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INTRODUCTION: WE ALL MAKE MISTAKES

The subject of calculus is over three hundred years old. Over the course of its
history a general agreement has developed among mathematical educators about what
topics constitute the core material of the subject. Thus today, while there are a large
number of textbooks for first year calculus on the market, most look very much the same.

Not only are the included topics nearly the same from book to book, the
techniques, examples and methods of solution also tend to be quite similar. Three
centuries of experience have produced modern calculus textbooks in which subject matter
is presented in an orderly, systematic way, and for each new topic, representative
examples are provided and then worked out using a polished and ideal approach.

Unfortunately beginning students, no matter how bright, fully comprehend the
subject of calculus and solve problems precisely in the ways indicated in the text without
making lots of errors (both conceptual and technical) along the way. It would be
unreasonable to expect otherwise--the subject is too full of challenging new ideas for the
student. In fact, Newton, Leibniz and the other mathematical giants who developed and
refined calculus made plenty of mistakes of their own--often ones that would be quite
embarrassing by today's standards. The authors of your text, as well as your professor,
undoubtedly made lots of their own "dumb" mistakes as they first learned the subject.

Your calculus text probably does not show these mistakes--it is quite full enough
already--but nearly all students make at least some of them. Certain specific types of
errors occur over and over, from student to student, year after year. Your instructor may
discuss some of these mistakes, but time constraints often prevent an in-depth discussion
of most of them.

The purpose of this manual is to illustrate many of these common errors. Most of
the problems presented are taken directly from student exam papers. Usually the student
wound up with an incorrect answer to the problem, but in some cases the student merely
got stuck and stopped with an incomplete solution due to an approach which appeared to
make the problem more complicated than it really was.

In the sections to follow, many of the most frequently made mistakes are
illustrated in typical problems. The logical or technical flaw underlying each mistake is
examined, the erroneous solution is contrasted with a correct one, and tips may be given
for how to avoid the error in similar problems. In a sense, then, this manual illustrates
how not to do calculus, with the hope that by anticipating certain common errors you will
make fewer of them. It can also serve as a reference--if you have made a certain mistake
on a problem or set of problems, you may find a careful analysis of a similar problem in
the appropriate section of this manual.

How To Use This Manual: You can use this manual in two ways. First, as you learn
each main topic of calculus, read through the problems in the section of the manual that
pertain to that topic to see what the most common mistakes are. You might wish to
challenge yourself to find the error in each problem before reading on. Second, when
you make a mistake on a homework or exam problem, look for a discussion of that error
in this manual (you may find the Index useful for this) so that you fully understand the
error and the correct alternative approach.



SECTION 1: ALGEBRAIC ERRORS

Although calculus is a demanding subject with countless places to make errors
along the way, most errors made by students learning calculus are algebraic mistakes.
To see whether you are vulnerable to such mistakes, try the following quiz:

ALGEBRA QUIZ

Which of the following calculations are correct?
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11. flx) = 5, g(x) = 8% +4x => fl)g(x) = 55 - 8x* +4x = 40x° + 4x



OK, ready? Only the first solution is correct. Did you miss any of the errors in the
others? Here's why each solution after the first is wrong:

#2: This is just like writing / 3> + 4> = 3 + 4 (which implies that 5 = 7).

#3: When two trigonometric functions have different arguments (the inside parts--here,
0’ and 0), their ratio, product, sum, etc. cannot be combined into a single trigonometric
expression. No simplification is possible in this problem.

#4: A fractional expression cannot be broken up term by term unless the denominator is

. . . . . I+ 3
a single term. For instance, if we flip the problem upside down then splitting ror

2
7x 3. . . . .
as BN + 5 is valid. A fractional expression cannot be separated into two or more

expressions when the numerator is a single term, however.
#5: 2x and —10 do not belong to the fraction.

#6: Cancellation can only be done when every term contains the common factor. Since
the term tan(7/3) does not have any x factor, the indicated cancellation is incorrect. (We
can correctly simplify as follows, however:

7x* +3x —tan(n/3) _ 7x +3x  tan(n/3) _ 7x’ +3  tan(n/3)
2x 24 2x 2 2x

a-y2 _82-2 72

4
. u
#7: We must use subtraction of powers here: T =u
u

#8: When a power is raised to another power, those powers are multiplied, not added:

#9: The sign of the last term is wrong. This is easy to see if we add parentheses and
break up the fractional expression:

3+ (3 g (B %) 03
10(\/;j 10 (\/;+ t] 10 (\/;+tj 10\/;t.

#10: There are two mistakes here. First, inverting both sides of an inequality reverses
which side is larger. And second, the square root of X is Ixl, not x. So the correct
solution is

1
>_

% :>x2<25:>|x|<5.
X 25

#11: There are missing parentheses in the second expression from the right. As a result,
the 5x° factor did not get distributed onto the 4x. We should have:

fx)g(x) = 5x°- (8x* + 4x) = 40x° +20x* .



SUMMARY OF COMMON ALGEBRAIC ERRORS:

The most common algebraic mistakes arise from:

illegal simplifications of square root and other functions (see #2, #3)

splitting a fractional expression when the denominator is a sum of terms (see #4)
misreading fractional notation (see #5)

partial cancellation in a fractional expression (see #6)

mistakes when combining powers (see #7, #8)

failure to distribute minus signs and multiplying constants, usually due to missing
parentheses (see #9, #11)



SECTION 2: ERRORS USING
A GRAPHING CALCULATOR

Many errors are possible when using a graphing calculator for calculus, including
inputting incorrect values (unlike with pencil and paper there is no written record to
check), omitting needed parentheses, and so forth. Several other types of errors that
frequently arise are illustrated below.

GRAPHING ERRORS

Problem #1: Graph the function y = x*° .

Solution:

The Error: The domain of this function is all x, but the graph does not show any values
for x < 0. This is because the calculator rounds the exponent to something like
666666666667, and the function 5066666666667 405 not take on values for x < 0. (Can you
see why?)

A Correct Solution: Your calculator may have a special button for "cube root" that you
could employ. However, this problem can occur for many fractional powers. A better
approach is to simply use what you (should) already know about the graphs of elementary
functions to check whether the graph is complete. If not, it is easy to draw the full graph
when making a copy on paper if the function is even or odd. The function y = x*” is even
(since (—x)Z/3 = X ), so to extend the graph to the left of the y-axis, draw the mirror
image of the part already shown on the calculator screen. Thus the correct graph is




If the function had been odd (as with, say, y = x”) then to extend the graph to the left of

the y-axis, use the inverted mirror image of the part to the right of the y-axis:

Problem #2: Graph the functiony = e .
-X

Solution:

The Error: The given function is undefined at x = 3 and therefore has a discontinuity
(gap) there. Your calculator, by default, assumes that any function you graph is
continuous. As the graph is traced out from left to right on the screen, each point
computed and plotted is joined to the previously plotted one. This gives an incorrect
graph for discontinuous functions.

