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Introduction

+ Interpolation is the use of a discrete set of
data points (X, Y., k=0, ..., N) to
approximate the value of y(x) for some x that
is not in the data set

» Numerical differentiation is the approximation
of derivatives from a similar set of data
— Often used as part more complex problems such
as numerical solution of differential equations
— Link: Derivatives of interpolation polynomials can
be used as approximation to derivatives
» Looks at basic ideas in each topic
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Finite Difference Grids

« Subdivide region into discrete points

 Spacing between the points may be
uniform or non-uniform

* Example: grid for X, < X < X, With N+1
nodes numbered from zero to N

* Initial node value, X, = X,

* Final grid node value, X = X,

* Nodal spacing Ax;= x;— X, (i=1, N)

* Uniform spacing, h = AX; = (Xpin — Xmax)/N

* N+1 nodes give N spaces
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Finite Difference Grids Il

* Non-uniform grid illustrated below

0-0---- @ @~ - o----0-0
Xo Xg X, X3 XN Xnr X
SRS X3 Mya  AXy

* Use the following notation to represent the
value of a function f(x) at x = x;

« f(x) at x = x; is represented as f(x;) or f;

* For uniform grids, all Ax; = x,; =X, =h =
constant so x; = X, + ih and f; = f(x, + ih)
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Derivative Expressions

» Obtain from differentiating interpolation
polynomials or from Taylor series

+ Series expansion for f(x) about x = a

B df| 1d%f e 1dlf e
f(x)=f(a) + o x:a(x a) + o e X:a(x a) + 308 X:a(><0!.’;;)1+...
o 0 IT=1
* Note: dof/dx°® = f 2 1d"f 21=2
f=>= (x-a)"| 31
| = = n! dx" =
and0!'=1 nbdx"| e
* What is error from truncating series? 5!23
- 1
N(’)rti'ﬁ-lldglc n! =n(n-1)(n-2) ... 3)(2)(1) 5

Truncation Error

* If we truncate series after m terms
o 1d°f & o1df
~=n!dx" | Soon! dx”

T

f(x)3 (x-a)" (x-a)"

X= X=

Terms used  Truncation error, g,

« Can write truncation error as single term
at unknown location, &, (derivation
based on the theorem of the mean)

0 n m+1
&y = 14 (x-a)" = L H (x-a)™
naeon! dx" (m+2)! dx™ —

=a]
California State Onigersiy : . . f - o
Northridge | Note difference in derivative location |
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Derivative Expressions

» Look at finite-difference grid with equal
spacing: h = AX so X, = Xq + kh; f, = f(x,)
 Taylor series about x = x; gives f(x; + kh)
= f[x, + (i+k)h] = f,,, in terms of f(x;) = f;
df 1d%f LA s

k=100 +30 k29T w41
(k=100 50" Yz Y e

X =X; + kh x—a=kh
+ Compact derivative notation
. d%f

a=x;

£ d"f

bodx bodx®
X=X; X=X;
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More Derivative Notation

+ Use subscript to indicate location of
derivatives at different points
— Similar to notation that f(x; + kh) = f;,, which
is equivalent to f[x, + (i+k)h] = f,,;
» Expand results from previous slide to indicate
different locations
£ df dzf

df - cn_dnt
bodx|,, bodx?

k"

X=X; X=X;

df

d?f . dnf
ik = f
dx

[ 2 ik = n
x=X;+kh dx x=X; +kh dx x=x;+kh
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Derivative Expressions Il

» Combine all definitions for compact

series notation
df 1d%f 1d°f

k=100 +30 k29T 4L
(k=100 50" Yz Y e

3
f. _f+f|<h+f Gy’ f ANCOR Fonn
2 3
* Use this formula to get expansions for
various grid locations about x = x; and
use results to get derivative expressions
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fi,

Derivative Expressions lll

» Apply general
equation for k
=landk=-1

" 2
fipo =+ fi“‘*%*

3

2 "3
—f+fh+f2h fih +o

3 L f'h?
. A N+

Backward
California State Dniversity 10
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GO

Derivative Expressions IV

+ Subtract f;,; and f,_; expressions

f Gt
2 3 2 ¢m3
£ o ghe TN
23
"3 5
f oot —ofhs 2 2600
3 5
P FEL VUL SN VEL S
2h 3 5! 2h

» Result called central difference expression
California State Dniversity 1
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Order of the Error

Forward and backward derivative have
error term that is proportional to h

Central difference error is proportional
to h?

