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CHANCE ENCOUNTERS 

Three Estimation 
Challenges 

Penny Loss, Class Size, Drug Use 

Pinching Pennies 
Do you pick up pennies? Most people, 
it seems, don't bother anymore?and 

with good reason. It's hard to see how 

picking up a penny or two will have any 
material effect on your life, unless you're 
just short of the cash you need for that 

doughnut you'd like to buy. 
One way to decide if it's worth your 

time to pick up pennies is to perform 
the following thought experiment: 
imagine that there are an unlimited 
number of pennies scattered all over the 

ground, far enough apart that you could 

only pick up one at a time. Estimate how 

long it would take you to bend down for 
each coin, then figure how much money 

you'd collect in an hour. Would you be 

willing to do such menial labor for the 

hourly wage you've computed? 
In recent years there have been several 

calls to abolish the penny entirely. 
Reporter John Tierney, writing in the 
New York Times [1], notes that the United 
States Mint is producing more than ten 

billion pennies a year, most of which are 

destined for oblivion. They make a one 

way trip to penny jars, sock drawers, piggy 
banks and the spaces between couch 
cushions. Tierney points out that the U.S. 
Mint is working around the clock to re 

supply banks that have run out of 

pennies, as according to the Mint two 
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thirds of the cents produced in the last 
30 years have dropped out of circulation. 

How the Mint estimates the rate at 
which pennies disappear is not entirely 
clear, but it is based on comparing the 
number of one cent coins they supply 
to the Federal Reserve Banks to the 
number that these banks take in from 
commercial banks. 

You can estimate the attrition rate 

yourself simply by keeping track of the 
dates of pennies you come in contact 
with. Table 1 shows how, using one 

person's actual sample [2]. Notice that 
the great majority of coins that were 

encountered are of very recent vintage. 
First we need to create a mathematical 

model of the situation. Such modeling 
often proceeds by initially considering 
a very simple, stripped down model, and 
then successively building more features 
of the problem into the model. So let's 
start with the following very basic model: 
assume that there is a fixed probability 
p that a penny will disappear in any one 

year. We wish to estimate^. Also assume 

that the same number N of pennies is 
made every year. 

Let q 
= 1 - p be the probability of a 

penny remaining in circulation from 
one year to the next. Then the 

expected number of pennies with the 
date 1999 - k still in circulation in 1999 
is A^, for k = 0,1,2,..., so the numbers 
of coins per year in a collection of 

pennies should decrease approximately 
geometrically. The chance that a 

randomly encountered penny is from 
the year 1999 - k is then 

P(k) = Nqk^Nql 
i=0 

= 
qkm/(l-q)) 

= Pqk 

(technically, this requires that pennies 
have been produced infinitely far back 
in time). A set of probabilities of this 
form is known as a geometric distribution. 

Readers who have had a course in 
mathematical statistics may recall that 
the optimal estimate ofp for a geometric 
distribution, obtained by the method of 

1999 17 1988 5 1977 2 1966 0 1955 0 
1998 16 1987 7 1976 3 1965 1 1954 0 
1997 16 1986 6 1975 3 1964 1 1953 0 
1996 8 1985 8 1974 2 1963 0 1952 1 
1995 8 1984 2 1973 0 1962 1 1951 0 
1994 7 1983 5 1972 1 1961 2 1950 0 
1993 6 1982 9 1971 1 1960 2 1949 0 
1992 9 1981 6 1970 0 1959 2 1948 0 
1991 2 1980 3 1969 1 1958 0 1947 0 
1990 4 1979 5 1968 3 1957 0 1946 1 
1989 7 1978 4 1967 1 1956 1 1945 1 

Table 1 
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maximum likelihood, is p 
= 1 / k where 

k is the average age (in years) of the 
coins in the sample. For the data above 
we find k = 12.02, so we estimate the 
attrition rate p as 1/12.02 = .083 = 