A Correct Solution: When the graph has a long nearly vertical portion connecting two
very different graph heights, this may indicate that the graph has an asymptote there. The
nearly vertical portion should be omitted when copying the graph onto paper by hand:




Problem #3: Determine whether the graph of fix) = (16 — xz)/ (4 — x) 1is continuous.

Solution: The graph below clearly indicates that the function is continuous.

The Error: There is a "removable discontinuity" (a hole) in the graph at x = 4. Since
the hole is infinitely small it cannot be seen in the graph.

A Correct Solution: Note that at x = 4 the function is undefined since the denominator

is zero, thus it must be discontinuous there. (The reason that the graph looks linear is that
f(x) can be simplified as follows: fix)=(4 +x)(4-x)/(4—-x) = 4+xforx#4.)

Problem #4: Determine whether the graph of fix) = x + Ixl/x + 500 is continuous.

Solution: The graph obtained when the default window ( [-10,10] x [-10,10] on TI
calculators) is used is a blank screen. In order to see anything you must zoom out several
times. Eventually you will see a graph something like this:

__-—-"'_____-d
?_.;

The graph appears unbroken, hence the function is continuous.

The Error: There is a break in the graph, but it cannot be seen at the scale used. The
function is not continuous. Placing the cursor at the function's y-intercept (0, 500) and
zooming in several times reveals a gap in the function:



But how would you know to do that?

A Correct Solution: The correct approach is to study the function analytically: Since
Ix| = x for x > 0 and |x| = —x for x < 0, we can rewrite f(x) as

x + 501 forx>0;

(x) =

/ x4+ 499 forx < 0.

This indicates that for x < 0 the function is linear; after x = O there is an upward shift of
two units, creating a "jump discontinuity". An even simpler analytical solution is to
note, as in the previous problem, that f(x) is undefined at x = 0 due to the x in the
denominator of the term Ixl/x. Thus the graph is not continuous at x = 0.

Problem #5: Consider the function fix) = (x — 3)3 e . Determine the x-intervals for
which this function is (i) positive; (ii) negative.

Solution: Using a graphing calculator we find that the function is never positive, and is

negative for 0 < x < 2.

The Error: The default graph window ( [-10,10] x [-10,10] on TI calculators) does not
reveal all the features of the function. Changing the y range to [-200,200] shows that the
function is negative for values of x that are less than 0 as well:




Changing the y range to [-.5,.5] shows that the function also takes on positive values:

A Correct Solution: Using a graph is not the best approach here. Studying the form of

{x), we can get the desired information quite easily. Since e is always positive, the sign
g q y ysp g

of f(x) is determined by the sign of (x — 3)’. Thus clearly f(x) is positive for all x > 3,
negative for all x < 3.

COMPUTATION ERRORS

Problem #6: Find all solutions of the equation xe ™ = 0.
Solution: The TI-85 SOLVER finds x = 2464.14388... as the only solution.

The Error: This value of x does not satisfy the given equation. The calculator's
equation solver operates by searching for a value of x for which the given expression is
either equal to or extremely close to the specified value (here, 0). The value of

2464.14388...¢ 24014388 15 50 close to zero that the calculator regards x = 2464.14388...
as a solution.

A Correct Solution: Looking at the equation analytically is both easier and faster than
using the calculator--and is capable of giving the correct solution! Note that e~ is always



positive, thus the only possible solution is x = 0. Moral: Never turn to your calculator as
your first option!

sin &

Problem #7: Compute the value of for h=0.1, 0.01, 0.001.

Solution:

h 0.1 0.01 0.001
(sinh)/h | 0.017453284 | 0.017453292 | 0.017453293

The Error: The solver's calculator was set to degree mode, not radian mode. You
should generally keep your calculator in radian mode for calculus.

A Correct Solution:

h 0.1 0.01 0.001
(sinh)/h 0.9983 0.999983 0.99999983
1—cos(x*)

Problem #8: Use your calculator to determine the value of lim S
x—0 X

Solution: Plugging in values of x near zero gives the following table:

X 0.03 | 0.02 {0.01{0.001{|-0.03|—0.02|—0.01|—0.001
(1—cos(x*))/x® [.5030].3906| O 0 .50301.3906| O 0

It is apparent that the value of the indicated limit is 0.

The Error: The tabled values are incorrect due to limitations on calculator precision.
All calculators handle only a limited number of digits for any computation. Thus, for
example, for the case x = 0.01 the calculator obtains cos(0.014) = 1 (try it!), hence
computes (1 — cos(0.014))/0.018 = 0. Although the exact actual value of cos(0.014),
0.999999999999999950..., is very close to 1, it is different enough to make
(1—cos(x*))/ x* very different from the tabled value of 0.

There is also another important but less obvious error here--not in the solution but
in the question itself: A calculator can often give good evidence for what a limit may be
but can never determine it with certainty. The same remark applies to the finding of a
limit by graphical means. Only analytical (algebraic) methods can establish the value of
a limit with absolute certitude.

10



A Correct Solution: It is really not possible to solve the problem above with a
calculator in a reasonable simple way. From analytical methods (one way is to use
L'Hopital's Rule) it can be shown that the correct value of the limit is 1/2. The point of
the given problem is to alert you to the dangers of calculator errors due to lack of
precision.

SUMMARY OF COMMON CALCULATOR ERRORS:

Common errors during calculator use occur from:

e trusting the graphical or numerical results displayed on your calculator without
carefully thinking about the problem analytically (see #1—#6)

® using a graph window that is poorly scaled or centered. Zooming in or out can often
help. In some cases it may be necessary to use scales for the horizontal and vertical

axes that are very different from each other (see #4, #5)

® inaccuracy due to roundoff error, since your calculator only uses a limited number of
digits in its computations (see #1, #2, #6, #8)

® missing solutions when using your calculator's equation solver (see #6)

e forgetting to keep your calculator in radian mode (see #7)

11



SECTION 3: THE DERIVATIVE CONCEPT

LIMITS

X
Problem #1: Find lim U if it exists, or explain why it does not exist.
x—0 x
Solution: The limit does not exist, because the denominator becomes 0, making the
expression undefined.