Error proportional to h" called nt" order

* Reducing step size by a factor of a
reduces nt order error by o"

h n
1 12
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Order of the Error Notation

March 10, 2014

» Write the error term for nth error term as
o(hm
— Big oh notation, O, denotes order

— Recognizes that factor multiplying h" may
change slightly with h because & location of
truncation error might change

First order forward  First order backward

fil =M+O(h) fi' — fi - fi—l +O(h)
h h
Second order central :%+0(h2)
Northridge 13

Higher Order Derivatives

» Add f;,;, and f,, expressions

2 "3
fi. —f+fh+fh fh+

f'h? 2f"h* 2f"h°
+ + +.....
2! 4 6!
p R+ -2 f'h® £ _
h? 3 5 h?
» f” is second-order, central difference
£Lxpression for second derivative

Northridge “

Higher Order Directional

* We can get higher order derivative
expressions at the expense of more
computations

» Get second order forward and backward
derivative expressions from previous
results and f;,, and f,,, respectively

« Combine f,,, and f,_, equations with
previous expressions for f,; and f_; to
eliminate first order error term

California State Dniversity
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Specific Taylor Series

» General . fkh+f "(kh)? f"(kh)3+
equation 2 3
fih? gfih®
e k=2 fi. _f+2fh+4T+8 3
£'h2 _£'h
_ f,=f-2fh+d-—_8- 4
ck=-2 - 2 3
2 3
+ k=3 fo=F +3fh+9f'2h +27 f'; .....
_ f'h? f'h
*k=-3 f,=f—3fh+9-— 2T
California $tate Unigersity . 16
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Second Order Forward
* Subtract 4f;,, from f;,, to eliminate h2

term o
fo—4f., [f +2fh+4f +8f €+ }

3
—4{fi+fi'h+f h2 +f; g }

6
3 Second
f,,—4f_ +3f =-2hf +4f" order
/ ';\error
fi- _ bl fi+2 +;1|:i+173f f i@(hz)
R NEZ

ME 309 - Numerical Analysis of Engineering Systems

Second Order Backwards
« Add 4f,, to —f,, to eliminate h? term

2 3
-f_,+4f = [f —-2fh+4f, h— 8f, h—+ }

3
+4 f—fh+ fi”h——f LI
2 6

. h3 Second
—f,+4f , —3f =-2hf, +4f — order
Y 2\ error,
: :w h O(hz)
California State Uniyersity 2h \\
Rorihridse =
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Other Derivative Expressions

« Can continue in this fashion

— Write Taylor series for f,,,, f.y, fiuo, fip, fiuas
f.3, etc.

— Create linear combinations with factors that
eliminate desired terms

— Eliminate f; term to obtain central difference

— Keep only terms in f, with k > i for forward
difference expressions

— Keep only terms in f, with k <i for forward
difference expressions

— See results on pages 514 and 515 of Rao

California State [nipersity 19
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Derivative Expressions

fi = f”lh_ Ly ofh) f, :E_Tfifuo(h)
f f g f,,—4f _ +3f O(hz)
f| — i+12_h |—1+O(h2) 2h
' f|+2 +4fi+l_3fi 2
Note order of fi= 2h O(h )

derivative, order of
error, and direction
(forward vs. backward)

California State Onigersiy
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Example Problem

» Use a second-order central-difference
expression to estimate d[sin(x)]/dx|,-o
usingh=0.1

* What is the correct finite-difference
expression? f= =T o)

* What are f,,; and f,;? 2n
— Recall definition f,,, = f(x; + kh)

— Using f expression for derivative at x =0
means that f; = f(x;) must be f at x; =0

California State Dniversity 21
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Example Problem Continued

* If x; = 0 what are f,,; and f_;?
— Recall definition f;,, = f(x; + kh)
—1fx=0,%,; =%+(1)h=0+h=h=0.1
and x;+(-1)h=0-h=-h=-0.1
_ fiu—fy _sin(0+h)-sin(0-h)
" 2h 2h
_sin(0.1)-sin(-0.1) 0.996334
2(0.2)
* d[sin(x)]/dx|,-o = coS(X)|-o = 1 SO error
is |1 — 0.998334| = 1.667x103

California State [nipersity
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Repeat Example for h = 0.01

* Here we have the same expression we

derived previously, f(0) = [sin(h) —

sin(-h)]/(2h), but h = 0.01

The result is now _ Previous
_ fu—fiy _sin(0+h)-sin(0—h) result: for

| sin(Ozt?l)—sin(—O 01) n zr;oe.i,

= W =0.999983  1.667x10°%

* Here erroris |1 — 0.9999833| = 1.667x10°

» Reducing h by 0.1 reduces error by 0.12
for second-order error

California State Dnivessity 23
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General Result