8.3%. This answer makes intuitive 
sense?if one out of every twelve pennies 
is removed from circulation each year, 
then it seems reasonable that the aver 

age time in circulation is twelve years. 
A source of inaccuracy in the model 

above is that the number of pennies 
made each year has fluctuated 

significantly over time, growing from 
about half a billion coins per year after 

World War II to as high as 16.7 billion 
in 1983 before dropping to 10.2 billion 
in 1998. Also, the rate of production in 
the years 1945-6 was far higher than in 
the decade following, which helps to 

explain the presence of these dates in 
the sample above. We can refine our 

model to take these variations in 

production into account. 
Let Nk be the number of pennies 

produced in the year 1999 - k. The 
modified probability distribution of 

penny dates now becomes 

P(k) = Nkqk+fjNlq' 
i=0 

for k = 0, 1,2,.... Finding the maximum 
likelihood estimate of p under this 

model turns out to be a complex 
numerical problem. A simpler approach 
is to normalize each of the observed 
counts to what they would have been if 
the production for each year had been 
the same?say, ten billion per year. (Of 
course these adjusted counts will no 

longer be integers.) 

Recomputing p 
- 1 / k using these 

adjusted counts yields a much smaller 
estimated rate of penny loss of 5.0% per 
year, based on an average penny life 

span of 20.2 years. This figure is quite 
close to the United States Mint's own 

estimate of 5.5%. The lower estimated 
attrition rate reflects the fact that the 
decrease in penny counts by year is not 

just due to pennies dropping out of 

circulation, but also because far fewer 

pennies were produced many years ago 
than recently, a fact not incorporated 
into the first model. 

We conclude that the second model 
is a much better description of reality 
than the first. A still more sophisticated 

model would allow the rate of penny loss 
to vary with time. Substantially more 

data would be required in order to 

employ such a model, however, due to 

the need to estimate each year's attrition 
rate rather than just one. 

A Size Paradox 

What is the average class size at your 

college or university? That's a straight 
forward question, right? The registrar 
could easily determine this figure from 
a list of enrollments for each class in a 

given term (as of a specified date). In 
fact such figures are often computed and 
used for publicity and recruitment. 

Imagine, for example, that you attend 
a small college that has twenty classes, 
of which ten have enrollments of thirty 
each, eight are small lab classes with ten 

students in each, and two are large 
lecture classes each containing 100 

persons. The registrar computes the 

average class size as the total class 
enrollment divided by the number of 

classes, or (10 x 30 + 8 x 10 + 2 x 

100) -s- 20 = 580 -s- 20 = 29.0 students 

per class. 

As with the penny loss problem, you 
could estimate this value yourself from 
the information you encounter 

personally. The obvious approach is to 
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simply average the sizes of the classes 

you are enrolled in. You could improve 
your estimate by asking a couple of 
friends to give you their class counts as 
well (choosing people with different 

majors from your own). 

Suppose to get perfect accuracy you 
decide to distribute a survey to every 
class at the college, asking each person 
in the class to give the class enrollment. 

When the results are compiled, you find 
that the average class size is 35.5. When 

your survey result is reported in the 
school newspaper, there is grumbling 
in the registrar's office that lots of 
students must have given inaccurate 
answers. But did they? 

Notice that the number of surveys 
returned in each class (assuming a 100% 

response rate) is equal to the class size. 
Thus there is an overrepresentation of the 

large classes and an underrepresentation 
of the small classes in the survey. 
Specifically, the average class size 

computed from all 580 responses is 

(10 x 30 x 30 + 8 x 10 x 10 + 2 x 
100 X 100) + 580, which is indeed 35.5. 

No matter what the distribution of 
class sizes is at a school, the students' 

average must always be at least as large 
as the registrar's average. You might wish 
to try and show this. (Hint: use the 

Cauchy-Schwarz inequality.) Obviously 
universities prefer to report the 

registrar's average. Which average is the 
most relevant to prospective students? 