The Error: It is not true that if the denominator takes the value O at the limit point then

the limit cannot exist. More generally, it is not correct to say that lim,_,.f(x) does not
exist merely because f(a) is undefined. This is a critical fact about limits! In fact, most of
the cases where you will be expected to find a limit will be of this type--that is, plugging
in the limit point will give an undefined value. Here are some typical examples:

2 _ 2
fjm X —10x+21 lim ¢V lim
x—3 x—3 x—07t -0 ©

sin O

In every case, the limit exists even though the expression is undefined when the limit
value for x or 0 is substituted.

A Correct Solution: Because absolute value is involved, we must consider the two

a

cases x > 0 and x < 0. For x>0, we have lim — = lim X~ lim (I) = 1. Forx<
x—0" X x—0" X x—0"
X —
0, we have lim U = lim Y = lim (=1) = —1. Since the left-hand and right-hand
x—>0" X x—=0" X x—0"

limits are not equal, the overall limit doesn't exist--but not for the reason stated above!

Problem #2: Find the following limits if they exist. If a limit does not exist explain

why:
(a) Lim (x° - 5x?) (b) lim (\/x2+ 4x — x)
X—»o0 X—>o0
Solution: For problem (a), lim (x3—5x2) = limx> - lim5x* = o — © = 0.
X—>o00 X—>00 X—>o00
Similarly for problem (b), we have lim (\/xz +4x — x) = lim \x*+4x — lim x
X—>o0 X—»o0 X—>o0

= o0 — oo = ()

12



The Error: It is never correct to subtract oo from oo. The expression co — oo is an
indeterminate form. That means one can not say what its value is in a given problem. It
could equal 0, 1, =37, or any other number--or its value could be undefined.

A Correct Solution: (a) lim (x> — 5x2) = lim x?(x—5). Since both x> and x — 5
X—> o0 X—>oo

grow towards infinity as x — oo, so does x° — 5x°. Thus the given limit does not exist (or
we might write lim (x3 - 5x2) = 00),

X—>0

(b) This problem is more difficult, and we will not provide a solution here. However, by

evaluating the expression x4+ 4x — x for large values of x or by graphing it you will

see that the limit appears to be 2, which in fact is true. Thus in this problem, co —c0 = 2,
whereas in problem (a), 0 — o0 = oo,

2 —
Problem #3: Find lim M

x—3 x—3

32+6(3)-27  27-27
Solution: Plugging in 3 gives ) = = 0 = 1.
3-3 3-3 0

The Error: 0/0 is another indeterminate form. Since plug-in gave an indeterminate
form, we must find another method.

2 — —
A Correct Solution: Tim ~—0* =27 _ jip G=IEHD o (49) =3+9 =12,
x—3 x—3 x—3 x—3 x—3

Remark: There are many other indeterminate forms besides 0/0 and o — oo. For
example, the following statements are all incorrect:

The expressions on the left side of each equation are indeterminate forms; their values
must be found by other means.

Problem #4: Find the derivative of f(x) = x* + 3 by the difference quotient formula

Fo = fim T

h—0 h

13



2 2
Solution: f1x) = lim = F3th - x7+3 = limhL6 = lim/}H_6
h—0 h h—0 h h—0

=6.

The Error: There are several errors here. First and foremost, when evaluating fix + h),
substitute x + & for x wherever x appears in the function--don't just tack it on after f(x).
Here, f(x+h) = (x+h)*+3. The other errors are an important pair of missing parentheses
and improper canceling:

2 2
A Correct Solution: f{x) = lim (th)”+3 (" +3)
h—0 h

x> +2xh+ h*+3 —x2-3

= lim
h—0 h
2
el T C2 5 ) O Sy A
h—0 h h—0 K h—0

INTERPRETATION OF THE DERIVATIVE

Problem #5: The temperature 7 (in degrees Celsius) at an agricultural research station ¢
hours after sunrise is described by the function 7 = f(r). What is the practical meaning
of the statement f(5) = —4?

Solution: "The temperature five hours after sunrise is four degrees below zero."

The Error: The equation f(5) = —4 is a statement about the derivative--i.e., the rate
of change--of temperature. The solution above refers to the temperature value, and

represents the equation f{(5) = —4, not f(5) = —4.

A Correct Solution: "After five hours the temperature is decreasing at four degrees per
hour." Note that the word decreasing comes from the negative sign, and that the units of
the derivative, degrees per hour, are "units of the dependent variable" per "units of the
independent variable" (think of the notation dy/dx to remind yourself of this fact).

Problem #6: A distance runner is running a marathon. The total number of calories she
burns in the first # minutes is given by the function f{#). Give the practical meaning of the
statement f{(30) = 5.

Solution: After running for 30 minutes, the runner burns five calories per minute for
each additional minute she runs.

14



The Error: The derivative is a statement about the instantaneous rate of change--that is,
about what is happening right when 30 minutes have been run. It does not tell us what
happens for every minute after that.

A Correct Solution: After running for 30 minutes, the runner is burning calories at a rate
of five calories per minute.

SUMMARY OF COMMON LIMIT AND
DERIVATIVE CONCEPT ERRORS

The most common errors involving limits and the derivative concept arise from:

e thinking that if a function is undefined at a point x = ¢, then the limit cannot exist
there (see #1)

e treating indeterminate forms (such as cc — o0, 0 - co and 17°) as having values (see #2,
#3)

e evaluating fix + h) as f(x) + h in difference quotient problems (see #4)

¢ confusing the meaning of the derivative in word problems with the function itself (see
#5)

¢ failing to interpret the derivative as representing instantaneous rate of change (see #6)

15



SECTION 4: TECHNIQUES OF DIFFERENTIATION

Problem #1: Find the derivative of flx) = x .

Solution: By the power rule for derivatives, f{x) = —4x™ .

The Error: This is a simple but very common error when using the power rule on an

expression with a negative exponent. The power rule says to subtract 1 from the
exponent, but here the solver has added 1.

A Correct Solution: f(x) = —4x™*' = —4x7.

2
Problem #2: Find the derivative of f(z) = 2 +1 .
Jz
2
. +1 , 22+ 0
Solution: flz) = “——— => flo) = ———— =222z = 47",
Z (1/2)z

The Error: The derivative of a quotient is not equal to the derivative of the numerator
divided by the derivative of the denominator.

A Correct Solution: To differentiate a quotient you can either use the quotient rule or
try to change the function into a different form before differentiating. Here, writing

2 2
- +1 z 1 30 I - , 32 1 _ 3
D)= —5=Tp *t 7 =7tz gives  fl2) = PR
z z z

Problem #3: Find the derivative of fix) = Jx o+ 1 + T te.
X

+1Inx + 3% +e.

