Example uang strategies 1 & 2:

(Al B)" (C# D),(A! B)# (F$G),G! H} /% C# D

@ @ Our first strategy hint

tellsusto try to extract our
1/ (A!'B)" (C# D) P god sentence from amore
21(AlB)# (F$G) P complex sentence in which it

3IG! H P occurs asawhole. Here we
! can get thegod sentence from
; sep 1by! Elimif we have
IC# D @ ! BQsoweaim fortha.

@ Thesame hint tellsusto lookfora _
complex sentencein which @ ! BO

appears, fromwhich we can pull outthis G! H

(Al B)"
(Al B)# If$G) P
P

1/(A! B)" IC# D) P
2/(A! BY# If$ G) P
3/G! H P
A1 B
C# D " Elim:17?
IC# D) P

sentence as awhole. We could get this
from step 2 if we had theother sideof the

WN -

biconditiond, & $ GOas awhole, so F$G
nowwe aim for tha., Al B
C# D

# Elim: 2,?
" Elim: 1,?

@ Our new god, & $ GOdoes not appear inits entirety as a pat of any more
complex sentence except in step 2. To get it from there, we would have to have &\
I BGdready, butthewhole point of getting & $ GOisthat we don®have @ ! BO

yet, and we need & $ GObefore @ ! BOo hdp usget @ !
ableto get & $ GCby pullingit out of line2.

Our second strategy hint suggests building up

our god sentence. Themain opaatorin & $ GO 1
isthe @O so we ask whether onedigund is 2
obvioudy very easy to ga fromwha we already 3

have above If so we, we will dothd, thenuse $
Intro to get thedisundion we want. 1t easy to
get Orrom step 3, so we follow this strategy.

to bedoneis 2/(A! B)# IE$ Q) P
numbering the 3Gl H p
rest of thelines, ' I Elim:

and usng these 4G A
_ 5 F$G $ Intro: 4
linenumbersto 6/Al B # Elim: 2,5
complete our 71C# D " Elim: 1,6
judifications o

BO So we won®be

(Al B)" IC# D) P
(Al B)# If$G) P
G!H P

G I Elim: 3
F$G $ Intro
A! B # Elim: 2,?
C# D " Elim: 1,?



(:) C# D
2 D! B
\AB
(Z) Lc#D P
2/ Cl! D! B P
1B
P9
PiA?
P& & Intro
| AB Alntro

T

STRATEGY:
{C# D,C! AD! B)} /% AB

Notice that we don®have ABGn the premises,
so we can@expect to get it directly usngrules
like! Elimand# Elim. Thuswe assume BO
andtry to showtha it leadsto a contradiction.
We don®yet know what the contradiction will
be, but we know we need some sentence and its

negation.

We notice tha we can get a negdtion,
@D ! B)Qeasly from2by! Elim, sowe

pick that asthenegaionto aim for. Then
wetry toget @ ! BOesthe other member
of our contradictory par of sentences.

When aiming for
aconjundion, try
to get each
conjund
sepaately. We
adready have B0
online3, sowe
jug need MO

@ Notice tha

we can get
@&rom 2
by » Elim.
With 1, that
will let us
ge MGy
usngthe#
Elimrule.
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I Elim: 2
Elim

I Intro

I Elim: 2
& Intro
Alntro

No other stepsare needed. Wefill intheline
numbers and complete thejudifications

11C# D P
2ICIl AD!' B P
3 B
' D!'B
AD! B) !'Elim:2
1& & Intro
AB Alntro
P
P
' Intro
I Elim: 2
& Intro
Alntro
11C# D P
2/C!I AD! B) P
3 |B_
4| |C I Elim: 2
5 |D # Elim: 1,4
6| D! B ' Intro: 3,5
7/ |A(D! B) I Elim: 2
8 |& & Intro: 6,7
9/ AB Alntro: 3-8



STRATEGY: {A(Tet(a)! Smal(a)), RightOf(b,c) "
ATet(a)

Smal(b), LeftOf(c,b), a=b} /%

@

( ®Sinoe god

O
)
)
)

___\lOUU'I-bOOI\JH

Themeaning

@ relationship.
) between QRightofO
and @ eftOfQis

programmed into
Fitch, so it letsus
derive @ightOf (b,c)from

Q eftOf(c,b). (Withoutthat, we

need a premise, not stated here,

specifying tha each impliesthe
other. Seevariant onnext page)

A(Tet(d) ! Small(a)) P
RightOf(b,c) " Smal(b) P
L eftOf(c,b) P
a=b P
Tet(a)

