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1 METRIC SPACES

1.1 Definition and Examples

Definition 1 Let X be a set. A function d : X x X — R is called a metric or distance function if for all
z,y,z € X

1. d(z,y) > 0, and d(z,y) =0 if and only if x = y.
2. d(z,y) = d(y,x)
3. d(z,z) < d(x,y) +d(y, z)

The pair (X, d) is called a metric space.

If it is clear from the context which metric we refer to, we will not explicitly mention the metric and just call
X a metric space. For the remaining part of the course we will assume that we have a metric space, even if its

not explicitly mentioned.



Some Examples:

1. On R we can define d(z,y) = |z — y|. This is a metric and makes R into a metric space.

2. Other metrics on R:

[z —
di(z,y) = [Ear—e
0 T =
da(z,y) = ’ M
1 T#y

The second metric can be used to make any set into a metric space.

3. Metrics on R™, let x,y € R", x = (21,...,2y)

da(x,y) = (lei—yﬂz) (2)

hxy) = 3 lwi— il (3)
=1

doo(x,y) = max{|z; —y|:i=1,...,n} (4)

[N

4. Let C((a,b)) be the set of all real valued continuous functions on (a, b).

b 3
da(frg) = ( If—g|2d:c> (5)
b
di(f,9) = |f —gldz (6)
doo(f,9) = sup{|f(z) —g(z)|:x € (a,b)} (7)

are all metrics on this space.

1.2 Open Balls and Sets:
Definition 2 Let (X,d) be a metric space and r > 0. The set

B.(x0) ={x € X : d(x,xz0) < r}
is called the open ball of radius r around xq

Example: In R? with the metric ds, the open ball of radius 1 around the origin is just the interior of the circle
of radius 1 centered at the origin. With the metric d; the ball is the interior of the diamond with vertices at

(1,0),(0,1),(—1,0), (0, —1). With the metric do the ball is the square (—1,1) x (—1,1).

It is important to note that balls can come in many shapes or forms. Often we consider balls with their centers

removed. We will use the following notation B, (z) = B,(z) \ {z}.



Definition 3 Let (X, d) be a metric space. A set O C X is open if for any x € O there is a r > 0 such that
B,.(z) C O.

The first thing to note is that we used the term open in two different ways, once in the connection with open
balls, the next time in connection with open sets . We need to show that open balls are open sets. To to this

consider the open ball B,(x¢). Let x € B,(x0). Let

_r—d(z, )
5= 5 .

We will show that Bs(x) C B,-(z0). To do this let y € Bs(x). Then

d(x, )

d(y.x0) < d(y. ) +d(w,20) < 8 +d(w,20) = 5~ =3

+d(x,z) <,
so y € By(xp).
Proposition 1 Let (X, d) be a metric space. Then

1. X and 0 are open.

2. If {Oq : « € A} is an arbitrary collection of open sets, then |, 4 Oa is also open.

3. If O1 and Oz are open, then so is O1 N Os.

Proof: To show the first assertion, clearly Bi(z) C X for all x € X. For any x € () (there are none)
Bi(x)subsetf). For the second assertion let 2 € |J,c 4 Oa, then there is an g such that x € Oy,. Since this
set is open there is a 7 > 0 such that B,.(z) C On, C Uyec g Oa- Thus the union is open. For the intersection
observe that if x € O1 N O3 then there is 1,72 > 0 such that B, (z) C O; and B,,(x) C Oy. Let r = min{ry, 2}
then B,(z) C By, (z) N By—2(x) C O1 N Os.

Note that the intersection of arbitrarily many open sets may not be open. If we consider the collection of open

balls around a point p with radii %, then B (p) is open for every n € N, but

() BL() = {p},

which is not open.

Proposition 2 Let (X,d) be a metric space. Then X has the , i.e. for any p,q € X, p # q there exists open
sets U, and Uq such that p € Uy, q € Uy and U, N U, = 0.

Proof: Since p # ¢ we have 7 = d(p,q) > 0. Then Bz (p) N Bz (q) = 0.



1.3 Closed Sets, Interior and Limit Points:

Definition 4 A subset F' of a metric space is closed , if its complement is open.

Proposition 3 Let (X,d) be a metric space. Then X and the empty set are closed. The union of finitely many

closed sets is closed, and the intersection of arbitrarily many closed sets is closed.

Proof: Left as homework.

Definition 5 Let A be a subset of a metric space X. p € X is an interior point of A if there exists an open

ball B,.(p) such that B.(p) C A. p € X is a limit point of A if for any r > 0 B.(x) N A # 0.
It is clear from this that every element of an open set is an interior point.
Proposition 4 Let f be a closed set and p be a limit point of F'. Then p € F.

Proof: Assume that p ¢ F. Then p € F¢, which is open. Therefore there is an r > 0 such that B,.(p) C F,
i.e. By(p) UF ={. Thus p cannot be a limit point of F.

1.4 Assignment 1

1. Show that the functions in equations (3), (4), (6), (7) are metrics.
2. Proof Proposition 3.

3. Define I? to be the set of all real sequences (ay,,) such that Y=, a2 < oc. For two sequences (ay,), (by,) € 12
define )
o] 2
d((an), (bn)) = <Z(an - bn)2> .
k=1

Show that this is a metric on 2.

1.5 Sequences in Metric Spaces

Definition 6 Let {p,} a sequence of points in a metric space X. {p,} converges to p, if for every e > 0 there
is a N such that p, € Bc(p) for alln > N. {p,} is a Cauchy sequence, if for every e > 0 there is N such that

d(pn,prm) < € for allny,m > N. X is complete if every Cauchy sequence converges.

Proposition 5 A sequence in a metric space has at most one limit.



Proof: Assume that p, converges to two limits p and ¢. For any € > 0 there is Ny such that d(p,,p) < €/2 for
all n > Ny and an N» such that d(py, q) < epsilon/2 for all n > Ns. For any n > max{Nj, Na} we have.

d(p,q) < d(p, pn) + d(pn,q) < e

Since this is true for any ¢ > 0, it follows that d(p,¢) = 0 and so p = q.

Definition 7 A set A is bounded if sup{d(p,q) : p,q € A} is finite. A set C is compact if every open cover of

C has a finite subcover.
Proposition 6 Let C' be a compact subset of a metric space X. Then C' is closed and bounded.

Proof: We first show closed. To do this we show that C'° is open. Let p € C°. For every ¢ € C there exists
balls B, (q) and B, (p) such that B (p) N B, (q) = 0. The collection of balls B, (q) form an open cover of C'.

Since C' is compact there are points ¢1, ..., g, such that
Cc Bsql ((h) U---u Beqn (qn)

Let € = min{eg,, ..., €, }, then Be(p) N Be, (q;) = () and therefore B(p) N C = . Hence, B.(p) C C¢, and p is
an iterior point of C°¢. Since p was arbitrary it follows that C°¢ is open and C' is closed. For the boundedness,
consider the collectio of open balls {B1(q) : ¢ € C'}, This is an open cover, and has therefore a finite subcover.
Bi(q1),...,B1(gn). Let M = max{d(¢;,q;) : i, = 1,...,n}. For any pair of points p, ¢ there exist ¢;, ¢; such
that p € B(g;) and q € By(g;j). Thus

d(p,q) < d(p,qi) +d(gi,q5) +d(gj,q) <1+ M+1=M +2.

Thus the set is bounded. It is important to note that the converse of this proposition is not true in general.

However, it is true in R™ as we will see later. In metric space compactness can also be characterized by limit

points and sequences. We have the following Theorem.
Theorem 1 Let X be a metric space and C C X. The following are equivalent:
1. C' is compact.
2. Every infinite subset of C has a limit point (C' is limit point compact)
3. Every sequence in C has a convergent subsequence (C'is sequentially compact)

Proof: We first show that (1) implies (2): To do this we prove the contra positive. Let A C C' with no limit
point. Since A contains all its limit points it is closed. For every p € A we may find an open ball B(p) such

that B(p) N A = {p}. The collection of these balls together with A¢ form an open cover of C. So there exists



a finite subcover. Since A does not contain any points in A, each of the balls must be included in the finite
subcover. This implies there were only finitely many balls to start with, and A is finite.

Next we prove that (2) implies (3). Given a sequence {p,} in C, consider the set A = {p,, : n € N}. If this
set is finite there is a point p such that p,, = p for infinitely many values of n. This is a constant and therefore

convergent subsequence. If A is infinite, then A has a limit point p. Now each k € N choose

and ny > ng—1. This subsequence converges to p.

The last step is to prove that (3) implies (1). This is the hard part. We first show the following

Lemma 1 If C is sequentially compact and O an open cover of C, then there exists a number 6 > 0 such that

each subset of C' with diameter less than § is contained in an open set O € O. § is called the Lebesgue number.

Proof of the Lemma: (by contradiction) Given the open cover O assume that there is no such number §. In
particular for every integer n there is a set of diameter less than 1/n, which is not contained in any open set in
the cover. Denote these sets by C),. Choose any point p,, € C,. Since C is sequentially compact there exists
a subsequence {py;} that converges to some point p. p € O for some open set O in the cover. There exists an

e > 0 such that B.(p) C O. For suffitiently large n; with 1/n; < ¢/2 we have

an C Bé/2(pnj)

and
Pn; € Be/2 (p)

But then
Cn, C Be(p) C O.

which is a contradiction.
Next we prove:
Lemma 2 If C is sequentially compact and € >, there exist points p1,...,pn, such that
C C Be(p1)U -+ U Bc(pn)-
Proof of the Lemma: Pick
p1 €C,p2 € C\ Be(p1),px € C\ (Be(p1) U+ -+ U Be(pi-1))

This sequence must end after finitely many steps, since otherwise we would have an infinite sequence with

d(pn+1,p;) > € for all j =1,...,n, which has no convergent subsequence.



We can now finally prove that (3) implies (1): Given any open cover O let  be the number from the first
Lemma. (This called the Lebesgue number of the cover). Let ¢ = §/3. The second lemma implies that there
exist p1,...p, such that

C C Be(p1)U---U Be(pn).

Now observe that the diameter of these balls is 26/3 < 0. Le. for each p; there is an O; € O such that
Bc(p;) C O;. But then
CCO1U---UOy,.

Hence, C' is compact.

1.6 Assignment 2
1. Prove that any finite set is compact.

2. Let A be closed and bounded subset in R?. Prove that the set A; = {z € R: (z,s) € A} is also closed
and bounded.

3. Is the set A in the previous problem compact?
4. Prove that a closed subset of a compact set is compact.

5. Consider the unit circle in R2. Any point is uniquely determined by the angle 6. In radians consider the
sequence 0y = 0, 6,41 = 0,. These all lie on the circle. Show that the set of these points is dense in the

circle.

1.7 Continuous Functions:

Definition 8 Let (X,d) and (Y,d') be metric spaces and A C X. A function f : A — Y is continuous al
x € A if for every e > 0 there exists a 6 > 0 such that d'(f(y), f(x)) < € for all y € Bs(x) N A. A function f is

continuous on A, if it is continuous at every x € A.

