
MATH 496F Math for Digital Animation Spring 2009

Review Sheet for Midterm Exam

The midterm exam will take place on Tue. March 17th during regular lab time at our
usual location, JR254. You are allowed to bring one page (one side of an 8.5× 11 in. sheet
of paper) with notes. No calculators.

Problem 1. Determine whether the following statements are True or False. Justify your
answer.

(a) If I travel at 60 mph for 40 minutes and 40 mph for 60 minutes, my average speed for
the entire trip must be 50 mph.

(b) If a rod of length L and mass m =
∫ L

0
ρ(x) dx has its center of mass at x = L

2
, its

density ρ(x) must be constant.

(c) When swimming in still water, John moves at 2 mph. During a river swim, John first
swims upstream against a current of 0.5 mph for 2 miles, then he reverses course and
swims back (with the current now). The round trip should take him exactly 2 hours.

(d) The second order ODE y′′ − 6y + 9 = 0 has only one linearly independent solution,
x(t) = e−3t.

(e) The maximum height reached by a projectile moving under the influence of gravity
does not depend on the horizontal velocity component.

(f) An object is launched from the origin with initial speed v0 at an angle θ with the
x− axis and moves under the influence of gravity (parabolic motion) reaching a maximum
height h. The object spends more time going up than going down.

(g) An object is launched from the origin with initial speed v0 at an angle θ with the
x− axis and moves under the influence of gravity (parabolic motion) reaching a maximum
height h. The time the object spends at a height greater than h/2 is larger than the time it
spends between the ground and h/2.

(h) The so called Coriolis effect observed in an object moving within a rotating frame is
only observed by those within the rotating frame, but not by an outside observer. [Hint:
think of the trajectory of an object moving outwards in the radial direction from the center
of a rotating disk, what trajectory does the an outside observer sees? what about
somebody sitting in the disk? what if the object is thrown out of the rotating disk, what
would be the apparent path for an observer in the disk? and for an outside observer?]

(i) I travel for two hours, covering 50 miles the first hour and 60 miles the second, my
average speed is 55 mph.

(j) The eigen values of the inertia tensor of a rigid body are all real, and the corresponding
eigen vectors are orthogonal.
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Problem 2. Consider the plane x+ 2y − 2z = 0 and the box centered at Q0(1, 5,−2)
whose sides of length have the same length and orientation as the vectors R = 〈1, 0, 1〉,
S = 〈−1, 0, 1〉, and T = 〈0, 1, 0〉.

(a) What is the effective radius of the box?

(b) At time t = 0, the box is not in contact with the plane, is it in the positive or the
negative side of the plane?

(c) If the box moves from Q0 with velocity v = 〈−1,−2, 2〉, find the time tc that it takes
the box to collide with the plane?

(d) How many of the vertices collide with the plane? Find their coordinates.

Problem 3. Consider the spheres S1 : (x+ 6)2 + (y + 6)2 + (z − 3)2 = 1 and
S2 : (x+ 6)2 + (y − 3)2 + (z + 2)2 = 4 moving respectively with velocities v1 = 〈2, 2, 2

3
〉 and

v2 = 〈2,−1, 1〉. Find the time tc when they collide and the point in space where the
collision takes place. Write the equation of each sphere at the time of the collision.

Problem 4. Solve the following second order linear ODEs:

(a) y′′ + 2y = x2 + 4e2x.

(b) y′′ + y′ = 0, y(0) = 3, y′(0) = 0.

(c) y′′ − 4y′ + 4y = 0, y(1) = e, y′(1) = −3.

(d) y′′ − y = 5 sin 2x.

Problem 5. Let x : R→ R be a solution to the differential equation

5x′′ + 10x′ + 6x = 0

Prove that the map f : R→ R

f(t) =
x(t)2

1 + x(t)4

attains a maximum value.

Problem 6. The equation

θ′′ + ε θ′ +
g

L
θ = 0, ε > 0 (1)

describes the motion of a pendulum of rod length L for small oscillations, |θ| � 1, and with
dumping (ε θ′) due to friction and air resistance. The pendulum is part of the machinery of
a clock that converts each oscillation of the pendulum in one second of time. How does the
clock maintain its accuracy as it runs down?
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Problem 7. The equation
mx′′ + kx = 0 (2)

describes the motion of a mass m attached to a spring of negligible mass moving
horizontally along a frictionless surface. To derive a more accurate (not quite exact, just
more accurate) description of this type of motion, we may include the effect of the mass of
the spring, ms, as follows:

(a) Multiply equation (2) by dx
dt

and integrate (with respect to time) to obtain the
conservation of energy equation,

1

2
m(x′)2 +

1

2
kx2 = C (3)

the two terms in the equation express, respectively, the kinetic energy of the mass
and the potential energy of the spring.

(b) Suppose that the velocity of the elements within the spring varies linearly from 0 at
the fixed end to x′(t) at its attachment to the mass. Show that the kinetic energy in
the spring is

1

6
ms(x

′)2, (4)

and thus the total energy

1

2
(m+

1

3
ms)(x

′)2 +
1

2
kx2 = C. (5)

(c) Differentiate equation (5) to obtain a new equation of motion for the spring-mass
system that accounts for the mass of the spring.

(d) Denote the effective mass by M = m+ (1/3)ms and solve the new equation with
initial conditions x(0) = x0 and x′(0) = v0.

(e) Why is it reasonable that in seeking an effective mass M = m+αms we obtain α < 1?

Problem 8. Six particles, each of mass m are placed symmetrically on the circumference
of a circle of radius r and are allowed to move from rest under their mutual attractions,
which are proportional to the inverse squares of their mutual distances. Find the velocity
of each particle when all particles are on the circumference of a circle of radius 1

2
.

Problem 9. A small diameter smooth cylindrical hole is bored through a solid uniform
sphere. Suppose that a force on a particle within the sphere is directed toward the center
with magnitude proportional to the distance from the center. Show that a particle set free
at the surface will oscillate within the hole with a period independent of the direction of
the hole.
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