RightOf(b,c) AnaCon:3
' Small(b) " Elim
Small(a)

Tet(@ ! Smal(@ !Intro
& &lntro

ATet(a)

If we apply=Elim strictly,
alowing term to theright
of &Qto replace tha on left
but not vice versa, we need
® = aCto beable to derive_
Gmall(a)Ofrom Gmall(b)O
(Fitchisnotas strict, letting
usomit thisreversal. See
variant on next page)

1 ATet(a)! Smal(a)) iSanegdion,
2| RightOf(b,c) " Small(b) assumeits
3| LeftOf(c,b) opposte,
4/ a=b planning for
5 |Tet(a) Alntro.
&
ATet(a)
) Theonly
@ negation @
) . we have

1 ATet(a)! Smal(a)) isonlinel,

2| RightOf(b,c)" Smal(b) soweaimfor .

3| LeftOf(c,b) Qet(a) ! Smal(@O

4 a=Db to contradict

5 |Tet(a) linel.

JTet(a)! Small(a)
&
ATet(a)

@ 1 A(Tet(@ ! Smal(a)) ( @
2| RightOf(b,c) " Small(b)
3| LeftOf(c,b) We already
4 a=Db have thefirst
5 |Tet(a) conjund,

P but still need
Small(a) the second,
Tet(a) ! Small(@ ! Intro Gmall(a)O
& &lIntro

ATet(a)

@ 1 A(Tet(@) ! Smal(a)) ( @ _ _
2| RightOf(b,c) " Small(b) Givenline
3| LeftOf(c,b) 4,if wecould
4 a=b get Gmall(b)O
5 |Tet(a) outof line2,

P we should
RightOf(b,c) eventudly be
' Small(b) " Elim abletoge

o Gmall(a)Od
Small(a) Aim for the
Tet(a)! Smal(@ ! Intro antecedent of

& &lntro  line2 to get
ATet(a) Aintro  Gmall(b)0

10

1 A(Tet(a)! Small(a)) P
2| RightOf(b,c) " Small(b) P
3| LeftOf(c,b) P
4/ a=Db P
5| |Tet(a)

6| |RightOf(b,c) AnaCon:3
7| | Small(b) " Elim: 2,6
8| |la=a =Intro
9/ |[b=a =Elim: 4,8
10, | Smadl(a) =Elim: 7,9
11 | Tet(a)! Smal(@ ! Intro:5,10
12 | & &Intro:1,11
13| ATet(a) Alntro: 5-12



Thederivationon the previouspage uses AnaCon, and applies =Elim strictly:

1 |A(Tet(a)! Small(a)) P
2 | RightOf(b,c) " Small(b) P
3 | LeftOf(c,b) P
4 la=b P
S Tet(a)

6 RightOf(b,c) AnaCon:3
7 Small(b) " Elim: 2,6
8 a=a =Intro
9 b=a =Elim: 4,8
10 Small(a) =Elim: 7,9
11 Tet(@)! Smal(a) ! Intro:5,10
12| | & &lntro:1,11
13 | ATet(a) Alntro: 5-12

Remembe tha AnaConisnotredly adeaivationrulein F, buta shortcut permitted by the
software, Fitch. In mog systems of |ogic, the set of rules does not have any rules for
predicates, except the very special GQrepresenting (numerical) identity. Like any standard set
of rules of logic, F does notindudeAnaCon, since each related par of predicatesin the
language would requireitsown rule. Thesystem of rules would then beinfinite, making it
impractical. To compensate for lack of AnaConin a standad set of rules, in any argument
where we use AnaCon, we make explicit an originally undated premise specifying therelevant
relationhip between the specific predicates used in theargument (as in step 5 bdow).

It iscommon for a system of rules of logic to state their versionsof the=Elim to alow the
replacement of either term in an identity sentence for the other. Fitch, not being as strict as F,
lets usdo this, too.

Taking these two differences into account, a more standad variation onthe derivation above
would look like this:

1 ATet(a)! Smal(a)) P
2| RightOf(b,c) " Small(b) P
3| LeftOf(c,b) P
4 a=Db P
5| RightOf(b.c) # LeftOf(c,b) P
6| |Tet(a

7| | Tet(b) =Elim: 4,6
8/ | RightOf(b,c) # Elim: 3,5
9 | Small(b) " Elim: 2,8
10 | Tet(b)! Small(b) I'Intro: 7,9
11 | A(Tet(b)! Small(b) =Elim: 1,10
12 & &lntro: 10,11
13 ATet(a) Alntro: 6-12
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1J P
20AH" (3" K) P STRATEGY:
3[(K! J)# AH P {,AH" (3" K),(K! )# AH} /%K# AH
K# AH
o 13
To get abiconditiond (asentence with @ Qasitsmain 21AH" (I
opeaator), uethe# Introrule. Thisrequires 2 subproofs, 3 (K!
onestarting from the sentence to theleft of the @ Cand 4, K
goingto theright, and the other in the opposte direction. P
Our first step isto set up these subproofs. | AH
CIAH
K
1]J P K# AH
2AH" (3" K) P We nowtry to get
3|[(KI')# AH P from &XQio AHO
4] K We could usline3
P to get @HOT we
KIJ ' Intro: 1,3 only had & ! JOso
AH # Elim we aim for tha. We
) judt need thetwo
| AH conjunds, which we
P have already onlines
K 1 and 4.
K# AH # Intro 11J
2/AH" "
3 !

4
Having completed thefirst subproof, we try to fill 5
in thesecond. To get & Q2 lookslike the most 6
promising premise, athoughit will not give us

CKOdlrectIy Withline7, though,line2 will let us 7
gee @" KOIf we can aso get GQwe will beable 8

to gat &KO

13

2AH" 3" K)
(K )# AH
4 1K_

5 |[K!IJ

6| |AH

7 |AH

8 |J" K

9 K _

10/ K# AH #

TTUTO

I Intro:14
# Elim:35

Elim: 2,7
Elim: 1,8
Intro: 4-6,7-9

Looking back at the premises, we

A
N—r
TTUTO

# Intro

A
N—r
TTUTO

I Intro: 1,
# Elim: 3}

" Elim: 2/

# Intr

see tha we aready have QO So we
just need to fill inthejudifications

to complete this proof.
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@ C$L P
2 L" M P STRATEGY for:
3I(ClJy)" M P {C$L,L" M,(Cl')" W% J" M
1J!I M
@ When aiming for 1 C$L P
acondiiond, set 2/ L" M P @
upfor" Intro by 3/(ClJy)" M P
assuming the 411 )
antecedent and P 1/ CS$L P
aiming for the M 2/ L" M P
conequent. J" M " Intro 3 (C! M P
41 J
S C
@ Line 1 says @Ostrueor @ Gis. We will now showtha P
M ollows either way. We first assume GCGand show ‘M
tha it leadsto M. ThenweglvequEansumeCILO
ingead, and showtha @ Qeadsto MO L
'™
1/ CS$L P M $ Elim
@ 2 ' L" M P J" M " Intro
3 (C! M P
411
5111

We notice tha @ Oleadsdirectly to MQbut
@Odoesnot This shows ushowto jusgify MO

:::C—
N (®
L
M

" Elim in the subproof tha beginswith L.
M $ Elim
J" M " Intro
@ L 1/ C$L P
Now we need to getfrom @Qo MO We see 2/ L" M P
tha we could dotha by " Elim with thehdp 3| (C! M P
of line3, if only we could get the conjundion 4113
@! JO Andto ge tha, al weneed to dois 5 C
join4and5by! Intro. 6 c!J I Intro: 4,5
N 7 M " Elim: 3,6
Once we¥e donethis, we jus need to complete
thejudtificationsto finish the proof. 8 L _
9 M Elim: 2,8
@, 10 | M $ Elim: 1,5-7,8-9
11J" M Intro: 4-10

13



@

@

®

NOoOUA WNE

16
2 AF" (G# H)
F$H

When aiming for adigundion:

A. If onedigund iseasy to g¢, dotha, then use $I.

B. If ndther digund iseasy to g, seeif youhave or can
easly ga another digundion. If so, maybe each digund
in tha onewill lead to onedigunad in thegod digundion.
So apply $Elim to theoneyou have, usng $intro in each

subproof to get thedigundion you want.

C. If nather (A) nor (B) works, assume the opposte of your
god. Then use Al or AE to get thedigundion youwant.

Assume onedigund as PA. Fromthis, get the
digundion, contradictingthe PA. Apply Alntro.

In this case, &Owas chosn as PA becauseits

negation can beused with 2 to apply the" Elimrule.