Observe that this can be easily rephrased in the following ways:

1. A function f : A — Y is continuous at * € A if for every ¢ > 0 there exists a § > 0 such that
f(y) € B(f(x)) for all y € Bs(x) N A.

2. A function f : A — Y is continuous at x € A if for every € > 0 there exists a 6 > 0 such that
Bs(x)NAC f~H(Be(f(2))).

One of the most important characterisations of continuous functions is the following:



Proposition 7 Let (X,d) and (Y,d') be metric spaces. A function f: X — Y is continuous on X if and only
if f~Y(U) is open for every open set U C Y.

Proof: Let f be continuous on X and U be an open subset of Y. Let x € f~1(U). We need to show that z is
an interior point of this set. Now f(x) € U, which is open, thus there exists an € > 0 such that Be(f(z)) C U.

Since f is continuous there exists a § > 0 such that

Bs(z) € f7H(Be(f())) € f71(U),

and z is an interior point of the latter set. Since this holds for every z € f~1(U) this set is open.

Conversely, assume that f~1(U) is open for every open subset U of Y. Let x € X and € > 0. The set B.(f(z))
is open an thus is f~1(B.(f(z))). Hence, x € f~1(B.(f(z))) is an interior point and there exists a § > 0 such
that

Bs(z) € 1 (Be(f(x))) € fHU),

and f is continuous at x. Since z was arbitrary, this hols for every z € X.

Remark: The above proposition also holds for functions f : A — Y for A C X, if we say f~(U) is open
relative to A for every open subset u of Y. Recall that a set O is open relative to A if O = ANV for some
open subset V of X.

1.8 Properties of Continuous Functions:

Continuous functions have many important properties. In general one can say that continuous functions preserve

many topological qualities the two most important ones for now are compactness and connectedness.
Proposition 8 Let f: X — Y be continuous and A C X connected. Then f(A) is connected.

Proof: We will prove the contrapositive. Assume that f(A) is not connected, then there exist open non-empty

sets U and V such that f(A) CUUV and UNV ={. Now f~1(U) and f~1(V) are open and

Ac fTHfA) cfUuY) =IO U V),

and

YN YV = onv) = 0.

Thus A is not connected.

Proposition 9 Let f: X — Y be continuous and A C X compact. Then f(A) is compact.



Proof: Let {O, : @ € A} be an open covering of f(A). Since

Ac A Y 0a) = | F71(0a)

aEN acA

the collection { f (O, ) : @ € A} is an open cover of A. Hence there exists a finite subcover f~1(O1),..., f~1(O,).
But, since

AcC fHO)uU... U0y,

we have

f(A) CO1U...UO,,

and f(A) is compact.

Another important property of continuous functions is that they preserve convergence of sequences.

Proposition 10 A function f: X — Y is continuous at x € X if and only if for every sequence {x,} which

converges to x we have lim, o f(x,) = f(x).

Proof: Assume that f is continuous and that x, — x. Let € > 0 then there exists a § > 0 such that
f(y) € Be(f(2)) for any y € Bs(x). For § there exists an N such that x,, € Bs(x) for any n > N. Combining
these two statements we get that for e > 0 there exists a N such that f(z,) € B.(f(x)) for all n > N. Hence
F(n) = (@)

Next assume that f is not continuous at z. I.e there is an €y > 0 such that for any 6 > 0 there is a x5 € Bs(z)
such that f(zs) ¢ Be,(f(z)). Since we can choose ¢ freely, we find x5 for § = 1/n for any n € N and label it
xy. Since x,, € By, (x) for any n € N, x,, — x. However, f(2,) ¢ Be,(f(z) for all n € N and so f(x,) cannot
converge to f(z). We have thus shown the contrapositive of the statement if f(z,) converges to f(z) for any

sequence x, — « then f is continuous at x.

We finish the discussion of continuous functions by looking at uniform continuity.

Definition 9 f: X — Y is on A C X if for every e > 0 there exist a 6 > 0 such that d'(f(z), f(y)) < € for
all z,y € A with d(z,y) <.

The important result here is

Proposition 11 Let C' C X be compact and f: C — 'Y be continuous on C. Then f is uniformly continuous

on C.

Proof: Let ¢ > 0 For every x € C there is a 0, such that f(y) € B/o(x) for all y € Bs, (z). The collection

{Bs,(x)} forms an open cover of C. Since C' is compact, this open cover has a Lebesgue number § > 0. Now

10



let d(z,y) < 0, then x,y lie in an open set u of diameter smaller than ¢ and hence there exists a set in the open

covering which contains U. I.e. there is a zy € C' such that z,y € U C Bs, (o), thus

d'(f(2), f(y)) < d'(f(2), f(x0)) + d'(f(w0), [(y)) <€/2+€/2=¢.

L.e. f is uniformly continuous.

1.9 Some Odds and Ends:

Definition 10 Let X be a space with two metrics d and d'. The two metrics are equivalent if there exist

constants C1 and Cy such that
d(z,y) < Cid'(z,y) and d'(z,y) < Cod(z,y).
Proposition 12 Let X be a space with two metrics d and d' which are equivalent. Then
1. U C X is open in the metric d if and only if U is open in d'.
2. U C X is closed in the metric d if and only if U is closed in d'.
3. U C X is bounded in the metric d if and only if U is bounded in d'.

4. U C X is compact in the metric d if and only if U is compact in d’.

Proof: See assignment 3.

This shows that we can often choose the most convenient metric to prove some result. Since continuity only
depends on open sets (thanks to a previous proposition) a change from one metric to an equivalent one will not

change the continuity of a function. The discussion about equivalent metrics leads immediately to the following

Definition 11 Let (X,d) and (Y,d') be two metric spaces. A function ¢ : X — 'Y is called a homeomorphism
if it is a continuous bijection with a continuous inverse function. If there is a homeomorphism between X and

Y, the two spaces are called homeomorphic.

It is very easy to confuse this term with the term homomorphism, which is a purely algebraic concept.
Example: The map (z,y) — (—y, ) is an isometry on R? with the standard Euclidean metric. Any isometry
is automatically a homeomorphism.

The fact that the three metrics di, d2, and d, are equivalent on R™ will be very useful later on, as it allows us

to use the metric of our choice to prove certain results.

11



1.10 Assignement 3
1. Prove the last Proposition.

2. Consider the metrics d; and ds on R™ from the first day. Prove that

di(p,q) > da2(p,q),

and
1
d2(p,q) > —=di(p, q).

N

3. Consider the metrics do, and do on R™ from the first day. Prove that

d2(p,q) > doo(p, q),

and
1
deo(p,q) > —=d2(p, q).

N
4. Consider R™ with your favorite metric and R with the standard metric. For a point (x1,...,z,) € R™ for
k=1,...,n define 7 : R™ — R by

Wk(Il,---,In) = Tk-

7 is called the k-th projection. Prove that 7y is continuous.

5. Consider R? and the map (x,y) — (—y, ). Show that this is an isometry.

2 DIFFERENTIAL CALCULUS ON R"

In this section we explore derivatives of functions of several variables. We will generally assume that R™ is
endowed with the Euclidean metric do, but use the other metrics if it is more convenient to do so. For x € R™
we denote by |x| = d2(x,0) the norm of the vector x. The components of the vector x are usually denoted by

(21,...2,) or its transpose.

2.1 The Topology of R"

Before exploring multivariable differential calculus we will discuss briefly the topology of R™. As seen in the
homework and the examples R™ is a metric space, and we may use any of the three metrics used int the examples.
However, R™ has some special properties which will be discussed shortly. To begin we recall the Heine-Borel
Theorem on the real line. It states that a subset of R is compact if and only if it is closed and bounded. We

will use this to prove the Heine-Borel Theorem for R :

12



Proposition 13 Heine-Borel Theorem Let C' C R"™ then C is compact if and only if it is closed and bounded.

Proof: Every complact subset of a metric space is closed and bounded, so we only have to prove the other direc-
tion. Let C' be a closed and bounded subset of R™. For j = 1,...,n define a; = inf{z; : (z1,...,2j,...,2,) € C}
and b; = sup{z; : (z1,...,2j,...,2,) € C}. Then C C [a1,b1] X -+ X [an, by] and it suffices to show the com-
pactness of the latter set. To do this we show the sequential compactness of this set. In order to make the
notations easier we assume that n = 2. and then procede with induction. Let {(ag,x} be a sequence in
[a1,b1] X [a — 2,b], then {a4} is a sequence in [ay, bi] and has a converging subsequence {alphay, } which con-
verges to a limit «, since [a— 1, by] is compact. Next consider the subsequence {ax,, O, } of the original sequence.
Then {fy, } is a sequence in [ag, b2] with a converging subsequence {ﬁklj} which converges to 5 € [az, ba]. Hence
the sequence { (o, , Bk, )} converges to (o, 8) € [a1,b1] x [az, b].

Now having shown this result for n = 2 it is easy to see that the same proof works to show that A x B is

compact for any two compact sets A, B. This allows us to proceed by induction since
[a17 bl] X X [anu bn] = ([alubl] X X [an—h bn—l]) X [an7 bn]7
i.e. the product of two compact sets by induction hypothesis. Finally since C' is a closed subset of the compact

set [ar,b1] X -+ X [an, by] it is it self compact.

The section about metric spaces covers everything we need to know about continuous functions. However, we
must be careful when trying to evaluate a limit as the following example shows.

Example: Let

1 ly| > 22
flx,y)=4 0 0< |yl <a?
1 lyl=0

Then if we approach the origin along any straight line y = ax we get lim, ¢ f(z,az) = 1. The same is true when
we approach the origin along the y-axis. But If we onsider the curve y = %2, we get lim, o f(x, %2) = 0 so the
limit cannot possibly exist. Unlike in one dimension where we can compute one sided limits and compare them,
in several dimensions it is not even sufficient to compute directional limits ( as the limits along all straight lines
would be). The only certain way to state that a certain number is the limit is to revert back to the definition
using € and §. However, there is some help, as the sum and product rules for limits still work for real valued

functions as does the composition.

2.2 The Derivative of a function of several variables:

Recall the definition of the derivative of a function of one variable, i.e. if A C R, f: A — R and a an interior
point of A then

oy g Jlath) = fla)
f(a)—hmf,

13



if this limit exists. Unfortunately, this definition cannot be readily adapted to R™ for n > 1, since it uses a
quotient, and vector spaces do not allow for division. So we rewrite this definition as follows:
Let A, f, and a be as above, f is differentiable at a if there exists a real number f’(a) and a function ¢ :

(—¢,€) — R such that lim, o £ = 0 and

Tt
[f(a+h) = fla) = f'(a) - Bl < [E(IR])],
for all |h| < e. To see that this is equivalent assume first that f is differentiable at a in the traditional sense.

Then define £(t) = f(a +t) — f(a) — f'(a) - t This function has clearly the right properties and thus f satisfies

this new condition. Conversely if f satisfies the new condition at a. Then

flath)—fla) [€0RDI
0< — - fl(a)] < W7
and thus i ) o)
) a+h)— f(a ,
fmy h A

by the squeeze theorem.