1
Solution: f(x) =
2x
The Error: There are three errors here. Can you find them all? If not, check the
solution again before reading on.

1

) Cy 1 ) . . 1.
Error #1: 1n x is the antiderivative of —, not its derivative. The derivative of — is -—.

X X X

16



Errors #2 & 3: © = (3.14159...)3 and e = 2.71828... are constants. Thus their
derivatives are 0. Always remember: Letters do not necessarily represent variables--
often they are constants instead.

1 1

2\/; x2

A Correct Solution: f{x) =

Problem #4: Find the derivative of fix) = (x’ —4x* + 13x + 10) sin x.
Solution: f{x) = (3x* — 8x + 13) cos x.

The Error: This should be a fairly easy error to spot. The solver forgot to use the
product rule. Remember: The derivative of a product of is not equal to the product of the
two individual derivatives.

A Correct Solution: f{(x) = 3x*—8x+ 13)sinx + (x’ —4x” + 13x + 10) cos x.

Problem #5: Find the derivative of fix) = (2x3 + X2 +4x)e .

Solution: Expanding gives f(x) = 2x’¢™ + x’¢”" + 4xe™" , then using the product rule
gives f(x) = [6x°¢”" + 2x3(—e_x)] + [2xe” + x2(—e_x)] + [de” + dx(—)]
= 6x%¢ " —20%¢ " +2xe =X 4 de — dxe”

= (6 =2 +2x—X+4-4x) e = (2 +5° - 2x+4) e,

The Error: This solution is completely correct! However, the problem was solved very
inefficiently by unnecessarily expanding the function at the very first step.

A Correct (Better) Solution: Use the product rule immediately to obtain f”(x) much
more easily:

Fx) = 67 +2x+4)e™ + @ + X2 +4x)(—¢ ) = (67 +2x+4 -2 —x* —4dx)e "

(=2 +5° = 2x+4) e,

Remark: The first solution is so lengthy that many students would make a sign error or
other error somewhere. And on a test, this approach would use up valuable time. When
considering whether to take a certain step on a problem (such as clearing parentheses),
always think first about whether it is helpful or necessary.

17



sin x

Problem #6: Find the derivative of fix) = 5 .
3x° =7

COsS X

Solution: f(x) =
6x

The Error: This problem is similar to #2. The solver forgot to use the quotient rule.
Again, the derivative of a quotient is not equal to the quotient of the derivatives.

(3x2 —7)cosx — 6xsin x

A Correct Solution: f{x) = > 5
Bx==17)

3x—5
2x+8

Problem #7: Find the derivative of f{x) =

3-2x+8) — (3x—5)-2
Solution: The quotient rule gives f(x) = (2x+8) — (3x-9)

. Canceling 2x + 8

(2x+8)*
from the top and bottom gives 3-Gx=52 _ 13-3x
2x+38 2x+38

The Error: The first step is correct, but then the solver cancelled improperly. (See #6
on the Algebra Quiz).

A Correct Solution: f{x) = 3-(2x+8) = 3x=5)-2

(2x+8)°
_ 6x+24 —6x+10 34
(2x+8)? (2x+8)°

Problem #8: Find % for the function z = 3x .
dx T+ 2

3-(m+2) — 3x-1 3n+6 -3
Solution: The quotient rule gives & = (n+2) - 3x = T *

dx (m+2)° (m+2)°

The Error: There are two errors. The main one is that wis a constant. Thus the
derivative of  + 2 in the numerator of the solution should be 0, not 1. The other mistake
is that it is not necessary to use the quotient rule at all.

18



. .o : 3 o d 3
A Correct Solution: Rewriting the function as z = x easily gives A

T+2 dx T+2

x2+\/; -1

Problem #9: Find the derivative of fix) = G
x

Q2x+1/2)x7 V)32 — (22 +4/x =1)-(3/2)x"?
(x3/2)2

Solution: By the quotient rule, f{x) =
= ... (etc.)

The Error: The solver's approach results in a very messy algebra problem (although it
could eventually give the correct answer if the solver made no algebraic mistakes along
the way). It is not necessary to use the quotient rule here.

A Correct (Better) Solution: Simplifying gives

2 2 1/2
fx) = al +\/; -l = + al - ! = x"2 + x' = x>'2 | Then easil
- 312 - 312 312 32 : Y

, L 12 2, 3 512
x) = —x -x "+ —x .
! 2 2

Problem #10: Find the derivative of f(x) = x.

Solution: By the power rule for derivatives, f{x) = x-x" ' = x".

The Error: The power rule can only be used when the base is a variable and the
exponent is a constant. Here, the exponent is a variable.

A Correct Solution: Rewrite the function in base ¢, as follows:
X xIn x

fx)y =x = (.eln o= e . Then use the chain and product rules to obtain:

) = ™A nx+x 1) = ™ nx+1) =2 (nx + 1).

Problem #11: Find the derivative of f{x) = sin(x2).

Solution: f1{x) = cos(2x) .

19



The Error: For a composite function, it is not correct to replace the inside and outside
functions with their derivatives. The chain rule must be used instead.

A Correct Solution: f1x) = cos(xz) -2x = 2x cos(xz) .

Problem #12: Find the derivative of f{x) = In[(7x + 1)()c2 +2)].

Solution: Using the chain and product rules,

1

5 . (7)()62 +2)+ (7Tx+1)(2x)
[(Tx+1D)(x" +2)]

)

2
= TWFD e @) = 4 14xl 2
(Tx+1)(x* +2) Tx+1

The Error: The solver has used many parentheses, but has omitted a crucial pair in the
first step (See #11 on the Algebra Quiz):

A Correct Solution: f1{x) = ! > [7(x>+2) + (Tx+1)(2x)]
(Tx+1)(x" +2)
outer derivative X inner derivative
2
= I +2xt1gy = SR
(Tx+1D)(x" +2) (Tx+1D)(x"+2)

Problem #13: Find the derivative of f(x) = arcsin 2x.

Solution: Using the formula for the derivative of arcsin x along with the chain rule,

, 1 2
flx) = - -2 = = .
1-2x 1-2x

The Error: This is another case of a missing set of parentheses. Since 2x plays the role
of x in the arcsine derivative formula, we should have:

1 ) = 2

J—2x? 1—4x*

A Correct Solution: f{x) =
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Problem #14: Find the derivative of f{x) = In(cos(4x)).

1 o _ —sin(4x) _
os(dx) (—sin(4x)) = —cos(4x) tan(4x) .