G P
AF" (G # H) p ¢ @
AF$H) Next try to get the
F OTHER digund in our
F$H $lIntro:4 target digundion.
& & Intro: 3,5 Then we can use $I to
AF Alntro: 4-6 get that digundion,
: agan contradicting line
2.
H
F$H $ Intro
& ~
F$H AElim
1[G P
2 AF" (G # H) P
We see tha by 3 A(F $ H)
applying" Elim 4 F
to 2 and 6 we 5 F$H $intro: 4
ge @G # HO 6 & & Intro: 3,5
Using this and 7 | AF Aintro: 4-6
linel werexh g/ |g# H " Eim:27
ourgod of ®10 g # Elim: 1.8
by # Elim. 10 |F$H $ Intro: 9
11 & Intro: 3,10
12F$H AElim: 3-11
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Example uang strategy 2.c:
{G,AF" IG# H)} /%F$H

116G P
2|AF" (G# H) P
3] [AES$SH)

F$H AE

16 P

2/AF" (G# H) P
3 F$H
4 F_

5 F$H $ Intro: 4

6| | & & Intro: 3,5

7 | AF Alntro: 4-6

F$H $ Intro

& & Intro: 3,7

F$H AElim

Stages 2 and 3 of theprocess

aboveuse acommon
GENERAL STRATEGY:
AP $
P
P$Q $ Intro
& & Intro
AP Alntro
Q
P$Q $ Intro
& & Intro
P$Q AElim
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EXAMPLESUSING THE $ELIM RULE

AvP P
(Al §)! (S! H) P
H! =W P
(P! =E)! (-E! W) P
A
Al S I Elim: 2
S I Elim: 5,6
S! H I Elim: 2
H I Elim:7,8
W I Elim: 3,9
P
P! =E I Elim: 4
-E! W I Elim: 4
-E I Elim11,12
W I Elim: 13,14
W v Elim:1,5-10,11-15
L(n) v P(n) P
L(n)! S(n) P
S(n)! =V(n) P
C(n)# P(n) P
=(C(n) ! V(n)) P
motion).
L(n)
S(n) I Elim: 2
=V(n) I Elim: 3,7
P(n)
C(n) # Elim:4,9
V(n)
C(n)! V(n) !Intro:10,11
& & Intro: 12,5
=V(n) 11-13,= Intro
=V(n) v Elim:1,6-8,9-14

Teresa has either appendicitis or a severe case of food poisoning.
If she has appendicitis, she'll need surgery, which would keep her
in the hospital tomorrow.
Of course, she can't be at work tomorrow if she's in the hospital.
On the other hand, if she has severe food poisoning, she won't
be up to eating anything for at least another day, in which case
she won't be able to come to work tomorrow.

Consider the possibility that Teresa has appendicitis.

(Line 1 tells us she has appendicitis or food

poisoning (or both) but doesn't say which. We

are temporarily assuming she has appendicitis.)

If she has appendicitis, she'll need surgery.

So on this assumption, she'll need surgery..

If she needs surgery, she'll still be in the hospital tomorrow.

So on this assumption, she'll be in the hospital tomorrow.

So on this assumption, she will not be at work tomorrow.

On the other hand, suppose she has food poisoning.

If she has food poisoning, she won't eat for at least another day.

If she can't eat for another day, she can't work tomorrow.

So ON THIS ASSUMPTION, she won't eat for another day.

So ON THIS ASSUMPTION, she won't work tomorrow.

So Teresa will not work tomorrow.

Our conclusion doesn't depend on the specific diagnosis
because we would reach the same conclusion regardless of
which of the two possible problems Teresa has. We were
told she has (at least) one of two problems, and we saw that
either one would keep her from being at work. So we can be
sure she won't be at work without figuring out which of these
two things is wrong with her.

Nancy will lose her job or get a promotion.

If she loses her job, she'll limit her spending to necessities.

If she's only spending on necessities, she won't take a vacation.
She'll buy a new car if, but only if, she gets a promotion.

She can't afford both a car and a vacation (even with a

First CONSIDER THE POSSIBILITY THAT SHE LOSES HER JOB.
IN THAT CASE, she will limit her spend to necessities.
IN THAT CASE, she won't take a vacation.

On the other hand, SUPPOSE SHE GETS THE PROMOTION.
IN THAT CASE, she'll buy a new car.
Suppose also that she goes on vacation.
THEN she would be both buying a car and taking a vacation,
contradicting the premise that she CAN'T do BOTH of those.
So, on the assumption that she gets the promotion,
she would not take a vacation.
So Nancy will not be taking a vacation.
We don’t need to find out whether Nancy is losing her
job or getting a promotion to be sure that she won't take
a vacation. Step 1 says at least one of those two things
will happen. We showed that either way, she wouldn't
take a vacation. So she definitely won't take a vacation.
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Example usng strategy 3:
K$L,M# JaK),L"