We are now ready to define the derivative of a function in several variables.

Definition 12 Let A C R" be open, £ : A — R™ a function and a € A. Then £ is differentiable at a if there is
a linear map T'(a) : R™ — R™, and a function & : (—€,€) — R such that lim;_.o g(t—t) =0 and

f(a+h) —f(a) - T(a) - h] < [{(|h]),
for all |h| < e. The operator T'(a) is called the derivative of f at a, and is denoted by Dg(a).
If we choose bases for R™ and R™, Dg(a) is of course represented by an m x n matrix. In general we will assume
that we work in the canonical bases, but it is important to realize that the derivative is a linear operator on
vector spaces. In the case that m = 1 Dy(a) is of ocurse represented by a vector.

Examples:

1. Let f: R™ — R be a constant map. I. e. f(x) = c for all x € R". Then f is differentiable and D¢(x) =0
for all x € R™. To see this let {(t) =0, Then |fx+h) — f(x) —0-h| =0 < £(|h|) for all h.

2. Let f: R™ — R be a linear map, i. e. f(x) = a-x for some a € R" and all x € R™. Then f is differentiable
and Dy(x) = a for all x € R”. To see this let {(¢) = 0. Then

[f(x+h) - f(x)—a-h[=0

3. Let f:R? — R be given by f(z,y) = 2 +y?. f is differentiable with Ds(z,y) = 2(x,y). Let h = (h, k),
then
’(.’L’+h)2+(y+k)2 —.’II2 _y2 _2(‘T7y) (hvk)’
= ’x2+y2+2xh+2yk+h2+k2—x2—y2—2xh—2yk
= |h? + k|
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So we may use £(t) = t? and show that the function is differentiable. The same argument works for n > 2.

The examples presented above were all cases of real valued functions. As we will see it is sufficient to understand

this case

Proposition 14 Letf: R™ — R™ and let £ = (f1,-- -, fm) in the standard basis of R™. Then f is differentiable
at x if and only if f; is differentiable at x for j =1,...,m.

Proof: Consider the j-th component of
(f(x+h) — £(x) = De(x) - h); = fj(x +h) = f;(x) = (Dr); - h.
Using the do, metric on R™ it is clear that
f(x +h) — f(x) — De(x) - bl > |fj(x +h) — f;(x) — (Dx); - bl

and
[£0x+ 1) — £x) = De(x) Bl < max [f;(c+h) = f;(x) = (Dr); b,

So we can use the same function £ for showing the differentiability of the components and the function as a

whole. Moreover, Dy, (x) = (Dg(x));.

2.3 Some Properties of Derivatives
Without proof we can state the linearity properties of the derivative:

Proposition 15 Let f, g be differentiable at some point x € R™. Then for any a,b € R, af+bg is differentiable

at x and

Dagbg(%) = aD;(x) + bDy (x).
The proof of this is left as an exercise. More important is the following result:
Proposition 16 Let f: R® — R™ be differentiable at x € R™. Then f is continuous at x
Proof: Let h =y — x then
[£(y) = f(x)| < [f(x+h) = £(x) = Dr(x) - h| + [ Dg(x) - h| < &(|h]) + | De(x) - b

The result follows now immediately from the definition of differentiability and the fact that for any linear map

T on R"™ there is a positive constant C' such that

|T"-h| < Clh].
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Proposition 17 Let f,g be real valued and differentiable at some x € R™ then fg is differentiable and

Dyg(x) = gDy(x) + fDg(x).
Moreover, if g(x) # 0, then % is differentiable at x and

1

Dysg =

Proof: For the first assertion observe that

[f(x+h)g(x+h) — f(x)g(x) = (9(x)Ds(x) + f(x) Dy (x) - h)|
=lg(x+h) (f(x+h) = f(x)) + f(¥) (9(x + h) = g(x)) = (9(x)Ds(x) - h + f(x) Dy(x) - h)
<lg(x+h) (f(x+h) - f(x) - Df( x) - h)
+1f(x) (g(x +h) — g(x) -
/(%) (9(x) = g(x +h))].

The first two terms converge to 0 as |h| — 0, because of the differentiability of f and g, the last term converges

0 ) because of the continuity of g. The second part of the Theorem is left as an exercise.

Proposition 18 Chain Rule Let g : R" — R™ be differentiable at x with derivative Dg(x), and f: R™ — R
be differentiable at y = g(x) with derivative Ds(y). Then f og is differentiable at x, and

Dfog(x) = Dy(y) - Dg(x).
Proof: Let k = g(x + h) — g(x), Then g(x + h) =y + k. We have
flgx+h)) - flgx) = fly+k -[f)

= Di(y)-k+&([k)

= Ds(y)- (g(x+h) —g(x)) + &1 (k)
= D(Dg-h+&(h]) + & (k).

Now define
§(Ih] = Dy(y) - &2(|h]) + & ([k]),

which satisfies the right properties since |k| — 0 as |h| — 0. The result follows immediately.
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2.4 Assignment 4

1. Let f : R — R™ and g : R™ — R™ be both differentiable at x. Show that the skalar product f - g is also

differentiable at x.
2. Prove the linearity of the derivative Proposition 15.
3. Prove the quotient rule in Proposition 17.

4. Let f : R* — R be given by f(x1,72,73,74) = w124 — T2x3. Prove that f is differentiable and that

Df(xla T2, I3,$4) - ($4, —I3, _I27x1)-

5. The space of 2 x 2 matrices over R is a four dimensional vector space in a natural way. Show that the

determinant is a differentiable function from this space to the real numbers.

6. Show that the set of invertible 2 x 2 real matrices is an open subset of the space of 2 x 2 real matrices.

2.5 Directional and Partial Derivatives

Definition 13 Let u be a unit vector in R™, and f : R™ — R be a function. The directional derivative in

direction u of f at x is defined as

t—0 t
If u is a unitvector in the canonical basis of R", i. e. u=e; for some 1 < j < n, then this is called the partial
derivative with respect to x; and denoted by

0f(x)
8Ij

or Ja,; (%)
An easy consequence is:

Lemma 3 Suppose f: R™ — R is differentiable at x. Then for any unit vector u € R™ the directional derivative

in direction u exists and

9uf(x) = Ds(x) -u

Proof: Consider the function g : R — R™ given by g : t — x 4 tu. The directional derivative at x is the
derivative of the function F' = fog : R — R at 0. since g is differentiable and Dg(0) = u the result follows

immediately from the chain rule proven above.

In the interest of computing derivatives it would be good to have the converse of this last Lemma. I. e. we
would like to say that f is differentiable if all partial derivatives exist. Unfortunately that is not the case as the

next example shows.
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Example: Let f be defined as follows:

0 o] < &a]
f($17$2): 1 %|$1|<|$2|<3|I1|
0 3|w1] < a2

Then f is clearly not differentiable at (0,0) since it isn’t even continuous. But

of _ 9 o=
g (0:0) = 5--(0,0) = 0.

Before we can prove a partial converse we will introduce a mean value theorem. The mean value theorems of
single variable calculus do not apply since there is no natural ordering on R™ that is compatible with the metric

space topology. We start with the following
Definition 14 A set C C R" is called convex if for every x,y € C' and every s € [0, 1] we have
x(1—s)+yseC.

Losely speaking this means that for any two points x and y in C, the line segment connecting these two points

is also in C.

Proposition 19 Let C be a convex subset of R™ and f : C' — R be differentiable in C with continuous derivative

Dy(x). Letf x,y € C. Then there exist an s € [0, 1] such that

f(x) = f(y) = Ds(xs +y(1—s)) - (x — ).

Proof: Consider the function F(t) = f(xt +yf(1 —t)) on [0,1] and apply chain rule and mean value theorem

for 1 variable.

Theorem 2 Let [ be continuous on a ball B.(x) C R™, with continuous partial derivatives on B¢(x). Then f

is differentiable at x. Moreover, D(x) = (fu,(X), ..., [z, (X)).

Proof: We will do the proof in two variables, the general case workds exactly the same way, but is messier
to write down. Let h = (hy,he) and |h| < e. Observe that the ball of raidus € is convex. By the mean value

theorem (used twice) there exist s,t € (0,1) such that

f(x+h)—f(x) = f(z1+hi,2x2+h2)— f(x1,22)
= f(x1+ hi,22+ ho) — f(x1, 22 + ho) + f(x1, 22 + ha) — f(21,22)
= fxl (.Il =+ Shl,xg + h2)h1 + fz2 (Il,IQ —+ thQ)hQ
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Thus

fx+h) = f(x) = fa, (21, 22)h1 — fo, (21, 22) D2
= (fo, (w1 + sh1, 22 + ha) = fo, (71, 72) ) 1
+(feo (21, T2 + tha) — fa, (21, 22))h2
=¢(h1, ha).

Next observe that the right hand side of this equation satisfies
§(ha, ho)| < (|fay (21 + sha, w2 + h2) = fa, (21, 22)| + | fan (21, 22 + the) — fa, (21, 22)[) [h],
and thus

lim 1£(h1, ho)

pr— ()7
lhj—o  |h]

by the continuity of the partial derivatives.

This theorem now allows us to easily compute derivatives for differentiable functions, by computing the partial

derivatives.

Proposition 20 Suppose that f is differentiable on B¢(xo) C R™. If f has a local extremum at xo then
Df (Xo) =0.

Proof: We assume that f has a local maximum at xg, and that f(x¢) > f(x) for all x € B.(xg). Let u be any
unit vector in R” and 0 < h < e. Then

0> f(xo +uh) — f(xo) = Ds(xo + Auh) - uh,
for some A € (0,1). By changing h to —h we have
0> f(xo —uh) = f(x0) = Dy(x0 + Au(=h)) - u(=h),

Letting h — 0 we get

8uf(X0) S 0
from the first inequality, and
6uf(x0) 2 0
from the second one. Thus
Dy(x0) -u=0,

for all unit vectors u € R”, and the result follows.
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2.6 Assignment 5:

1. Let ¢ : R — [0, 00) be a differentiable function. Define F' : R3 — [0, 00) by F'(21, 22, 73) = ¢(y/2? + 22 + 22)

Show that )
¢/( [ 2 + 2 + 2) — 8_F ’ + 8_F ’ + 6_F 2\
el 2 T3) = 8(171 8172 8173
2. Let ,
0
f(i[]l,.’lig) _ zi+xs T2 7£
0 To = 0

Prove that all directional derivatives of f exist at (0,0) but that f is neither dfifferentiable nor continuous

at this point.

3. Suppose y = F(x1,x2) is differentiable at (p1,p2) with F.,(p1,p2) # 0. Let I be an open interval
containing p1. If f: I — R is differentiable and F'(x1, f(x1)) = 0 for all z; € I then

£ o) = —Fa, (p1,p2)

F12(p17p2) .
4. Show that
flar,m2) = (2122)* log(a] + 23) (z1,22) # (0,0)
0 (z1,22) = (0,0)
is differentiable on R? for all o > 1 /2.
5. Prove that
o 0,0
Fzr,20) = { @FaD? (21, 22) # (0,0)
0 (Ila IQ) - (O, O)

is differentiable for all o < 3/2.