Solution: By the chain rule, f(x) =

The Error: This is a doubly nested composite function. The chain rule requires that the
derivatives of all three components (outer = In, middle = cos, inner = 4x) be included.

1 o A —4sin(4x) _
os(dx) (—sin(4x)) - 4 = —Cos(4x) 4tan(4x) .

A Correct Solution: f1x) =

Problem #15: Find the second derivative of fix) = 10x* + 20x%.
Solution: 10x* +20x* = 40x’ + 40x = 120x° + 40 .

The Error: The answer is correct, but the solution is not, because the expressions given
are not equal to each other. Make sure to use an equal sign only when expressions are
equal, not merely to show the next step of your calculation:

A Correct Solution: flx) = 10x* + 20x°
= fx) = 40x° + 40x
= fx) = 1206"+40.

Problem #16: For the equation sin(x + y) = 4y, find dy/dx by implicit differentiation.

Solution: @ = cos(x+y) = 4ﬂ ... (etc.)
dx dx

The Error: There are two errors here. First, do not start an implicit differentiation

problem by writing % = .... Second, the problem requires that the chain rule be used
x

for the left-hand side:

@

A Correct Solution: cos(x+ y)(1+ﬂ) = 4ﬂ = cos(x+Yy) + cos(x+ y)ﬂ =4
dx dx dx dx

= cos(x+y) = (4—cos(x+ y))%
X

Q _cos(x+y)
dx 4—cos(x+y) '
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Problem #17: The equation &€ = x + y defines a curve that passes through the point
(0,1). Find the slope of the curve at that point.

Solution: Use implicit differentiation, differentiate both sides with respect to x to get ye’™
= | +dy/dx => dy/dx = ye™™ —1. Plugging in (0,1) gives dy/dx =1 - ¢ -1 = 0.

The Error: The derivative of ¢ requires both the chain rule and the product rule, since
y is a function of x. The solver was thinking of the y in the exponent of ¢ as a constant.

A Correct Solution: Correctly differentiate both sides with respect to x to get

e [? X+ y- IJ =1+ % (Make sure to include the parentheses!)
X X

Now solve for dy/dx and plug in (0,1), or better yet, first plug in (0,1) and then find dy/dx:

L S O I L A
dx dx dx dx

SUMMARY OF COMMON DIFFERENTIATION ERRORS:

Most common differentiation errors are due to:

e computing the derivative of a product as a product of derivatives, the derivative of a
quotient as a quotient of derivatives, or the derivative of a composite function as the
corresponding composite function of the derivatives (see #2, #4, #6, #11)

® treating constants as variables or variables as constants (see #3, #8, #10, #17) .

e forgetting part of the derivative for multiply nested composite functions (see #14)
® trying to solve implicit differentiation problems by starting with ? = (see #16)
X

e algebraic mistakes and/or general carelessness, especially with parentheses (see #1,
#3, #7, #12, #13)

® not realizing the algebraic approach that allows for the simplest solution (not really an
error, but doing a problem a hard way often /eads to errors and takes more time) (see
#2, #5, #8, #9)
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SECTION 5: APPLICATIONS OF THE DERIVATIVE

Problem #1: The graph of f”is shown below. Find the intervals on which fis:

(a) increasing (b) decreasing (c) concave up (d) concave down

Also determine where f takes its minimum value.

| — 3

Solution: (a) & (b): Increasing for 1.5 < x < 2.5, decreasing for x < 1.5 and x > 2.5.
(¢c) & (d): Concave up for x < 2, concave down for x > 2. Minimum value at x = 1.5.

The Error: The student is thinking that the graph is of f, but it is a graph of f”.

A Correct Solution: (a) & (b): fis increasing where f”is positive, namely for x < 1 and
2<x<3. Forl <x<?2,f"is negative so f is decreasing there. (c) & (d): Concavity
depends on f”, which is the slope of f”. fis concave up where the slope of f”is positive,
namely for 1.5 < x < 2.5; fis concave down where the slope of f”is negative, for x < 1.5
and x > 2.5.

Determining where f has its minimum is trickier. Note that f”is positive and large
for x < 1. That tells us that f rises steeply on that interval. For x > 1 the value of f~
remains close to 0 so fis nearly horizontal there. Thus the minimum value of fis at x = 0.

Problem #2: Find all inflection points of the function f{ix) = 3x° —20x" .

Solution: We find inflection points by setting f(x) = 0:  f{x) = 15x"—80x’ =>
f7(x) = 60x’ —240x° = 60x°(x—4) =0 =>x=0,4. Thus the function has inflection
points at x = 0 and 4.

The Error: The calculations above are correct. But not all points where f”(x) = 0 are
necessarily inflection points. An inflection point is a point where the concavity of f
changes. Thus the sign of f”(x) must change at that point. Here, the sign of f”(x) is
negative on both sides of x = 0 near x = 0 (since 60x” is positive and x — 4 is negative for
x near 0).

23



A Correct Solution: Compute f”(x) = 60x*(x — 4) as above, find the zeros x = 0 and 4,
then determine the sign of f” in between the zeros (one way is to plug other values of x
into f”(x)). Then make a number line plot showing the sign of f” as x varies:

7 — 0 — 4 + X

We conclude that f{x) has only one inflection point, at x = 4. Be sure to check your
answer by graphing f(x).

Problem #3: Use the graph of f” shown below to determine how many inflection points

fhas:
P M /
7

Solution: There are three inflection points, marked below:

iy A
=

The Error: This is another example of thinking of the given plot as the graph of f. But
the graph shows f”; not f. Since inflection points are points where the sign of f” changes,
there is only one such point, where the graph crosses the x-axis.

Problem#4: Find lim ~°-~ .

X—>00 X
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1 1/x)-x% —Inx-2
Solution: L'Hopital's Rule gives lim Y~ im (1/x)-x nx-2x
X—>o0 X—yo0 (X2)2
- 2xl 1-21
= lim —— = 1% f = dim —3nx = 7 (The solver is stuck because this
X—>00 X X—>oo X

expression is similar to but more complicated than the original problem.)

The Error: The solver used the quotient rule rather than L'Hopital's Rule.

1 1/

A Correct Solution: Using L'Hopital's Rule correctly gives lim Y fjm 2

X—oo y x—oo 2X

= lim L = 0.
x—e0 2y 2
i 1
Problem #5: Find the following limits:  (a) lim S"2% ©  (b) lim 0~
x—0 Sx— x—o0 X

Solution: Since both problems involve quotients, we can use L'Hopital's Rule for each:

2cos?2 2-cos0
For (a), differentiating top and bottom gives lim COSZX _ 28T 2/5.
x—0 5 5
) . . . x-1/x . 1
For (b), differentiating top and bottom gives lim ——— = lim —— = 0
x—e (In2)2" x— (In2)2"

since the denominator blows up.