Surveying Sensitive Questions 
(Reprise) 
In the last column of Chance Encounters 

[3] a discussion was given of how survey 
researchers can gather honest responses 
to sensitive questions. The explanation 
I provided there was in error. The 
statement given 

was "For example: 'Have 

you taken illegal drugs during the past 
twelve months? Toss a coin and answer 

truthfully if the coin comes up heads, 
answer 'No' if the coin turns up tails.'" 

Clearly this protocol would reveal 
some drug users, namely all those who 
answer "Yes." What I had intended to 
write was "Toss a coin and answer 

truthfully if the coin comes up heads; 
if the coin turns up tails, toss the coin 

again and answer Yes if the coin gives 
heads and No if the coin gives tails." 

This method preserves confidential 

ity in that "Yes" answers can be due 

simply to the result of coin tosses rather 
than to actual drug use. But there is a 
cost for the researcher: about half of the 

responses represent statistical "noise," 

with no way to distinguish these re 

sponses from the ones actually contain 

ing answers to the drug use question. 
How much accuracy does this lose? 

For an ordinary survey, the propor 
tion p of the population with a certain 
trait (e.g., illegal drug use) is estimated 

by the proportion p of the survey re 

spondents with that trait. The standard 
deviation of this estimate is easily shown 
to be o = 

yjp(l 
- 

p) I n For example, if/? 
= 50% of the population owns a com 

puter, then for a survey of400 randomly 
selected individuals a = 2.5%. By the 
Central Limit Theorem, there is about a 

95% chance that the proportion p of the 

sample who report that they own a com 

puter will differ from/? by less than 2a = 

5%. 
For the confidentiality-preserving 

survey, in which half of the n surveys 
have relevant answers while the other 
half have answers based only on a coin 

toss,/? is estimated not by p but by 2/? 
- 

.5, 
and the standard deviation of this 
estimate turns out to be 

a*= /2/Kl-/>) + .5_ 
V n 

(Readers who have had a course in 
mathematical statistics can try to verify 
these two facts.) 

Clearly a* is much larger than o for a 

given n. Comparing a to a* we find that 
n must be at least four times larger in 
order for a confidentiality-preserving 
survey to achieve the same sampling 
error as an ordinary survey (see if can 

you show this). The price of preserving 
confidentiality, while likely to at least 

yield truthful answers, is large indeed.H 

Endnote 

The efficiency of the confidentiality 
preserving survey method can be increased 

by reducing the percentage of respondents 
who will not be asked to answer the sensitive 

question. For example, the instructions 

could be changed to "Toss a coin twice and 

answer truthfully if the coin comes up heads 

at least once. If the coin turns up tails both times, 
toss the coin again and answer 'Yes' if the 

coin gives heads and 'No' if the coin gives 
tails." Unfortunately the confidential nature 

of the survey is eroded by such a scheme, in 
that the chance that someone actually uses 

illegal drugs (for example) given that they 
answered "yes" can be quite high. Exactly 
how high can be determined from Bayes 
formula, which can be found in virtually any 
introductory probability textbook. 
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Call For Papers 
Thirteenth Annual MAA 

Undergraduate Student Paper Sessions 

The Thirteenth MAA Undergraduate Student Paper Sessions will take place at 
the MAA summer meeting in Los Angeles, CA August 3-5, 2000. 

The program for the MAA summer meeting will include sessions for student 

papers. Partial support for travel by students presenting papers will be available 
on a limited basis. This information is available on the MAA home page at 

http: / / www. maa. org / s tudents / s tudents_index. html. Students are 
advised to begin making plans now regarding participation. The deadline for 
student paper submissions is Friday, June 30, 2000. 

Please direct all inquiries to Dr. Charles Diminnie via email at 

charles.diminnie@angelo.edu or by phone at (915)942-2317 EXT 238. 
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