6. Investigate the case when o = 1/2 in problem 4 and a = 3/2 in problem 5.

2.7 Higher order derivatives:

Let O C R™ be open and f : O — R™ be a function that is differentiable for all x € O, then Dy is itself a
function defined on O. The values of this function are m x n matrices, which can be thought of as elements of
R™". We can thus look at the differentiability of this function. We observe, that everytime we take a derivative
the dimension of the range increases by a factor n, and things will get confusing quickly. If f is areal valued
function on R? then its fourth derivative will have vaues in R8!! Mindful of this we restrict our discussion
to derivatives up to the second order, and real valued functions. For a real-valued function on R™ the second

derivative is an n x n matrix. We will prove that under certain conditions this matrix is symmetric. Of course
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we also have higher order directional derivatives an partial derivatives. At this time we make the following

definition which really belongs into a linear algebra course.
Definition 15 Let V' be a vector space over R an n-linear form is a map.
p: V" =R,
which is linear in each of its components. That is for j=1,...,n, and a,b € R
O(V1,. . avi Fbuy, ..., vy) =ad(Vi, ... Vi, V) F00(Ve, .0y, V)

Now it easy to see that for f : R™ — R the first derivative is a 1-linear form, the second a bilinear form and in
general the n-th an n-linear form. Also it is Iclear that in any given basis, a 1-linear form is given by the inner

product by a vector so
o(v)=a-v

for some fixed vector a and all v € V. Similarly a bilinear form is givesn by a matrix A such that:
p(v,u) = v’ - Au.

For higher order derivatives it is not so easy to see how it is represented. But in order to make the notation

easier we write

for the k-th derivative of f at x and keep in mid that this is a k-linear form. If f is k times differentiable then

the k-th directional derivative at x in direction u is given by

i.e all k arguments of the k-linear form are evaluated at u.

The crucial result in this section is

Theorem 3 Schwartz’s Theorem. Suppose that f : R" — R is C! (i.e. continuously differentiable and if

_f
8:171'8117j
ezists and is continuous on an open set U C R™, then
_OF
8$j8171'
exists and
*f <) — >’f .
8$j8171' a 8$18$J
forallx e U.
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Proof: Suppose that af_zsi_(x) exists at x € U. Let € > 0 such that B.(x) C U in the ds metric. For
|hil, || < € define

A(hl,hj) = f(xl,...,xi—i-hi,...,xj—i—hj,...,xn)—f(xl,...,xi—i—hi,...,xj,...,:zcn)
—flze, ..o iy hy, o xn) F (@, T T, X)),

Applying the Mean Value Theorem twice yields that there is ¢,s € (0,1) such that

9 0
A(hi hy) = Jaf(1171,...,331'+hi,...,:1:j+thj,...,xn) Jaf(xl,...,xi,...,xj—|—thj,,,.,1;n)
T Ahihy) 0%
= hzh [ hi,..., 1 th',..., n)- v = .
1w, T 7t ) T = )

Since this is mixed partial is continuous we have that

i . A(hi, hy) 0% f
lim 1 AEEAR
thQOhiITO hzhj 81718117]

%

On the other hand we may use the Mean Value Theorem to get
9f
8171'
for some u € (0,1) and

A(hl,h of
ox;

A(hl,hj)zhl< (xl,...,xi—l—uhi,...,xj—i—hj,...,xn)——

lim (@1, @iy ey T+ Ry, ) —

h;—0 hz

by the continuity of Thus
o A(hy hy) 0%
1 1 e
hleO hilTO hzhj 8IJ8$Z

and the statement is proven.

2.8 Taylor’s Formula:

Theorem 4 Let f : R" — R be k-times continuously differentiable on an open convex set S containing the

point a. Then for every x € S there is a t € [0,1] such that

k—1
f(x) = f(a) +Z]'D( ) (a)(x — a) + k'D( (1= ta+tx))(x — a).
Proof: Let
YT kAl

and consider F(s) = f(a+us). This function is k times continuously differentiable on an open interval (—r, R)
which contains [0, |x — a|]. Moreover, F(|x — a|) = f(x). The Taylor Formula for functions on the reals implies

that
k—1

Filx = al) = F(0) + 3 O 0)(x —al) + PO (x— ),

Jj=1
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for some & € [0, |x — a|]. From the form of the directional derivatives explained earlier we get

k—1
£60 = f(@)+ 3 DY @)w)(x — al)’ + 3504 (a -+ u) () x - a)

The result now follows immediately from the multilinearity of the derivatives and the fact that
a+éu=(1-t)a+tx,

for some t € [0,1].

2.9 Assignment 6:

1. Consider the map [0, 00) x [0, 27) — R?, defined by (x(r,0),y(r,0)) = (r cosd,rsinf). Show that this map

is differentiable and compute its derivative. Moreover, prove that the map is onto. Is it also one-to-one?

2. Let f(x,y) be a twice differentiable function on R? such that f,, + fyy, = 0 on R%. Define ¢(r,0) =
f(rcosf,rsind).
(a) Compute
% and %
or 00
(b) Prove that
1 2 2
19¢ 199 ¢ _,
r2902  ror = Or?

3. Consider f(x1,x2) = sin(2? +23). Compute the first three terms of the Taylor expansion of this function.

3 THE INVERSE AND IMPLICIT FUNCTION THEOREMS

3.1 The Inverse Function Theorem

If f:(a,b) — R is a differentiable function such that f'(z) # 0 for all « € (a,b), we know that f is one-to-one
and onto f((a,b)) with a differentiable inverse function and (f~1!)(z) = W We would like to generalize
this to higher dimensions. First we need to have an idea how to generalize the statemant f’(x) # 0. Let us
start by looking at the following example:

Example:

Let f(x1,22) = 23 +3 then f/(x1,22) = (211,222) # (0,0) except at the origin. But this function is clearly not
a one-to-one function. If however, we interpret the derivative as a linear map R™ — R™ then we can interpret

the result for R also as the map f’(z) : R — R defined by f/'(z) : h — f'(z) - h, is not singular.
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Definition 16 Let V' and W be vector spaces. A linear map T : V. — W is non-singular if ker T = {0}.

An immediate consequence is that if 7': V' — W is non-singular and onto then V and W must have the same
dimension. Moreover, non singular linear maps are one-to-one. This suggests that the actual property of the
derivative which guarantees the injectiveness is the non-singularity of this linear map. A direct consequence is
that the result from calculus can atmost be generalize to functions where the domain and the range have the
same dimension. We continue with another example.
Example:
Let f: (0,00) x (—2m,27) be given by (r,0) — (rcosf,rsinfd). The the derivative is given by the matrix

De(r,0) cos sin 0

—rsinf rcosf

Observe that det Dg(r,0) = r # 0, and therefore the derivative is not singular, but the function is certainly not
one-to-one, since, for example, f(1, —7) = (=1,0) = £(1, 7).
This last example shows that we can certainly not have a generalization of the one dimensional case to higher

dimensions which gives us global injectivity (like in one dimension) the best we can hope for is a local result.

Theorem 5 Inverse Function Theorem Let V C R" be open and £ :V — R™ be continuously differentiable

onv. Let xg € V such that De(x0) is non-sinsqular. The there exist open set Vo CV and Wy C £(V') such that
1. xo € Vy and f(xg) € W).
2. f is a bijection from Vy onto Wy, and £~ is a bijection from Vo onto Wy.
3. £71 is continuously differentiable on Wy, and
4. for each y = f(x) € Wy we have
Dy (y) = [De(x)] ",

where the expression on the right denotes the inverse operator.

Before proving the theorem let me remark that we really do not want much more than this. The Theorem
guarantees that the equation

fx) =y,
has a unique solution in neighborhood of yy. In practice we may want to solve this equation using Newton’s
method (see down below). And the theorem guarantees that errors will propagate in a predictable way.
Proof of the Theorem: The proof of this Theorem is rather lengthy and we dicide into several steps. In the
first step we reduce the problem to one which has asimpler derivative.
STEP 1: Consider the function ®(x) = (Dg(x0)) 'of(x). Then @ is one-to-one if and only if f is and Dg (%) = I,

the identity operator on R™. So we assume without loss of generality that Dg(xg) = I.
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STEP 2: It follows that if f(x + h) = f(x¢) we have
[f(xo +h) =f(xg) —7-h| |h|

i .
But since f is differentiable at xg with derivative I, we must have
i [0 W) =) T
Thus there is a closed rectangle R such that
f(x) # f(x0) (8)

for all x in the interior of R. Since the determinant is a continuous function and det Dg(xg) = 1 there exists an

open set around xg such that
det De(x) #£ 0, (9)

on that open set. Finally, since the partial derivatives of f are continuous at x( there is an open set such that

0fi oy _ 9Ofi

8$j 8$j

(x0)| < 3z (10)

for all i,j7 =1,...,n. Without loss of generality we assume that (8-10) all hold on the interior of R.
STEP 3: (10) also implies that

1
<14 =n?,
+2n

Ofi
‘ 6,Tj (X)

on R. Now let g(x) = f(x) — x), then (10) implies that

Jg;
‘axj <X>‘ <32

and by the mean value theorem

lg(x1) — g(x2)| < % Ix1 — Xa| . (11)

From the triangle inequality we get:

x1 = xo| — [f(x1) — f(x2)] < [f(x1) —x1 — (F(x2) — x2)]
1
S 5 |X1 — X2| .
It immediately follows that for x;,xs € R we have
|x1 — xa| < 2[f(x1) — £(x2)|. (12)

Observe that this last inequality will directly imply that the inverse function is Lipschitz continuous, if it exists.
We will now show that f is one-to-one on a subset of R. First we observe that the boundary of R is compact,

and therefore f(OR) is compact as well. Moreover, by (8), f(xg) ¢ f(OR). Thus there is a number d.0 such that

[f(x0) — f(x)| = d,
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for all x € OR. Define

w={yiiv-toal < 3}

For any y € W and any x € R we have
ly — f(xo)| <y = f(x)]. (13)

STEP 4:
For a given y € W define

2
9(x) =y —f(x)[".
This is a continuously differentiable function on R and therefore has a minimum on R. By (13) we have

9(x0) < g(x)

for all x € OR, and therefore this minimum msut occur in the interior of R, and at this minimum we have

Dy(xz) = 0. A simple computation gives
Dy(x) = (v — £(x)) - D¢ (), (14)

and since Dg(x) is non-singular this expression can only vanish if y — f(x) = 0, i.e. if there exists an x € R

such that y = f(x). (12) immediately implies the uniqueness of such a solution. Define
V =int RNf1(W).

Then for every y € W there is a unique x € V such that y = f(x), or the function f has an inverse function on
W As mentioned above (12) implies that £~! is continuous on W. It remains to be shown that this function is
also differentiable.