The Error--(a): L'Hopital's Rule can only be used on expressions that have the

in(2-0 0
indeterminate form oo /oo or 0/0. But plugging in 0 gives S’;(%)l) = =i SO

L'Hopital's Rule does not apply.
sin 2x sin(2-0) 0

A Correct Solution: lim = = — =0.
x—0 S5x—1 5(0)—1 -1

The Error--(b): This expression does have the indeterminate form oo/co, so it is correct
to use L'Hopital's Rule. However, the derivative of the numerator requires the product
rule.

1 . . Inx +1
A Correct Solution: lim Anx lim Plnx + x-1/x = lim axrrl . As this

x—o0 DY x—e  (In2)2" x> (In2)2*
is still of the form oo/c0, we must apply L'Hopital's Rule again:
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. = lim 1/—x = lim ; = 0, since the denominator blows up .

x>0 (In2)2 2% 1= (In2)22% x

Problem #6: Find the tangent line to f{x) = sinx near x = /6.

Solution: The formula for the tangent line is y = fla) + f'(a)(x —a). We have
f1x) =cos x,a=m/6, fla)=sin (W/6) = 1/2, so the tangent line is y = 1/2 + cos x(x — 1/6).

The Error: Note that the solver's answer cannot be right because it is not even a linear

function! The solver forgot that to obtain f(a) one must plug a = /6 into f'(x) = cos x.
This is an extremely common error on tangent line problems.

A Correct Solution: With f"(a) = cos(/6) = V373 replacing cos x in the solver's
answer above, we havey = 1/2 + (x/§/3)(x —m/6),or y = .577x + .198.

SUMMARY OF COMMON DERIVATIVE APPLICATION ERRORS:

Many errors involving applications of the derivative result from:

® ot noticing what a given graph refers to (f, f, f”/, ...) (see #1, #3)

e assuming that all points where f”(x) = 0 are necessarily inflection points (see #2)
e improper application of L'Hopital's Rule (see #4, #5)

e using the derivative function rather than its numerical value as the slope of a tangent
line (see #6)
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SECTION 6: INTEGRATION

Problem #1: Evaluate the integral I (3x2+ 4x)dx .
Solution: j G +dx)dx = X+ 20

The Error: This is a minor error, but an error nonetheless. In fact it is probably the
most common integration error. Remember that an indefinite integral yields an entire
family of solutions, not just one:

A Correct Solution: J (3x2+ 4x)ydx = X +2°+C.

Problem #2: Find the antiderivative of sin ¢ .
Solution: cost+C.

The Error: This simple error is made very often. The derivative of sin ¢ is cos ¢, but the
antiderivative of sintis —cos ¢ .

A Correct Solution: —cos7+C.

Remark: Also be careful when giving the antiderivative of cos¢, which is sin¢, not —sin?.

Problem #3: Evaluate the integral I 8dt.

Solution: J. 8dt = 8x+C.

The Error: The differential dr was ignored. The answer should involve ¢, not x.

A Correct Solution: J‘ 8dt = 8t+C.

Problem #4: Find the antiderivative of x° + 2.

Solution: j (x> +2mydx = X% + © + C.
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The Error: 27 is a constant. Do not treat it as you would 2x.

A Correct Solution: J (x5 + 2W)dx = %6 + 2nx + C.

Problem #5: Evaluate the integral I Q2+x)A—x)dx.

2 2 x3 X4

Solution: J' Q+x)(1-x)dx = (2x+x7)(x—x7) +C=20-" T hc

The Error: The antiderivative of a product of two expressions is not equal to the
product of the antiderivatives of the two expressions (just as the derivative of a product is
not the product of the individual derivatives--that's why we need the product rule). Other
examples of this error are:

2x
xZ +1

Ixzcosxdx #* %x3 sinx + C ; J dx =J2x- dx # x*arctanx + C.

xZ+1

Problem #6: Evaluate the integral J 5% gx.

x+2

+ C.

Solution: j 5 gy =
x+2

n+l

The Error: The power rule for integrals (J Xdx =2 + C, n#—1 ) cannot be

n+1
applied here because the variable is in the exponent, not in the base.

5 X x+1

+C =
In5 In5

A Correct Solution: js’”l dx :j 5.5% dx = sj 5%dx = 5 +C

X

(using the formula J atde = &4 C).
Ina

Problem #7: Find the derivative of fix) = j \/t4 +3dt.
0

1
Solution A: Let w=/t"+3, i—v::l(t4+3) 2.4¢,...7

2
Solution B: f{x) = /t*+3.
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The Error (Solution A): It is not necessary to find an explicit antiderivative in this
problem.

A Correct Solution: Simply use the Fundamental Theorem of Calculus, which tells us
that f(x) is an antiderivative of \/x*+3. Thus f'(x) is the derivative of an antiderivative

of /x*+3 and therefore equals /x* +3.

The Error (Solution B): Although the solver knew to use the Fundamental Theorem of
Calculus, note that the answer looks wrong: f"(x) must surely be a function of x, not of ¢.
The variable ¢ in the integrand is known as a dummy variable, and is not present in the

evaluated integral. The answer, /x* +3, would be exactly the same if the problem had
X

been given as, say, flx) = j Ju+3du.
0

Problem #8: Evaluate the integral J ! = dx .
x_
smution:J' ! = dx = In(x=6) + C.
x_

The Error: This is an example of one of the very most common integration errors made:

The integration formula J ld)c = Inx + C does not allow one to writeJ .t dx
x

expression
= In(expression) + C in general.

A Correct Solution: Use the method of substitution: Let w =x— 6. Then dw = dx and
we can write

J' LN =jidw= Iw_l/zdw=2w”2+C= 2/x—6 + C.
x—6 \/;

2
+ 4
Problem #9: Evaluate the integral J al 5 dx .
X
2 3
+ 4
Solution A: Jx dx = X3 dx + C.
2x x2
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X2+ 4
2x

Solution B: Letw = x> +4. Then dw = 2x and J dx = J di = etc.
W

The Error: Solution A is wrong because it is not correct to integrate the numerator and
denominator of a quotient separately, just as we do not differentiate a quotient by
differentiating its the numerator and denominator separately (we use the quotient rule for
derivatives). Unfortunately there is no quotient rule for integrals, so various approaches
must be taken for integrals containing quotients.

Solution B is wrong because it is never right to have dw in the denominator.
Therefore the substitution w = x* + 4, though tempting, cannot be used here.

