Warm up

Describein wordsand $hade on he nunber lines the solutionsto:
|X| < 3 < >
|x!a<3 * >

Ix+2|<3 « g
5x| <15 ) .

15 <15 y .

Definition of limit of sequence of numbers
e = 2.718281828459045235360287471352662497757247093699

Roughy spesking thelimit meansthat asn gdslarge

n
n 1+1/n
(1+21)" gesdoseto afinite nunber which we cal e. ( n
2
Rigoroudy usng desimal expanson: e=1lim,, . (1+%)n
2 9/4=2.25

meansthat for every postive integer k
there is apostive integer N such that: 10 | 2.593E

eand (1+%)n agree up b k decimal placeswhenever n>N. | 100 |2.704%

notusng deima expandon: 1000 | 2.716%
meansthat for every real nurrber / >0, 10000 12 718
thereisan integer N such tha 100000 2 27182€

le - @+2)"|<! whenever n>N.

1000000 2 71828
2




110.1&3 Introduction to Limits

The student will learn about:
¥-unctions and graphs

Mimits from a graphic approach
Mimits from an algebraic approach

Mimits of difference quotients.

Limits IMPORTANT!

This table shows what f (x) is doing as x approaches 2. Or we have the limit
of the function as x approaches 2. Notation:

Iirr;Zx—l = 3

Idea: We write

oras'x! c;f(x)! L %

if the functional value of f (x) is close to

the single real number L whenever xs PRECALCI __RADAUTD __ FUNC
close to, but not equal to, .c(on either side
Of C) Ll L1 Ll Ll L1 Ll
||l.b||1.9”1.99”1.999” Z ||2001||201||2.l||2.5|
|fx)|| 2 || 2.8 ||2.98||2.998|| 2 ||3002||302|| 3.2 || 4 |




Limits of functions

-+ y= f(x) . .
Roughly speaking the lim,, ,

means that as X gets close to a

2% 1 gets closeto .

Rigoroudy: Assume tha f{x) is defined on he open interva (a,b).
lim__, =1

meansthat for every real nunber ¢ >0,

thereisarea nunmbe 6 >0 wuch tha

| -l|<e whenever |x-a|<é.

Example:

lim, ., =2
For every real numbe #> 0,

y —axis

y=f(9

1. Using thegraph ébovecomputelim,_, f(x) =

2.Using thegraph ofy = 6 computelim,_,6 =

3. Using the graph of y = 2X computelim,, ,2X =

thereisarea nunbe$ > 0 such tha
| f(x) - 2| < # whenever [x-(-4)| < $.




Example:

4. Using the definition compute: lim _,2x =

How can we write an x that is close to 3?

|f(x)—6|=|f(3+h)—6|=

Example:

5. Using theddinition mmpute: lim, ,4x" 5=




Basic Properties of Limits:

Constant Function: lim ¢ = . Identity Function: lim x =

X—>a X—>a

Assume that: lim f{x) =b and lim g(x) =d

Sum Rule: lim fix) + g(x)=

Product Rule: lim (fix) g(x)) =

Rational Function: Assume that g(x) is a polynomial and g(x,) = 0
o —

g 8(X) lim g(x)
X—a

Powers of functions:

im (1) =(1im 1)

Examples using properties:

lim_,1=1.
: 2
lim __,x" =4.
: 3

lim_,x" =

Show lim,_,(x* +x* -1)=11.

From this example we can see that for@lynomial function

lim £(x)= (0
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Examples using properties:

Find lim | (3x°" 5x2 + 6) =

3 + 2 n
Find lim,, , "X "D -
X1 X n 5

From this example we can see that for @tional function
. P(x) _P(c) .
im L:ﬁ if Q(c)= 0
e Q(x) Q)

Find lim, 2 1:

X3 x n 5
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Limits from the left and from the right:

ylaxis A

\: y=f(x)
< T /1 >
v

Roughlyspeakinghe lim

f(x)=1
meanghatasx approacheg, from theright

X—>Xo+

In this example we have:

In order for a limit to exist, the limit from the left and the limit from the right
must existand be equal.
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Example

2xifx<2
f(x)=1-x+8if2=x<4
xifx>4
am J) = fim f(x) =
xllm} f(x) = X|!in?+ f(x) =
lim f(x) = lim f(x) =

13

Where is the limit undefined?

-
y! axis lim, , f(x) doesnotequalafinite number

\: y=f(x) Roughlyspeaking
No matterhow closex getsto 0

e

1if x isrationd

Wha about f(x) =
-1if x isirrationd

lim f(x) =
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The sky is the limit!
(limits that go to infinity)

!

Roughlyspeakinghe lim . f(x) =!
meanghatasx approaches,

Rigoroudy: lim, , f(x)="
meansthat for every real nunber B >0,
thereisared nunmbea# >0 ach tha
|fix)|>B whenever |x-a|<#.

Reciprocal Test: Let f be defined in an open interval about X,

except possibly at X, itself. Then lim f(xX) = if

X=X
1. For all Xin some interval about X,, f(X)is positive; and

2.lim L 0. 15

Indeterminate Form

. : _ . )
lim f(x)=0 img(x)=0 _
Iif lim (x) anr}j%C ,th(ﬂ}(ﬁ_I n 9(%)

is said to be indeterminate.

The term indeterminate is used because the timaitor may not
exist.

2

im, =29
Xx-5
2

lim w—

x—5 (X_5)3 -

16