STEP 5: To show that f~! is differentiable observe that for h sufficiently small
f(x1) = £(x) = Dr(x) - (x =1 = %) + {01 = x)
where
lim % =0. (15)
If we apply (Dg(x))™! to this equation we get;
(De(x) 7" - (F(x1) = £(x)) = x1 — x + (D (x)) " (1 — ),

which we can rewrite as

f7 (y1) = £71(y) = (De(x)) ™" - (y1 —y) — (De(x)) T €(E (y1) — £ (),
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and we are only left to prove:

o [(De60) 160 ) = 11 ()

=0.
yi—y ly1 =yl

To do this it is clear that this follows if

e ) - )
yi—y ly1 —yl

:0,

since the derivative is a linear operator. Now observe that

EE " y) — )| EE ) — )] [ ) — £ ()

vyl 10y —£1(y) vi=y] (16)

By the continuity of f~! and (15 the first fraction will converge to zero as y; — y. Finally (13 implies that the

second fraction is bounded by 2, and thus the product converges to zero.

3.2 Assignment 7:

1. Let f : R™ — R™ be such that |Dg(x) - u| = |u] for all x,u € R™. Prove that f is one-to-one on all of R"
and onto. Moreover, show that f(R™) is both open and closed and therefore f(R™) = R™. Conclude that

f has a global differentiable inverse which is also an isometry.

2. In this problem we generalize the global result from above. Let S C R™ be open and f : § — R"™ such that
there exists ki, ko > 0 such that
k§|Df(XO . u| S k2

for all x € S and all unit vectors u € R™. Prove that f(S) is open and that f is one-to-one and onto f(.5)

with a differentiable inverse function.

3. Define f : R? — r? by f(x,y) = (e” cosy, e®siny) show that Dg(x) is non-singular for all x = (z,y) € R?,

but f is not one-to-one.

3.3 The Implicit Function Theorem

We continue next to the Implicit Function Theorem. To start we all recall problems from calculus of the
following form:
Let y® — 22 = 2 Find the slope of the tangent line to this curve at the point (—2,2). We learned to solve them

by differentiating this equation under the assumption that y is a differentiable function of = to get:

3%y (x) =22 =0
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Next we evaluated x and y at the given point to get 12y'(—2) + 4 = 0 and get y'(—2) = —1/3. The Implicit
Function Theorem will give us specific conditions when we can do this and generalize this to higher dimensions.

We need to introduce some new notation to simplify this situation.

Let f: R™ x R™ — R™ be differentable at a point (x,y) € R™ x R™. We denote by
Oxf(x,y) and Oyf(x,y)

the drivatives of £ with respect to the x and y variables. If we write D¢(x,y) as a matrix of partial derivatives,

these represent the submatrices consisting of the first n and the last m columns, respectively. And
De(x,y) = (0«f(x,y), 0y f(x,y)).
Using this notation we may formulate the first version of the theorem.
Theorem 6 Implicit Function Theorem. Let
f:R"xR™ —R™

be a continuously differentiable at (xo,yo) € R™ x R™ such that f(x¢,yo0) = 0 and dyf(x0,y0) is non-singular.
Then there exists an open set O C R™ and and open set w C R™ such that (xg,y0) € O x W and for each x € O
there exists a unique g(x) € W such that £(x,g(x)) = 0. Moreover, the function g : O — W is differentiable

and

Dg(X) = _(8yf(xv Y))71 ’ 8xf(X,y), y = g(X)

Proof: The proof of this theorem is essentially a smart application of the inverse function theorem. To
do this we must first construct a function to which the inverse function theorem can be applied. Define
F:R" xR™ — R"” x R™ by

F(x,y) = (x,f(x,5)).

Observe that this function is differentiable with the derivative given by

I 0

x y

It is easy to see that Dg(X,yo) is non-singular and we may therefore apply the inverse function theorem. Thus
there exists an open set which we may choose to be of the form O x W containing the point (x¢,yo) and an open
set U C RM with 0 € U, such that F has a differentiable inverse F~1 : O x U — O x W. For (z,w) € O x W
this inverse will be of the form
Fl(z,w) = (z,k(z,w)).
Finally define
g(z) = k(z,0).
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Observe that for all x € O
F(x,g(x)) = F(x,k(x,0)) = F(F'(x,0)) = (x,0),

and thus

f(x, g(z)) = 0.
Since F~! is differentable, so is g, and by taking the derivative of this last equation using the chain rule we
arrive at:

0 = Ouf + (0yF) - Dy,

which immediately implies the formula for the derivative.

It is clear that the position of the x and y variables does not matter. The theorem can therefore be significantly
generalized. To do this let F : R™*™ — R™. If rank D¢ (X0, yo) = m we can find m functions g; : R™ — R such

that m variables x;,,...,2;, can be expressed z;; = g;(y), where y the n variables which are not in the set

{xil,...,xim}.

3.4 Assignment 8:

1. Apply the Implicit function theorem to prove the following Theorem:

Theorem 7 Let f : R™ — R and g; : R™ — R be continuously differentiable functions for i = 1,... k,

and U C R™ be open. Assume that f attains a local mazimum or minumum at xX* on the set
D=Un{xeR":g(x)=0, i=1,...,k}

Let g = (g1, ..., gx) and assume that
rank Dg(x*) =k
Then there exists a vector A = (A1, ..., ) € RF such that

k
Dy(x7) + 3 AiDy, (x7) = 0.

i=1
Hint: Apply the Implicit function theorem to the function g, replace the variables in f using the functions
created by the theorem. The resulting function has a local extremum at an interior point of an open subset

of R"*. Supply all the details and give a formula for A.

2. Let Q € R™ be an open set and f : R™ — R be a differentiable function such that f(z1,...,z,) =0 and

aanJ(xl,...,xn) #0forall j=1,...,nand all (z1,...,2,) € Q. Prove that

Oz, 023 9Tn-1 020
Oxo 0x3 o0x, Ox1

= (_1)717

for all (x1,...,2,) €
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4 THE BANACH SPACE C(X)

Let X be a metric space, then C(X) denotes the set of all continuous real valued functions on X. The set of
all continuous functions with values in R™ is denoted by (C(X))™. We will concetrate our efforts on the space

of real valued functions as the vector valued case can be treated by treating the components separately.

Proposition 21 C(X) is a real vector space with o norm defined by

[flloo = sup |f ()]
reX

Proof: Clearly if f,g € C(X) and a,b € R then af + bg is real valued continuous function on X and therefore
af +bg € C(X). To show that there is a norm, observe that

[ fllss >0,

and if || f||ec = 0 we must have |f(z)| =) for all x € X and thus f = 0. Next, let a € R then
[aflloc = sup [af(z)| = [a] sup | f(z)] = |al[| f]loo-
zeX zeX
Finally, observe that for every z € X

[f(2) + g(@)] < [f(@)] + 19(@)] < [flloo + llglloo-

Taking the least upper bound on the left hand side we get

1+ glloo < 1 Flloc + NIl

Remarks:

1. This norm is called the uniform norm. Any norm generates a metric in the usual way. The topology

generated by this metric is called the uniform topology on C'(X).

2. Continuity is not required for this last proposition. However, we restrict ourselves to continuous functions,

as C'(X) will inherit some nice properties.

3. The set C'(X) is actually more than a vectorspace, it is a commutative ring, for those of us who like

algebra.
4. In the case of vector valued functions the absolute value is replaced by the Euclidean norm on R".

5. If X is a finite set with n elements, then C(X) is isomorphic to R™, but for infinite sets X the space
is infinite dimensional. We can see this easily in the case when X is an interval. The polynomials are

elements of C(X), but for any finite set of polynomials one can construct a new polynomial which is
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linearly independent. Let pq,...,p, denote a set of n linearly independent polynomials. Let m be the

m—+1

largest degree of these n polynomials. Then x cannot be written as a linear combination of the original

n polynomials. Thus no finite set of of polynomials can span the vectorspace of polynomials and this is

an infinite dimensional subspace of C(X)

This Proposition estabished C(X) as a metric space. We can and will now look at all the topological properites

of this space. Most importantly we have:
Theorem 8 C(X) is complete.

Proof: The proof of this theorem is surprisingly simple. Let {f,,} be a Cauchy sequence in C'(X). This implies
that for any z € X the sequence {f,(x)} is a Cauchy sequence of real numbers. Since the real numbers are

complete this sequence converges to a unique limit. So for every = € X we can define

flx) = lim f,(z).

n—oo

Next we need to show that this sequence converges uniformly. Let € > 0, then for each x € X there is a number

N, such that
(@) = ful@)| < 5

for all n > N,. Furthermore, there exists M such that

€
an - meoo < 5

for all n,m > M. Now let n > M then for each = € X there is a m > max{M, N, } such that

€

[f(@) = fu(@)] < (@) = fo(@)] + [ (2) = fu(2)] < %4‘ 5

Since this inequality holds for all x € X and the right hand side is independent of x we may take the least
upper bound on the left and get

Ilf = fallo <€

for all n > M. Finally, we will prove that f is continuous. To do this let € > 0 and g € X then There is a M
such that ||f — fnllec < § for alln > M. Pick a n > M then there exists a § > 0 such that | f,,(2) — fn(20)| < §
for all x € Bs(xo). Finally, observe that

[f (@) = fzo)l < [f(@) = fu(@)] + [fn (@) = fulzo)| + [f(20) = fulzo)| <€

for all € Bs(zo).

Remarks:
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1. In the proof of the Theorem we only used the contiuity of f,, to sow that the limit is continuous. WE can

thus extend the statement to the following:

Let {f.} be a sequence of real valued functions on a metric space X which is a Cauchy sequence in the

uniform metric. Then the sequence converges to a function on X.

2. Complete, normed vector spaces are usually called Banach Spaces, in honor of the Polish mathematician

Stefan Banach.

Examples:

1. Consider series -
>
Jj=0

for j € (—p,p) where 0 < p < 1 If we let f,(x) = Z?:o 27 then this is a sequence of continuous functions

on (—p,p). We know that this sequece converges for every x € (—p,p). We will show that it converges

uniformly. To do this let f(z) = lim,_ o fn(z) then

@) = ful@) = | Y @< Y faf < Y V=17
j=n+1 j=n+1 j=n+1 p

The right most term is independent of x and converges to 0 as n — co. So we take the least upper bound

on the left to get uniform convergence.

2. Let fp(x) = 2™ then {f,} is not uniformly convergent on [0, 1], but it is uniformly convergent on [0, p) for
any 0 < p < 1. To see this observe that lim,, . fn(z) = 0 for all = € [0,1), but lim, . f,(1) = 1. Thus

the limit function is not continuous, as it would be if the convergence was uniform. For = € [0, p) observe
that |f(z) = fa(z)] < p™.

It seems like the first example can be extended to any power series. Moreover, if {f,} is a sequence of real

valued functions on the metric space x we can let g, (x) = fnt1(z) — fn(z) and go(z) = fi(x) which gives

n—1
Falz) =) gi(@),
j=0

i.e. we can assume that any given sequence is actually a series. And for series there is an excellent tool to test

whether it converges uniformly or not.

Theorem 9 Weierstrass M-Test. Let {g,} be a sequence of functions on X. If there exists a sequence of

non-negative real numbers {a,} suct that the series
oo
2 an
j=0
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converges and ||g;l|oo < aj for all j € N then the series

> gi(x)
)

converges uniformly on X .