A Correct Solution: Change the form of the integrand first:

2 2
jx 4 - j XA = j X2 gk = 24 4 2nld 4 C.
2x 2x 2x 2 X

3
Problem #10: Evaluate the integral J 9—x2dx.
-3

. 3 2 3 2.1/2 (9_x2)3/2 3
Solutlon:I 9—x“dx :J 9—x*)""dx = ————
-3 -3 3/2 |,
_ (9_32)3/2 ~ (9_(_3)2)3/2 _
3/2 3/2

The Error: It is incorrect to apply the power rule for integrals here. To see that this is

. 9—x*)¥* | )
wrong, note that the derivative of (3—2) is not /9 —x? , because the chain rule

comes into play:

S(=2x) = —2xO9-xH)Y? 2 J9—x? .

dx 3/2 3/2

In general, when the integrand is a composite function with the outer function
being a power, the power rule for integrals should not be applied. This is because the
derivative of the inner function is not accounted for in this approach. Here are several
more examples of this error:

Jsin3xdx " isin4x+ C I(ex+1)2dx " %(e"+1)3 +C
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j(x4+2x)‘3 dx # —%(x4+2x)_2 +C J'lnzxdx 2 %hﬁx e

3
A Correct Solution: The best way to evaluate the integral j V9—x2dx is to recognize
-3

what it represents geometrically. The graph of the function y = 4/9 —x* is shown below.
Notice that just by making this graph you can immediately tell that the answer of 0 above
cannot be right since the area under a curve lying above the x-axis must be positive.
To get the right answer, note that y = 4/9 — x”

is the upper half of a semicircle of radius 3,

thus the integral given above is the area of
that semicircle, m(3)’/2 = 9m/2.

-3 3
(You could also solve the integral with the rationalizing substitution x = 3 sin ¢ if you
have learned that method.)

5
Problem #11: Evaluate the integral | y/x*~22x> +121dx.
4

5 5
Solution: j \/ 4_22x2+121dx = j (x4—22x2+121)1/2dx
4 4

5

2( x° x> 2
= g ?— 22? +121x = ... = 93.487.
4

The Error: When integrating a composite function, do not integrate both the inside and
outside functions.

5 5 5
ACorrectSolution:J' Jxt 2222 +121dx = J' Je2-11)2dy = J' | x> =111dx
4 4 4

5
= 9.33.

5 2 2 x3
= J' (?=1Ddx (since x’=11>0 for 4<x<5) = |~ - 1Ly
4

4

sin x
dx

Problem #12: Evaluate the integral I
I+cosx
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sin x

dx

Solution: Let w = 1 + cos x. Then dw = sin x dx, and we obtain J.
1+cosx

- J'd_w — Inw+C = In(l + cosx) + C.
w

The Error: There are two careless errors here. First, the derivative of cos x is —sin x, so
dw is not right. Getting the sign wrong with either the derivative or antiderivative of sin x
or cos x is a very common mistake, so be careful! Second, the derivative of In x is 1/x,
but the antiderivative of 1/x is Inlxl, not In x.

sin x

A Correct Solution: Let w =1 + cos x. Then dw = —sin x dx, and we getj dx
14+cosx

—dw

= J-— = —1n|w| +C = —1n|1+cosx| + C.
w
) dx
Problem #13: Evaluate the integral I > .
x“+4
Solution: Let w = x* +4. Then dw = 2xdx => dx = dw/2x, so
I dx  _ J' dwize _ Lpdv__ Lygece = = iln\x2+4\+c.

2 +4 w 2xd w 2x 2x
The Error: There are two mistakes here:
Error #1: Pulling out = 1 from the integral is not an allowable step. . Only constants

2x
can be pulled outside an integral, not variables. When performing a substitution, you
should convert all instances of the original variable (here, x) into the substitution variable
(here, w) and leave them inside the integral.
Unfortunately, while that is the correct technique, if we try it above we obtain

(x was replaced by solving w = x* +4 for x)

dwl?2 dwl2Nw—4
J' w X _J' w WW

w

dw L ) .
= J— , which is a worse integral than the one we started with. And that

2wAlw —4

brings us to the second error:

Error #2: The substitution w = denominator should not be used when the integrand has
the form 1/quadratic.

32



A Correct Solution: Recall that I = arctan x. We can convert the given
x2+1

integral to this form as follows:

J‘ dx  _ J‘ dx _ J‘ dx )
x2+4 M(x*14+1) 4((x/12)2+1)

now let w = x/2, => dw = dx/2, to obtain

I— —I = —arctanw+C larctaln( j+C
4(w? +1) w? +1 2 2

Remark: Letting w = x” +4 would have worked if the integral had contained an x in the
numerator to accommodate dw = 2xdx.

SUMMARY OF COMMON INTEGRATION ERRORS:

Typical integration errors are due to:

e forgetting to include + C in indefinite integral problems (see #1)
® (reating constants as variables or variables as constants (see #4, #6, #13) .

¢ failing to use the Fundamental Theorem of Calculus when x appears in the limits of
integration (see #7)

e computing the integral of a product as a product of integrals or the integral of a
quotient as a quotient of integrals (see #5, #9)

® integrating a composite function by integrating the inside and outside functions (see
#11)

® writing J —— dx = In(expression) + C when the expression is something
expression

other than x (see #8)

® using the power rule for J. (expression)” dx when the integrand is a composite
function with the outer function being a power (see #10)

® using a substitution that doesn't work (see #13)

e general carelessness, especially involving the antiderivatives of sin # and cos ¢ (see
#3, #4, #12)
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SECTION 7: ERRORS IN THE SECOND SEMESTER

While this manual is focused on common errors that arise initially in first
semester calculus, there are several mistakes that occur often enough in the second
semester that they are well worth mentioning. What follows should not be regarded as a
comprehensive list, but rather as a collection of a few of the most frequently made
mistakes.

1
Problem #1: Evaluate the integral j %dx .
-1 x

L 1 3!
Solution: j —dx = J. yrae = X
-1t -1 -3

(-

The Error: Notice that the integrand is always positive, so the definite integral cannot
possibly come out negative. The error is failing to recognize that this an improper
integral, since 1/x* blows up at x = 0.