* In a finite-difference expression
» With an error of order n (¢ ~ Ah")

» Reducing the step size h by a
factor o

« Should reduce the error by a
factor o"

California State [nipersity
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Exercise

* Find the second derivatives of e*at x =0
forh =.1 and h = .01 (equation below)

» Compare to exact results de*/dx|,-, =
d?eX/dx?|,.g = e¥|,.o = e’ =1

» Estimate order of numerical results from
equation "

q :, zgl(th N~ In(gz/gl)

hy ~In(h,/hy)
» Possible quiz question similar to this one
. f f., —2f
California State Dniversity fl = L;ll + O(h2 )
Northridge h %

Error

Figure 2-1. Effect of Step Size on Error
1.E+01 - - -
100 [EENQelrical derivativVe zero
1EO0L nsizes Tryncatign errot- linedr
1E02 dlbaroredn 1dtha iy |/
! AN eldeferran-bd-lha-thy
LE03 forftarge stepsi
) PSiZES
1E04
1.E05 //
LE06 fRoumdyfferrgrat
\

Leor \gmaller| step sizes /
1.E08 J\ /
1.E09 \ /
1E10
1E11

1E17 1E15 1.E13 1E11 1.E-09 1.E07 1.E05 1.E03 1.E01

Step Size

California State [nipersity 27
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Difference Expressions Il

« Backward differences for constant h

— General definition: Vf, = f, —f,;

— Second order definition: V2, = V(V f) =
V(i — fied) = Vi = Vi, = (o= fied) = (e —
fio) = fe = 2f . + i

— Can you show that the following is correct?
V3 =i = 3fis + 3fo —fia

—In general, Vf, = V1f, — vif, |

California State Dniversity
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E- 2.71828210028724 — 2.71828155660388

Roundoff Error

» Possible in derivative expressions from
subtracting close differences
« Example f(x) = ex: f(x) = (e¥*" — ex")/(2h)
and error at x = 1 is (e*" — e1")/(2h) — e?
_ 3-004166; 5'322815 ~2718282 45007,
e )\ Second orderetror ‘-
_ 2.7185536702—2.7180100139 >

2{0.0001)

E

2718281828459 2 4.5x10°°,
-

-

p—

E

—2.718281828 =5.9x10°

26

2(0.0000001)
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Difference Expressions

» Forward differences for constant h

— General definition: Afy, = fi,; —f,

— Second order definition: A%f, = A(Af) =
Afier = i) = Afiey = Afy = (Fez = fird) — (e —
fi) = o — Mg + i

— Can you show that the following is correct?
A3y = fiug = 3fiap + 3fiy — T

—In general, A", = A", — A",

California State [nipersity
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Difference Expressions llI

» Central differences for constant h

— General definition: 8f, = fi 1 — fi1p2

— Second order definition: §%f, = 5(5f) =
S(ficrrrz = fuar2) = SMiwrrp = Siap = (fieer — fi) —
(fe— fied) = frar — 2f + iy

— Can you show that the following is correct?
63fk = fk+312 - 3fk+1/2 + 3fk-1l2 - fk-3l2

— General recursion formula for odd and
even deltas: Odd: §2"f,,,,, = 8,4 — &"f,
Even: 82, = 82", ., — 82" qp

California State [nipersity
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Interpolation

Start with N data pairs Xx;, V;

* Find a function (usually a polynomial)
that can be used for interpolation

— N data points give polynomial order N — 1

Basic rule: the interpolation polynomial
must fit all points exactly

» Denote the polynomial as p(x)
* The basic rule is that p(x;) =y,
* .Many different forms

California State [ni
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Interpolation Data Example

X| Y| + Here we have six data pairs

ol ol ¢ Example problem: What is
the value of y when x = 347

+ Can use different numbers of

20| 30 data pairs from 2 to 6

30| 60| < For polynomial p(x), the basic

rule is that p(x;) = y;

10| 10

40| 100
—E.g. p(20) = 30
501 150 — What is p(40)?
Northridge p(40) =100 =

Newton Polynomials

e p(x) = a, + — n+1 data points
p( ) 8o al(x XO) required for nt
+ 8,(X = Xo)(X = Xy) order polynomial
+ag(X = Xo)(X = X)(X = Xp) * ...
+ an(X - XO)(X - Xl)(x - X2) e (X - Xn—l)

« Terms with factors of x — x; are zero
when X = x;
— Use this and rule that p(x;) = y; to find a;

* 89 = Yo, &1 = (Y1 = Yo) I (X1 — Xo)

* Y2 = ag tag(Xy — Xo) + a(Xy — Xo)(Xz — Xp)
— Solve for a, using results for a, and a;