Proof: The proof essentially follows example 1. Let € > 0, since
o0
>
j=0
converges the exists a N such that
m
Z a; < €
Jj=n+1
for all n,m > N. Now
m m m
Sgl < D gl D aj<e
Jj=n+1 Jj=n+1 j=n+1

for all n,m > N. Thus the sequence of partial sums is a Cauchy sequence and converges.

4.1 Consequences and Examples

Proposition 22 Let O C X and xo be a limit point of O (not necessarily in O). Let {fn} be a sequence of
continuous functions on O such that

lim f,(x) = ap.
T—x0

If the sequence of functions converges uniformly to a function f on O and the sequence a,, converges to a number
a, then

lim f(z)= lim a,

r—xQ n—oo
Proof: Observe that
1f (@) —al < |If = falloo + | fn(2) — an| + |an — al -
For any € > 0 there exists N such that

If = fule <5 and  an—al <3,

for any n > N. We can also find § > 0 such that
€
|fn(z) —an] < 3

for all € Bs(xg) N O. Combining these yields the desired result.
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Derivatives and Integrals of Sequences:
If we have a given sequence of differentiable functions in C([a, b]) is the limit function necessarily differentiable.

We will investigate this and related questions next. We start by looking at integration.

Example:
Let
n(l — nx) O<z<i
falz) = 1

Then this is a sequence of continuous Riemann integrable functions on (0,1). This sequence converges to

f(z) =0, and
! 1
/0 fude =3,

1 1
lim fnd:v——;éo—/ lim f, dz.
0

for all n Thus

Proposition 23 Let {f,} a sequence of Riemann integrable functions on the interval [a,b], that uniformly
coverges to a function f. Then f is Riemann integrable and

lim fnd:v—/ fdx

n—oo

Proof: Let ¢ > 0 since the sequence converges uniformly there exists a N > 0 such that

an - f”oo < ma

for all n > N. In particular this inequality holds for n = N. Morevoer, since fy is integrable there exists a

partition P such that
— €
S(fniP) = S(fn: P) < 3
For the ith subinterval of a partition let M;(f) = sup{f(z) : zi—1 < z < x;}, and m;(f) = inf{f(z) : ;-1 <

x < z;}. It follows from the uniform convergence and a problem in the next assignment that

MG = Mldw)| < gy and () = maliw)| < g
Thus
S(f; P)=S(fn:P)| < Y IMi(f) (fn)|Az;

and similarly



Finally,
|S(f; P) = 8(f; P)| < [S(fs P) = S(fns P)| + |S(fn: P) = S(fn: P)| + |8(f; P) = S(fw: P)| <e,

and thus f is Riemann integrable. To show the second part of the proposition observe that for ¢ > o there is a

N such that
€ €

fn(z) — (=] < f(x) < falz) + b—a)

for all x € [a,b] and all n > N. Integration yields
b b b
/ fndx—e</ fdx</ fondr +¢

The next example shows that uniform convergence is a sufficien condition, but it is not a necessary condition.

which yields the result.

Example:
The sequence of functions {f,(x)} = {z™} converges on the interval [0,1], but since the limit fuction is not

continuous this convegerce is not uniform. The limit function f is identically equal to zero on [0,1) and f(1) = 1.
Thus )
/ fdr =0,
0
1

1
lim fndzr = lim =0
n—oo Jq n—oo N +

and

The next proposition has a somewhat lengthy proof, but it is a very powerful statement. We will show that if f,
is a sequence of differentiable functions and whose derivatives converge uniformly, then f, converges uniformly

to a differentiable function, provided it converges at at least one point in its domain.

Proposition 24 Let {f,} be a sequence of differentiable functions on (a,b) such that the sequence {f}} con-
verges uniformly to a function g, and there is a point xo € (a,b) such that {f,(xo)} converges. Then the

sequence {fn} converges uniformly to a differentiable function f and " = g.

Proof: We start with proving that the series converges uniformly. Let ¢ > 0, then there exists a NV > 0 such
that

€
|fn($0) - fm(‘rO)l < 5
for all n,m > N and

Ifn = Fll < 20b—a)
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for all n,m > N. Now we have

|fn($) - fm(x)| |fn(x) - fn(xo) + fn(xo) - fm(‘TO) + fm(‘TO) - fm(x)|

< [fal@0) = fanl@0)| + (fa(@) = fin(@)) = (Fa(0) = fun(0)
< SHlIf gl bl
< €

)

where we used the Mean Value Theorem for the second term on the right of the second line and for the function
fn — fm. Since this holds for any 2 € [a,b] the sequence is a uniform Cauchy sequence and converges. Let
f(@) =limy oo fn(@).

Next, fix = € (a,b) and define

fn(t) = fn(2)

t—=x

f{t) = f(=)

t—=x

hn(t) = and h(t) = for all t€la, b\ {z}

To continue observe that by using the Mean Value Theorem again we have

[ (8) = hm(8)] - = ﬁ [(fa®) = fm(®)) = (fn(2) = fm(2))]
1

<
T ft—af

I1fn = Foul It — 2]

which imeiately make h,, into a Cauchy sequence which converges uniformly if ¢ # x. But since f,,(t) converges

to f(t) for all t # x, hy,(t) — h(t). By a previous proposition we have

lim ( lim hn(t)) — lim (hm Hn(t)) ,

t—x \n—oo n—oo \t—zx
and thus
f(x) =lim h(t) = lim f!(z).

t—zx n— 00

4.2 A nowhere differentiable continuous function

Our next step is to give an example of a function which is continuous on R but nowhere differentiable.
Proposition 25 There exists a continuous f : R — R which is nowhere differentiable.

Proof: We begin by defining ¢ : R — R as follows. ¢(x) = |z|, for |z| < fracl2. and ¢(z +n) = ¢(z) for all
integers n. This defines ¢ on all of R ¢ is continuous and its graph consists of line segments which alternate

between slope 1 and -1. Moreover, 0 < ¢(z) < % for all z € R. Next let




Then f; is continuous and |f;(z)] < 2477, and f;(z +47) = f;(x). Thus the sum

> filz)
=0

converges uniformly to a continuous function f(z) To show that this function is nowhere differentiable, fix z € R
an let hj = £477~1, where the sign is chosen such that 47z and 47(z + h;) lie in the same interval [£, 281, Te
the graph at these two points are the same line segment. Observe that

fi(x) = fe(@ + hy)
for all £ > j. Furthermore,
Jr(@) = filw + h;) = £h;

for all k < j. This is easy to see for k = j. For k < j , the points 4"z and 4% (x + hj) also lie in the same interval

[z, mEl] Therefore, we have

f(x+héj—f(x) ka(x-i-hj)_fk(iv) S

k=0 J k=0

where v = £1.Thus if j + 1 is even we have either an even number of +1’s and even number of —1’s, or an odd
number of +1’s and an odd number of —1’s. In either case the sum is an even number. By the same reasoning
the sum is an odd number if j 4+ 1 is odd. Thus the limit

i L&+ 1) — f(z)

j—o0 hj

cannot exist, and neither can the derivative.

4.3 Assignment 9:

1. Find an example of asequence of functions that is not continuous at any point in [0, 1] but converges

uniformly to a continuous function.

2. Define

L

1
v oow < TS gEet

fn(x) =

1
n
0 otherwise

Show that the series Y ° | f,, converges uniformly, but the Weierstrass M-test fails.

3. Prove that if Y7 | f, converges uniformly on E, then {f,} converges to zero uniformly on E. Is the

converse true?

4. Prove that
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(a) If f,, converges uniformly to f and if f,, is bounded, then f is bounded as well.

(b) If f, converges uniformly to f on [a,b] and if | fx — f|| < €, then [M(fn) — M(f)| < 2, where
M(f) = max{f(z);x € [a,b]}.

4.4 Dense subsets of C(X):

While continuous functions seem very reasonable it is often necessary to approximate continuous functions with
another group of functions which are easier to evaluate. In fact the only functions which we can evaluat exactly
are the ones which only involve the four basic operations of arithmetic. All others require approximations. For
notation we say that a set A is adense subset of a metric space X, if the closure of A is equal to X. In other
words if A is a dense subset, every x € X can be approximated by a sequence of elements of A. We start with

a simple result.

Proposition 26 Let L denote the set of piece wise linear functions on the interval [a,b]. Then L is dense in

C([a,b]).

Proof: Without loss of generality we assume [a,b] = [0,1]. Let f € C([0,1]) be a given continuous function
and € > 0. Then there exists a § > 0 such that |f(z) — f(y)| < €/2 for all |z — y| < . Choose N such that
1/N <6, and let zg = 0 and z; = j/N for j =1,...,N. Define

T—Tj-1 Tj—x
Uz) = flo)—L=— + f(x._ J ,
R
forz € [zj_1,x;], 7 =1,...,N. Then [ is continuous and piecewise linear and for every z € [z;_1, ;] and every
j =1,dots, N we have:
LT L1 Tj — T T —xj-1 Ti—x
l(E — xX = T 73_’_ T J _ T J + r j
1)~ £ = [ T2 o) T - @) I () B
r—T;-1 Ti— T
< xj) — flx)—L—| + 2o 1) — f(x j <
() = F) =52 o) = )2

Hence every continuous function can be uniformly approximated by a piecewise linear function, and the piecewise
linear functions are dens in C(]a, b]).

Instead of proving such results for every possible subset we would like to have a general criterium for density.
This will be given by the following two theorems, Stone’s Theorem, and the Stone-Weierstrass Theorem. To
formulate these theorem we introduce the following notation. Let f and g be two continuous functions on a
metric space X, then (fVg)(z) = max{f(x),g(x)}, and (f Ag)(x) = min{f(z), g(z)}. Tt is clear that fV g and

f A g are both continuous.

Theorem 10 Stone’s Theorem Let X be a compact metric space, and let L C C(X) have the following

properties:

38



1. if f,g€ L then af +bg € L. i.e. L is a vector space.

2. if f,ge L, then fVg,fAgeL

3. for any x,y € X, with © # y, there exists [ € L with f(z) # f(y), i.e. L separates points
4. every constant function belongs to L.

Then L is dense in C(X).

Proof: First if x # y and a,b € R there is an f € £ such that f(z) = a, and f(y) = b. This is obvious if a = b
and if a # b there is a g € £ such that g(x) = « and ¢g(y) = 8. And one of the numbers «, [ is not zero. Assume
a # 0, then
Sg+(b-5p)

satisfies the desired property.

Now let f € C'(X) and € > 0 we will constaruct a function g € £ such that f(x) — ¢, g(x) < f(z) + € for all
x € X. Now for every pair z,y € X there exists a function g,, € £ such that g,,(z) = f(z) and g,,(y) = f(v).
By continuity of g,, there exists a number d,, such that g,,(t) < f(t) + € for all t € Bs, (y). The collection
of open balls Bs,, (y) forms an open cover of X, and by compactness there exist points y1,...yn such that

X = Bs,,, (y1)U---UBs,, (yn). Now we define for every z € X
Yo = Gays N+ N Gayy € L.

