met

» Can always save workbook as macro-
enabled workbook to avoid losing
macros: File | Options | Save | “Save
Files in this Format” (first item in menu)

California tate Dnfeesi
California State Dniversity 63

Northridge

Assignment 3 Comments |l

+ Do not place unneeded worksheets in
your Excel workbooks

— Use File | Options | General to set initial
number of worksheets to one

* The fewer-less Rule
— Important in formal writing, not in typical
conversation
— Use less for items that you cannot count
» Example: | drink less coffee now.
— Use fewer for items that you can count
« | drank fewer cups of coffee today

California State [nipersity 64

Northridge

Assignment 3 Comments IV

 Basic ideas
—fzero and Goal Seek are like finding a root
of f(x) = 0 on your calculator. They are
easy to implement once you know how

— Normally do not have to program solution
of f(x) = 0 unless part of a larger program
» Could find VBA code for doing so on line and
could use fzero as part of MATLAB code
« False position method is slow, but sure, once
initial guesses are made
* Newton’s method fast, but may not converge to
correct root, and requires derivative

California tate Dnfeesl
California State Dniversity 65

Northridge

Assighment 3 Comments IV

* Modify or eliminate dummy text in
MATLAB functions

— Original dummy text
%UNTITLED2 Summary of this function goes here
% Detailed explanation goes here

— Possible maodification
%FALSEPOS False Position solution of f(x) =0
% This function solves f(x) = 0 using the
% false position method; inputs are ..

» Set error in Goal Seek in Excel Options
* Name files <lastName>_<assmt no.>

California State [nipersity 66

Northridge
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Polynomial Interpolation

March 12-17, 2014

Interpolation Exercise

Exercise Solution

Y

1.221

1.492

1.822

2.226

2.718

3.320

4.055

O IN|O NI WIN [ (X

4.953

©o

6.050

10 7.389

California State [nipersity

Northridge

* For the data table at the left,
find an estimate of the value
of y at x = 6.6 using a cubic
polynomial

* You may use notes, ask
guestions, consult with fellow
students, etc.

* You should be prepared to
solve this problem on a quiz
given the form of the Newton
polynomial o

2.718— &

0.6018)

«—a;

6

3.320

0.06662«— a,

0.7351]

-0.004917|

7

4.055]

0.08137

0.8978

8

4.953

[

a; |

Divided
difference
table for cubic
polynomial
aboutx =6.6

* P3(X) = 8+ 81X — Xgtar) + 3(X — Xgparr) (X
- Xstart+1) + a3(x - Xstart) (X - Xstart+1)(x -
Xeartip) = 2.718 + 0.6018(x — 5) +
0.06662(x — 5)(X — 6) — 0.004917(x —
5)(x — B)(x — 7) = 3.747 for x = 6.6

California State Onigersiy

Northridge

68
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