(N! P),J! AS} % N$M

TTUTUT

___\lOUU'I-bOOI\JH

=<

T
&
—

I Intro: 5,7
# Elim: 2,8
$ Intro: 9

OCO~NOUITRAWNE

‘I_ 2
= &+
= Py

" Elim: 3,11

I Elim: 12

$ Intro: 13
$Elim:6,7-10,11-14

z
BZZZ

@ y 1J7 (K$L) P
. T 2M# ! K) P
Our god sentenceisnotin 3/~ (N!' P P
any of our premises. Neither ofits 4| 31 AS P
digundsisobvioudy theeasy oneto 5/3 I Elim 4
get. Wedonothave adigundion,but /K ¢ | " Elim: 1,5
we can get oneeasily. Our strategy 7| |K
hintstell usto get tha digundion, A
then set up the subdeivationswe \
would need to apply $ Elim n
to tha digundion. e
\
N$M $Elim
COMMON STRATEGY: Often )
when we have onedisjundion and 1/J" (K$L) P
are aiming for another, we get the 2M# (I K) P
disundion we are aming for insde 3iL" (N! P) P
each subdeivation. Then we pull it 430AS P
outby $Elim. 5/J Elim: 4
6KS$L " Elim: 1,5
7 K_
(4) y 8 [JIK lintro:57
. I 9 M # Elim: 2,8
Inthefirst subdeivation, 10 |N$ M $ Intro: 9
we see if we can get onedigund
of thedesired digundion easily. \|__
Hereit@ easy to ge MO So we
do tha, and then apply$intro \N $M
to get thedigundion. N$M $Elim
P (_® COMMON STRATEGY to get one
E o " Thesecond | digundion from anothgstI 1g
subdeivation uses im on
thefirst. In this case A sec%r&d_lns_det e2
itis easy to ggt O 1A U ﬁ'Vgté‘?r.‘S gt
So we get NOthen o the 'Slitif]”tﬁ:
ly $Intro to get
%pﬁsyl\s/lsﬁnside?he P$Q Sintro . god
subdeivation. Once | d'ﬁ”nd'or;]’
we have X $ MOin 1B then reac
both subdeivations : god by
Wecanjyslfy D ] $intro
N $ MGouside P$Q $intro in each.
the subdeivations P$Q  $Elim Findly,
by $Elim. apply $Elim.
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() 1Al @30
2" (AD# A
3 (ALQ)"
ADSE

P
P
P

STRATEGY:
(AD# A),(A! C)"

(Al (B$C),B"

B /%AD$E

When aiming for adigundion, wefirst seeif onedigund

isobvioudy very simpleto ge. If so, get it, thenuse $

Intro.

Since ndthe digund is clearly easy, we lookfor a
different disundionwe have or can easily get. Here, it is
easy to ge B $ COromline 1.

Al (B$C)

B" (AD# A)
(Al O" IE
B$C
B

APWNE

$E

508 |

|ADS E
AD$ E

P
P
P

A Elim: 1

$ Elim

¢ @ We set up subpmofsto apply $Elim
to'B$ C. Weam for ourgod digundion
within each subproof, then use the $Elim rule.

(4 >

In each subproof, we try to get onedigund, then

use $Intro to bujld the digundion we want. Since
line2 connects CBOand @DO butno sentence
connects BGand @O we aim for @DO

@ 1/A! (BvC) =
2/B" (AD# A) P
3 (Al O" IE P
4B%$C I Elim: 1
5A I Elim: 1
6 B_
7| |AD# A " Elim: 26
8 |AD  # Elim:67
9 |/ADS$E $intro: 8
10 |C_
|ADS$ E $ Elim
ADS$E $ Elim

©

To finish, we get @D $ ECQoy $intro throughthe other 13

We saw well use
line2. Now we
realize we also need
@AOWecan ge it
by! Elim.

We put @O
before thefirst

subproof because
we seewe'll use

it in thesecond
subproof, too. (If
we putitindde
the subproof,
we'll need it

in both of them.)

diguna, GQin the second subproof.
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1/A! (B$0) P
2/B" (AD# _A) P
3/I(Al Q" E P
4/ B$C I Elim: 1
B
AD
ADS$ E $ Intro
o c
|ADSE
ADS$ E $ Elim
1/A! (B$0) P
2/B" (AD# A) P
3 (Al O" E P
4B%$C I Elim: 1
5 A I Elim: 1
6 B_
7 |AD# IA " Elim: 2,6
8 |AD # Elim: 6,7
9 |/ADS$E $intro: 8
10 |[C
11 A! C I Intro: 5,10
12 E " Elim: 3,11
/ADSE $ Intro: 12
14 AD $ E $EIim:4,6-9,10-13