Then g,(t) < f(t) + € for all t € x and g,(x) = f(x). Again by continuity there exists numbers d, such that
gx(t) > f(t) — € for all t € Bs, (z). Compactness again applies that there are finitely many points x1,...,zn
whose balls cover X. Define

g:g$1v”'\/g$1u'

Then f(t) —e < g(t) < f(t) + € for all t € X and the proof is complete.

This is a powerful theorem which has the proposition on piecewise linear functions as a direct consequence. Since
piecewise linear functions on R™ satisfy all the hypotheses, as do piecewise polynomial functions. However, we
often wnat to use functions which are not defined piecewise, like polynomials or trigonometric polynomials etc.
And these functions do not satisfy all hypotheses, since p V ¢ is not a polynomial if p, ¢ are polynomials for
example.

Before continuing to an improved theorem we will explore the condition of maxima further. Observe that

la] = a V (—a) and thus
la—bl=aVb—aAnb and a+b=aVb+aAb.

Soif f+ g€ L and |g| € L for every g € L the condition (2) of the theorem holds. We have the following
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Lemma 4 There exists a sequence of polynomials {p,} which uniformly converges to |z| on [—1,1].
Proof: Let pp = 1 and recursively define

pit1 () = = (¢ +2p; — p?)

N~

If |z| < p; <1 we have

|~

Pj —Pj+1 =
and
piv— ol = 2 (1= lal)? — (1= p;)?) 2 0.
Since py satisfies |z| < po < 1 itfollows by induction that |z| < p;y1 < p; < 1, and so for every z € [—1,1]

{pj(x)} is a bounded decreasing sequence that converges. Let {p} be the limit of this sequence, then p satisfies.

p==(lz]*+2p-p%),

N =

and therefore

P’ = x>,

Since p is nongegative we have p = |z|. The uniform convergence follows by a theorem that says if a sequence
of continuous functions converges monotonically to a continuous limit on a compact set, the convergence is

uniform (see assignment 10).

Theorem 11 Stone-Weierstrass Theorem Let X be a compact metric space, and let S C C(X) have the

following properties:
1. if f,ge S thenaf +bg € S. i.e. S is a vector space.
2. if f,g €S, then fge S
3. for any x,y € X, with x # y, there exists f € S with f(x) # f(y), i.e. S separates points
4. every constant function belongs to S.

Then S is dense in C(X).

Proof: It is clear, that if p is a polynomial then p(f) € S for every f € § . Now for every compact interval
I C R there is a sequence of polynomials {p,} which converges uniformly to |z| on I. Given f € S. There
is a compact interval I such that f(X) C I and a sequence {p,(f)} in S that converges to |f|. Thus |f| is in
the closure of S. The closure of S now satisfies all the hypotheses of Stone’s Theorem and is therefore dense in
C(X). But since the closure is closed it must equal C'(X) and hence S is dense in C(X).

An immediate consequece is this classical result.
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Corollary 1 Weierstrass Approximation Theorem. Let X be a compact subset of R™. Then every function

f € C(X) can be uniformly approximated by a sequence of polynomials.

Of course there are many other consequences. Differentiable functions are dense, and for every n € N n-times

differentiable functions are dense.

4.5 Compactness in C(X):

Another important question is when does a sequence of functions have a uniformly convergent subsequences. In
R™ we have the Bolzano-Weierstrass Theorem which gives a condition that can be easily checked. The situation

in C(X) is somewhat more complicated.

Definition 17 Let X be a metric space and F C C(X). The set F is said to be equi-continuous if for every
€ >0 and every x € X there exists a § > 0 such that |f(x) — f(y)| < € for all y € Bs(x) and all f € F.

This condition is a condition on a set of functions, not on a single function. We now prove:

Theorem 12 Classical Arzela-Ascoli Theorem. Let X be a metric space which has a countable dense

subset Q. And let G C C(X) have the following properties:
1. There exists a M > 0 such that |g| < M for allg € G
2. G is equicontinuous
Then every sequence of functions in G has a (pointwise) convergent subsequence.

Proof: Let Q = {pl,pe,...}. Then {g,(p1)} is a bounded sequence of real numbers, and therefore has a
convergent subsequence {gl(p1)} whose limit we call g(p;). We ingore all terms of {g,} which are not part
of {gL}. {gl(p2} is again abounded sequence of real numbers with a convergent subsequence {g2(p2)} observe
that

gn(p2) = 9(p2), and gn(p1) = 9(p1)

in this manner we keep extracting subsequences g7 (p;+1)of g7 (pj+1 with the property that

lim ¢/ (p;) = g(ps) for all i=1,...,5+1.

n—oo

We next construct a new sequence by diagonalization. L.e, we set
hj = g},

i.e the jth term of this sequence is given tby the jth term of the jth subsequence. In this way {h,} is a

subsequence of all the sequences constructed above, and thus
lim A (p;) = 9(p;),
n—oo
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for all p; € Q. We therefore have established a sequence which converges at every point in P. Next let € > 0
and = € X, then there exists a 6 > 0 such that |h,(z) —h,(y)|,¢/3 for all n and all y € Bs(z). Since Q is dense,
there is a ¢ € @ such that ¢ € Bs(x). For this g, there exists a M > 0 such that

€
|hn(q) — ham(@)] < 3
for all m,n > M. Now

) = hon (@)] < |a(@) = (@] + (@) = P (@] + | (@) = hon(@)] < 5+ 5+ 5 =

for all m,n > M. Therefore h,(z) is a Cauchy sequence of real numbers and converges to some real number
h(x).

A consequence is

Theorem 13 Let X be a compact metric space, and let G C C(X) have the following properties:
1. There exists a M > 0 such that |g| < M for allg € G
2. G is equicontinuous

Then the closure of G is a compact subset of C(X).

Proof: In the compact case we observe that we only need to construct finitely many subsequences in order to
have subsequence which converges at the centers of finitely many balls of radius § which cover X. Then we can

use a number M which works for all theese centers. And this will give us uniform convergence.

4.6 Assignment 10:

Prove the following Theorem:

Theorem 14 Let X be a compact metric space, and let {f,} be a monotonically increasing sequence of contin-

wous functions. Le. fni1(x) > fun(x) for allxz € X.

1. If there exists a number M such that f,(x) < M for all x € X, this sequence converges pointwise to a

limit function f(x).

2. If [ (the limit function) is continuous, then the convergence is uniform.

42



5 POWER SERIES AND FOURIER SERIES

5.1 Number series with non-negative terms

In this section we will apply some of the principles developed in the previous sections to the most common

sequences of functions. Before doing that we need to prove some staments about series of non-negative terms.
Proposition 27 Let {a,} and {b,} be sequences of non-negative numbers, such that

an
2 <limpyee— =L < 00
n bn

0<l<lim

—Nn—00

Then
o0 o0
Z an and Z b,
n=1 n=1
converge or diverge together.

Proof: Assume that > >~ b, converges. The statement about the limit implies, that for a given € > 0 there

are only finitely many terms of 3= that are greater than L + €. Thus there exists an N > 0 such that’
< (L+e)b,

for all n > N. Hence, for all K > N

and thus
oo
>
n=N
converges, and so does
o0
E .
n=1

A similar argument using the left inequality proves that the convergence of > 7 | a,, implies the convergence of

>0 | by, and the statement about the divergence.

Unfortunately this result requires that we can find an appropriate series for comparison in order to determine

whether or not the series converges. The next two results will do away with this requirement.

1
Proposition 28 Root Test Let {a,} be a sequence of non-negative terms, and L = limay; . Then
o0
D an
n=0
converges if L <1 and diverges if L > 1.
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1
Proof: Assume first that L < 1. Then for any € > 0 there is at most finitely many terms of a;; which are larger

than L + €. In particular, there exist aN such that

for all n > N. Therefore,

for all n > N and
Sy (55) <
n=N n=N

and the series converges.

Next, assume that L > 1. Then the sequence contains a subsequence {a, } such that there is a N > 0 with
(LA (Lt g
Qn I Z\—5 )
* 2 2

> (5

k=N

for all £ > N. Thus
> >
k=N

which is known to diverge. This immediately implies the result.

Proposition 29 Ratio Test Let {a,} be a sequence of non-negative terms, and L = lim™* and K =

an
lim Antl  Then

==n—oo a,

>
n=0
converges if L < 1 and diverges if K > 1.

Proof: Assume that L < 1, as in the previous proof there exists a number N such that’

Anp41 < L—|—1
a, ~— 2

for all n > N. This implies:

L+1 L+1)\? L+1\*
anik < anip-1 | — ) <anipo| — ) < <an | ——

2 2 2
Thus )

- < (L+1

ZaNJrk < an Z (T) ,

k=0 k=0
which is known to converge. On the other hand, if K > 1 there exists A N > 0 such that

n K+1
Anp41 > +
an 2
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for all n > N. It follows that

2

The series diverges by comparison to the divergent geometric series

55

k=0

K+1\"
GN4+k > GN | —— .

5.2 Power Series

Definition 18 Let a € R a power series at a is a function of the form
o0
f2) =) anle—a),
k=0

where {ax} is a given sequence of real numbers.

We remark that a power series converges at at least one point = a. Applying the root test to this we get that

the series converges if

el

Timy— oo (Jag| Jz —aF)* < 1.

Simple algebra implies .

|z —a| < _hlnikﬂoo|ak|% = R.
This number R is called the radius of convergence of the series. The Stone Weierstrass Theorem already tells
us that every continuous function can be approximated by a sequence of polynomials on a compact interval. A
power series is the limit of a sequence of polynomials. We will now study the uniform convergence of power

series.

Proposition 30 Let f be given by the power series
oo
f(x) = ax(z —a)F,
k=0

with apositive radius of convergence R. Then the series converges uniformly on any compact subset of (a —

R,a+ R).

Proof: Let C be a compact subset of (a— R, a+ R). Then there exists a p € (0, R) such that C' C [a—p,a+p] C
(a — R,a+ R). Now for any = € C, we have

|lar(z — a)¥| < |ax|p*.

45



The result now follows immediatedly from the Weierstrass M-Test.

Power series can formally be differentiated an infinite number of times, however, the derivatives may not

converge. A special case is if all derivatives converge.

Definition 19 f is called an analytic function on (a — R,a + R) if it can be differentiated infinitely many

times and has a convergent power series at A with radius of convergence R.