California State Dniversity 33
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Newton Polynomials Il

* Yo =ag + a3(X; = Xo) + A(X; — Xo)(Xp — Xy)

VD S [ X —X
:)’zfao*ai(xzfxo):y2 . X1*Xo( )
2 (Xz - Xo)(xz - X1) (Xz - Xo)(xz - X1)
e Could continue in this fashion to

determine coefficients from data

» Use alternative scheme — not derived
here — known as divided difference
table to compute a, from same data

California State [nipersity 3
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Divided Difference Table

» Enter data on x; and y; in rows of table
skipping one row between entries

+ Start with y; data as zeroth divided

difference

First divided difference, F, = (y;,; — V) /

(Xirp = X))

— Second (or later) divided difference is
difference of first (or later) differences

— g coefficients are initial divided differences

California State Dniversity 35
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Zeroth
aifference. Divided Difference Table
- First Second Third
X <3a
0 Yo difference difference difference
Yi—Yo
F=2bo 1 5
’ X — Xy .
X1 W1 S, = i) «a,
Y=y = 55
F =22 1 T = 1~ Y0
P X% S O X=X,
X3 Y2 § =—2—1 Ta,
X3 =X,
F2 — Ys— Y
X, = X
X3 Ys o Yeu =Yk Jlg = F.—F T, = S =Sk |
Nbﬁﬂﬂﬁgé X = X, Xwz =% Xia =% %6
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Divided Difference Example

Divided Difference Example II

0 0 |«a
F =201 ca
10-0
10 |10 S — 3-1 _1/<a,
° 20-0
| _40-10 _ 15-1_ 1
17 20-10 =300 s
20 |40 - 63 & Ta,
' 30-10
100-40
Fl= =
30-20
1
30 00 k:Yk+1*yk_Sk=Fk+1_Fk__Tk:Sk+1_Sk_
N(!)H]'l‘rllalg:: Xieia = Xk Xio = X Xera =X ¥

+ Divided difference table gives a, = 0, a;
=1,a,=.1, and a; = 1/600

» Polynomial p(x) = ay + a;(x — X) + ay(X
= Xo)(X = Xq) + 8g(X = Xp)(X = X;)(X — X5)
=0+1(x-0)+0.1(x-0)(x— 10) +
(1/600)(x — 0)(x — 10)(x — 20) = x +
0.1x(x — 10) + (1/600)x(x — 10)(x — 20)

« Check p(30) = 30 +.1(30)(20) + (1/600)
(30)(20)(10) = 30 + 60 + 10 = 100 (correct))

California State Onigersiy 38

Divided Difference Exercise

» Look at previous divided difference
example

« Add new data point
» Determine interpolation coefficients
» Add new data point at x,,y,

Determine divided difference all new
divided difference terms out to fourth
difference

California State Dniversity 39

Northridge
What s S,?
X, % s,=h=h |«<a,
Y.V, =% 5,=5
2 1 -
= T =217
Xo =X = © v)f — X5
X5 Yo S, = CHERE as
Xa =X
Fz — Ys—Y>
X, =X
X3 |Ys
F3 — Yi—Ys
X, =X
X4 |Ya
California State [nigersity a1
Northridge

Northridge
What is F3?
X1 V2 SO = ﬁ <«—a,
Y2~ % 5,-8
F=22_71 R )
! X, =X = E TO oy %o
Xa |Y2 S, = XZ :Xl T ag
F,= Ys— Yo :
X3 =Xy
X3 Y3
Xg Vs
California State [nigersity 40
Northridge
Whatis T,?
X, % s,-1=h |<a,
Y2~ % 5,-8
=22 J1 _ 9179
! X, =X = E TO oy %o
Xo |Y2 S, = xz:xl T?a3
Fz — Ys—Ys
a=ta F,—F
X §, =t
3 |Ys 2= Tx
F3 — Ya— Vs
Xy =X
X4 |Ya
California State [nigersity 42
Northridge
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Find Fourth Divided Difference
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X, |y s,=h=h |«<a,
X, — X
Y% ? S.-S
E = 0
e Xo =X = TO Y=g
X2 Y2 S, = XZ :x11 T a3
F2:y3*YZ T1252751
X, — X — X, =X,
X3 |Y3 S, = x3 - XZ
F,- Yi—Ys
X, =X
Xg |Ya
California State Dniversity 43
Northrldgc

Solution
_R-FK <a,
e
Xa =%
F =Y N _ S-S, <«ag
X =% 0 X3 —Xo
Sl—FZ_F1 0=T1_To
X3 =X X, — X
F,= Ys=¥p lesz’sl Ta4
X3 =X, X, =X
— F37F2
2T X, =X,
F,= Ya—Ys
X3
[Calfors mulﬁm i3 44
Northrldgc