-1

1 1 0
A Correct Solution: I de = J- de + I de. Now
a1yt 0 x4 -1 x*

1

11 ) (| X
I —dx = lim —dx = lim —
0 x4 a—0"d a 4 a—0" =3

- () [ ))

Since a is in the denominator and approaching 0, the limit does not exist. Hence the

a

|
integral j —4dx diverges, and therefore the original integral diverges as well.
0 x

Problem #2: The region bounded by the lines x = 0 and x = 1 and the curves y = x and
y=¢" (see next page) is revolved around the x-axis. Set up an integral that represents the
volume of the resulting solid.
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0 1 2

Solution: A thin vertical slice at location x has width Ax and height ¢' — x. Revolving
the slice thus gives a "washer" having a volume of m(¢" — x)*Ax, so the desired integral is

! 2
-[0 (e* —x)“dx.

The Error: The washer's volume is actually n(ex)zAx — T Ax (think of the "disk"
obtained by revolving y = ¢' minus the "hole" obtained by revolving y = x).

1
A Correct Solution: J. n[(e*)? —x?]dx .
0

Problem #3:  Find the second degree Taylor polynomial that approximates the function
flx) = cos(x + 27) near x = 0.

Solution: The first two derivatives of fare f{x) = — sin(x + 27), f(x) = — cos(x + 2m).
Substituting these into the Taylor polynomial formula fla) + f(a) (x—a) + % f(a) (x—a)*

1 2

and using a = 0 produces cos(x + 2m) — sin(x + 2m)(x — 0) — = cos(x + 2m)(x — 0)

(S]]

= cos(x +2m) — sin(x + 2T)x — %cos(x + 27c)x2 .

The Error: The solver used the function f(x) and the derivative functions f”(x), f”(x)
rather than their values f(a), f(a), f”(a) in the Taylor polynomial formula. Note that the
solver's answer is not even a polynomial, as it has trigonometric factors.

A Correct Solution: Using f(a) = f(0) = cos(0 + 2) = 1, f{a) = £10) = — sin(0 + 27) = 0
and f7(a) = f7(0) = —cos(0 +2n) = —1, we obtain the correct Taylor polynomial

| + 0(x—0) + %(—1)@—0)2 = 1-xn .
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) . N n+2 .
Problem #4: Determine whether the series Z converges or diverges.

n=l1 n

+
Solution: lim "

n—o n n—oo n

. 2 .
= lim (1 + —j = 1+0 = 1. The series converges to 1.
The Error: The solver has confused the convergence/divergence of the sequence of
terms in the series with the convergence/divergence of the series itself.

A Correct Solution: Each term in the series is greater than 1, thus the series is greater
than the series 1 + 1 + 1 + ... , which diverges to infinity. Hence the given series
diverges to infinity also.

S n+2
Problem #5: Determine whether the series E "
n

converges or diverges.

n=1

)  n+2 onln*+2/n?  1/n+2/n? 0+0
Solution: lim = lim —— = lim =

0.

Since the terms of the series tend to 0, the series converges.

The Error: The solver is confused about the following fact (sometimes known as the
divergence test). If the sequence of terms in a series does not tend to 0O, the series
diverges. But this does not mean that if the terms do converge to 0, then the series
converges. We cannot tell what a series does just from knowing that its terms converge

. 1 . . 1 ..
to 0. For example, the series E — converges while the series E — diverges, although
n n

1 1
the two sequences of terms - and — both converge to 0.
n n

) . n+2 . .
A Correct Solution: The series Z S s larger, term-by-term, than the harmonic
— n
n=1
N . n+2 n 1 . L
series Z— since for every n, 5 > — = = Since the harmonic series is
n n n n

n=1
known to diverge, so does the given series, by comparison.

. .~ 20t - .
Problem #6: Determine whether the series 2—3 converges or diverges.
n=l N
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(o) 2 (o)

< 20 2
Solution: Zn—3 < ZL (term-by-term) = 22:l

n n=1 1

Since the harmonic series Z— diverges, so does the given series, by comparison.

n=1 n

The Error: In order to use comparison to show that a series diverges, you must show
that it is greater than another series that is known to diverge. In the solution above, the
solver showed that the given series was smaller than a known divergent series. That tells
nothing about whether the given series converges or diverges.

A Correct Solution: Zn—3 = Z n’tn’ Z (term-by-term) = Z 1
n n=1 n=l1 "

n=l1

Since the given series is greater than the harmonic series, which diverges, so does the
given series by comparison.

o)

Problem #7: Determine whether the series Z _ converges or diverges.
om0 n(nn)
.
Solution: Z — < Z —2 (term-by-term)

3
=10 (Inn) n=10"

Sine the series on the right is a convergent p-series (p>1), the series on the left converges
by comparison.

The Error: The inequality is not true: (In n)’ grows very slowly as n — oo, and after a
1
while remains less than n from then on. Thus eventually, 7 > ! = Lz and
n(lnn) n-n n

so the comparison given above is not valid.

A Correct Solution: We can compare the given series to the improper

mtegralJ. 3 —dx. Using the substitution w = In x, we can show that this integral
10 x(ln X)

converges. By comparison, so does the series.
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SUMMARY OF COMMON ERRORS
IN SECOND SEMESTER CALCULUS

Common mistakes in second semester calculus include:
e failing to notice that an improper integral is improper (see #1)

® subtracting before squaring, rather than after squaring, when finding the volume of a
solid of revolution that has a hole (see #2)

e forgetting to evaluate each derivative at x = a in Taylor polynomial problems (see #3)

¢ concluding that an infinite series converges to a certain value when its ferms converge
to that value (see #4)

¢ concluding that a series converges because its terms tend to O (see #5)

* using infinite series comparisons the wrong way around (see #6, #7)
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algebraic mistakes, 19, 22

D

derivative
chain rule, 19, 20, 21, 22, 30
composite function, 20, 21, 22
graph, 23, 24, 26
implicit differentiation, 21, 22
interpretation, 14, 15
power rule, 16, 19
product rule, 17, 22, 25, 28
quotient rule, 16, 18, 19, 22
variables vs. constants, 17, 18, 19, 22

G

graphing errors
continuity, 6, 7
fractional powers, 5
roundoff error, 10, 11
SOLVER, 9, 11
wrong mode, 10, 11
wrong view, 8, 11

indefinite integral, 27, 33

infinite series, 36, 37, 38
comparison, 36, 37, 38
divergence test, 36
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inflection points, 23, 24, 26

integral
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Fundamental Theorem of Calculus, 29, 33
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power rule for integrals, 28, 30, 33
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limits, 10, 11, 12, 13, 15, 25, 33, 34
difference quotient, 13, 15
indeterminate form, 13, 15, 25
L'Hopital's Rule, 11, 25, 26

P

parentheses, 3, 4, 5, 14, 17, 20, 22

S

solid of revolution, 34, 38
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tangent line, 26
Taylor polynomial, 35, 38