Divided Difference Pattern

» Get general formula for code with D(m,k)
as mth value of kt" divided difference

« Initial y,, data are the “zeroth” divided
difference, D(m,0)

« First divided difference, F,, = (Yims1 — Ym) /
| (X1 — X)) i1s D(M,1) = [D(M+1,0) —
D(m,O)] / (Xm+l - Xm)

» Second divided difference, S, is D(m,2)
= (Fm+l - Fm) / (Xm+2 - Xm) = [D(m+111) -
D(mrl)] / (Xm+2 - Xm)

California State Dniversity

Northridge ®

Divided Difference Pattern Il

From previous slide we see that D(m,k)
is mth value of ki divided difference
We want code to from interpolating
polynomial for N data points (0 to N-1)
We start by setting zeroth difference as
initial data, i.e.: D(M,0) = y,,

If we continue formulas for different
divided differences we will see that the
following formula is true

D(m,k) = [D(m+1,k-1) — D(m,k-1)]/

X — X
+
rg !‘mmsmﬁlhnwwn m

Northridge *°

Divided Difference Code

For m = 0 To N 'N+1 data points
D(m, 0) = y(m) 'zeroth diff
Next m

For k = 1 To
Form=0T o N - k
p(m, k) = (O(m + 1, k - 1) - _
p(m, k - 1)) / _
(x@m + k) - x(m))
Next m
Next k
* D(m,k) is mt" value of k" divided difference
Northridge @
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Using Code in Excel

+ Arrays imported from Excel set input
range to variant (lower bound = 1)
Sub model(xIn as Range)
Dim x as variant
Dim rows as Long, cols as Long
X = XIn
rows = Ubound(x,1)
cols = Ubound(x,2)
« Have to revise code to handle this array
or copy array into one-dimensional
array v with lower bound of zero

California State ity
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Constant Step Size

+ Divided differences work for equal or
unequal step size in x

» If AX = h is a constant we have simpler
results
—F = Ay/h = (Y — YD
= S = A%, /202 = (Yyp = 2Y)q + Vi/2N2
=Ty = A%Y/6N3 = (Ve = 3Yiwz + 3Yier = Vi)/6N3
— A%, is called the nt" forward difference

— Can also define backwards and central
differences

California State [nipersity
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Interpolation Approaches

* When we have N data points how do we

interpolate among them?

— Order N-1 polynomial not good choice

— Use piecewise polynomials of lower order
(linear or quadratic)

— Can match first and or higher derivatives
where piecewise polynomials join

— Cubic splines are piecewise cubic
polynomials that match first and second
derivatives (as well as values)

California State Onigersiy
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Cubic Spline Interpolation

0.7

0.6

05
0a f \
' / «\\ e Natural
Ay -« -+ =NoKnot
0.3

y value

Ay N

x values

California State Dniversity
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Newton Interpolating Polynomial

5

4 [
3 — Polynomial

= Data / \
2

Y Value
\

e
o e e
-1
0 1 2 3 4 5 6
X Values
California State Onigersiy 52
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Polynomial Applications

+ Data interpolation

» Approximation functions in numerical
guadrature and solution of ODEs

* Basis functions for finite element
methods

+ Can obtain equations for numerical
differentiation

« Statistical curve fitting (not discussed
here) usually used in practice

California State Dniversity
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Fifth Quiz Results

+ Maximum possible score: 25
* Number of students: 22

* Mean score: 13.3

* Median score: 15.5

» Standard deviation: 7.3

» Grade distribution:
2 2 3 3 4 6 7
12 14 15 15 16 16 16 17
17 17 20 21 23 23 24

California State [nipersity
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Quiz Five Comments Uniform Grids

* When left side is the same, can solve + Uniform grid notation: h = x;,; — X
both right sides at same time o--0---0--0-0-0-0---0--0
+ Watch roundoff in calculator Xig Xz Xz X Xi Xy Xip Xig Xig

» Learn to use numbers without symbols

. » Formulas with terms f; represent f(x;)
to represent equations

+ Equations like the following

« Cannot use iteration unless array is £ _4f  +3f _f . 4+4f . —3f
_lie i1 i 2 L i+2 i+l i 2
diagonally dominant i = 2h +oli) 1/ - 2h +o(h )
« Quiz six moved from this Wednesday to * Give the derivative at x = x; in terms of f
next Wednesday values, f; = f(x;) at grid locations x;
Northridge = Northridge ”
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