In this case we have
f ™ (a)
K

as can easily be checked by direct computation. That is the power series is actually the Taylor series of this

ap =

function.
The function f(x) = 0 is analytic and has the power series 220:0 0zF = 0 at 0, and this is clearly the only power

series it has at this point. For if there would be another power series

oo
E akxk
k=0

we get

0= f®(0) = klag,
and thus ar = 0. An immediate consequence is
Corollary 2 Suppose that [ is analytic on an open neighborhood of a. Then its power series al a is unique.
We would like to extend this to higher dimensions. Recall the definition of an k-linear form
A:R"x---xR" =R
A power series in R™ can now easily be defined by
iAk(x—a,...,x—a). (17)
k=0
where Ay is a k-linear form. Next, we define, a norm for k-linear forms
|Ak] = max {|Ap(ui, ..., up)| s u; € R, |Ju;| =1}

It is easily checked thta this is actually a norm. In fact it is the same as the infinity norm for continuous

functions. Next, observe that for x # a

M@ — a2 —a) = |o—af* | A (EZD @Oy gk,

|z —al” " |z —q
Therefore, we can set

1
= Ty oo || A |
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and see that (17) converges if |z — a] < R. In fact, since we use absolute values or norms for the determination

of convergence we can easily extend this idea to more complex vectorspaces than R™ as we will show in the next

examples.
Examples:
1. Let A be an n x n matrix. Define
A = max{|Az| : z € R", |z| = 1}
and let -
A
A — -
e = Z Kl
k=0
This series converges for any matrix since the underlying series
D
k=0
converges for any = € R. The matrix series is clearly a linear operator on R™. Finally, consider the linear
system of first order differential equations:
y'(t) = Ay(t)
y(0) = wo
It is easy to see that the function
y(t) = e*yo.
solves this initial value problem.
2. Let P be an n x n matrix with ||P|| < 1. Then the matrix (I — P) is invertable, since the sum
o0
> Pt
k=0
converges.
5.3 Assignment 11
1. It is well known that the series >~ % does not converge. Show that the sequence

n

ap = Z—lnn,

k=1

converges. Hint: Inn = fln % dzx, and draw a picture, and think MVT.

47



2. Let

1

To] x#£0

fa@y=4°
0 xr=20

Show that this function has derivatives of arbitrarily high orders at 0, but does not have a power series

with positive radius of convergence at 0.
3. Let Ay, be a k-linear form on R?. Such that
Ap(Xy, -, Xi) = (w1 4+y1) X oo X (2 + yg),
where X; = (z;,y;).

(a) Show that this is indeed a k-linear form.
(b) Compute ||Ag]|.

(¢) Compute the radius of confergence of

D AKX, X).
k=1

5.4 Fourier Series and Hilbert Spaces

For the following discussion we will actually consider complex valued functions which greatly simplify the
computational aspects. Formally, a complex valued function is just the linear compination of two real valued
functions. Since the major operations and properites of functions are linear operations, they work as well with
complex functions. The same is of course true with products and quotients. For the function f(z) = g(z)+ih(x)

we define its complex conjugate f(z) = g(z) — ih(x) and

[f(@)] =/ f@)f(2) = Vg2 (x) + h2(x).
g and h are called the real and imaginary parts of f, g = R(f), h = S(f).

Lemma 5 Let f : [a,b] — C be Riemann integrable. Then

/ab £(t) dt

Proof: Let € C such that |u| =1 and ,uf: f(t)dt > 0. Then we have

/abf(t)dt u/abf(t)dt—/abuf(t)dt

b b
= [ ufyde= [ Rerie) a

b b
/ f ()] dt = / o)) dt
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A function f : R — X, where X is any metric, is called periodic with period P, if f(x + P) = f(z) for any

x € R. If fis also continuous consider the set
{P>0: f(x+P)= f(z) forall zecR}

this set is not empty and thus has a least upper bound Fy. If Py = 0 the function is obviously constant. We
will concentrate our discussion on functions whose smallest period is 1. Examples of these are trigonometric

polynomials of the form

N
Py(z) = ao + Z (an cos(2mnz) + by, sin(2mna)) .
n=1

Recall that
eiz + efiz . eiz o e*im
cosx = ————, and s1n:1::f,
(3

2

substitution of these expressions into the trigonometric polynomials yields:

N .
PN ((E) _ Z Cne27r1nm,
n=—N

where
ag n=>0
cn=1q i(an+iby) n>0
2 (an —iby) n<0

Let P(a,b) denote the set of all trigonometric polynomials us a subset of C([a,b]). Then clearly this is a vector
space, and it is closed under multiplication. It also separates points and contains every constant function. Thus

the Stone-Weierstrass Theorem implies that it is dense in C([a,b]) or

Proposition 31 Let f : [a,b] — R be a contiuvous function, then there exists a sequence of trigonometric

polynomials that converges uniformly to f.

Lemma 6 Let P be a trigonometric polynomial.

N .
P((E) _ Z cne27r1nm
n=—N

then for any a € R and —N <n < N
a+1
Cn = / P(z)e ™" dg

Proof: First observe that for any periodic function f with period 1 we have

/:Hf(x) dz = /Olf(a:) dx
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and for any integer k

1 1 k=
/ eQTrkzdx:
0 0 k#£0

The result follows immediately.

Definition 20 Define C be the set of continuous I-periodic functions.

Clearly this space is a complex vectorspaces, however, it actually has more structure, as the next Proposition
shows.
Proposition 32 For f,g € C define
1
(f9) = | g e
0

The this operation has the properties of an inner product

Proof: Clearly (f,g) = (g, f), and the operator has the linearity properties of an inner product. Finally
(f,f) > 0and (f, f) = 0if and only if f = 0. As usual this inner product will produce a norm on C.

[£ll2 = V{5 1),

is a norm on C as already observed in Assignment 1, thus C is a metric space, and a normed inner product

space. This norm is called the L2-norm.

Lemma 7 C is not complete in the metric generated from the inner product.

Proof: Let

1 0<z<i-—4
fo)={ -nle-})  j-i<esied
—1 i+l<z<
Althuogh f, is not yet a periodic function. Define
fn(22) 0<z< %
gn(z) = 1
fa(2(1 =) ;<z<l1

and extend it periodically. Then g, € C. g, converges pointwise to a step function. We will show that it also

converges in the norm defined by the inner product to a step function. Clearly it suffices to show that

1
/|n—ﬂ%x~m
0

where

[u—
o= O
IN

8

IN

IN
5
IN
[ N
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Observe, that

/01|fn—f|2da: -

And, hence g,, converges to a step function in the L2-norm.

We next do a step which is similar to the step from the rational numbers to the real numbers.

Theorem 15 For any Cauchy sequence {f,} in C, let f be the function such that

[fn = fllz = 0.

Let X be the set of all such functions and define an equivalence relation ~ on X as follows

f~y
if and only if
1f—gll2=0.
Then the space
L2 =X/~

of equivalence classes is a complete inner product space.

Proof: Let {F,} be a Cauchy sequence in £? and € > 0. Then there exists a N > 0 such that

€

||Fn_Fm||2< 3

for all m,n > N. For each n > N there exists a f, € C such that

€
”fn - FnH2 < §

Now observe that

[ fr = finll2 < [ fo = Fulla + | Fn = Fall2 + [[Fn — fill2 <,

for all n,m > N. Thus {f,} is a Cauchy sequence in C and therefore has a limit f € £2. But

[Fn = fll2 < 1Fn = fall2 + 1fa = fll2

and thus {F,} converges to f. Hence, £? is complete.
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Definition 21 A Hilbert Space is a complete inner product space.

Definition 22 For each integer let

¢(I):e27rinm
For each f € L? deﬁnef:Z—>(C by )
An: _nd = sy Pn /-
fu= [ farde = (f.00)

f 18 called the Fourier Transform of f. fn is called the n-th Fourier coefficient of f. The series

infty

S(LL'): Z fn¢n7

n=—oo

is called the Fourier Series of f.

Proposition 33 Let Y be the vectorspace of complex sequences. The map
d: L2, D fr— f

is a linear operator between two complex vector spaces.

Proof: See Assignment 12.

Theorem 16 Let f € C, and f,, = 0 for all n € Z, then f = 0.

Proof: Let f # 0. We may assume that f is real valued and f(0) > 0. There exist positive numbers d, € such
that f(z) > e for all x € (—6,0). Define

g(x) =14 cos2ma — cos 2m0.

and g, = g". Observe that g,(z) — oo for all z € (—4§,6) and g, (x) — 0 for all z € [_%7 %] \ [=6, delta]. Thus
fi; f(x)gn(x) dz — oo, and so does

" f(@)gn(z) de.

1
2

Since every g" is a trigonometric polynomial there exist n € Z such that fn # 0.

We next turn our attention to the space £2.

Lemma 8 Bessel’s Inequality For f € £? define

N ~
n=—N

We have
(snv,sw) < (f, [),

52



N A~
> Ul <IIfl3:

n=—N

Proof: Observe that (¢, ¢n) =0 if m #n, and (¢, d,) =1

0 < |f—snl3=(f—sn,f—sn)

= <f7f>_<SN7f>_<f78N>+<SN75N>
N . N — N N =
= (LH= D o )= D Fulfson)+ D0 D Fufildn. ér)
n=—N n=—N

n=—N k=—N

N ~
= (LHh= > I
n=—N

If f is a real valued function then
f,n - fnv

and for n # 0 we have

then the last lemma implies
N N
doan+ Y b <|fI3
n=1 n=1
Another important consequence is

Corollary 3 Riemann-Lebesgue Lemma If f € £? then
f n—0
as |n| — oo.

Definition 23 We define [?(C) to be the space of all complex valued sequences {cy}5 which satisfy

— 00

oo

Z len]? < oo,

n=—oo

with the norm

=

{endll = ( i Icn|2>

n=—oo

Lemma 9 [?(C) is a Hilbert space.
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The prove of this is left as an exercise.
We will now prove our first result on the convergence, remember that the Stone-Weierstrass Theorem implies
that for any f € C there is a sequence of trigonometric polynomials that converges to f uniformly. But it does

not imply that this sequence is the sequence of partial sums of the Fourier series of f. For a given f € C and

€>0let
N
p=> duon
n=—N
be a trigonometric polynomial such that
Hf _pHoo <e€
Observe that for any n € {—N, N} we have
ldn = ful = (P = f,6-n) < llp = fll5 [ dally < llp = flloo <e. (18)

Since this holds for any € > 0, we have that the sequence of trigonometric polynomials provide by the Stone

Weierstrass Theorem is in fact the Fourier series, and we have shown
Theorem 17 For every f € C, the Fourier series converges uniformly to f.
We next focus our attention to £2. We cannot possibly expect uniform convergence here.

Theorem 18 Let f € £2. Then there erists a sequence of trigonometric polynomials that converges to f in the

L?-norm.

Proof: Let € > 0. Since £2 is the completion of C in the L?-metric, we can find a g € C such that

€
— <_
17 =gl < 5

and for g there exists a trigonometric polynomial p such that

€

— < —.
o — gl 5

Combining these two inequalities implies the desired result.

Theorem 19 For every f € 2, the Fourier series of f converges to f in the L?-norm, and

I£15 ="

Parseval’s Relation

~ 12
In

Proof: We refer to (18) to get that the coefficients of the trig polynomial that converges to f are in fact the
Fourier coeflicients of f. Moreover from the proof of Bessel’s inequality we get

N

I1f=snlls = IIF15 = > 1l

n=—N
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and as the left hand side goe to zero as N — oo Parseval’s Identity follows.

We finish this section by
Corollary 4 There exists an isometric, isomorphism
: L* — [*(C).
Proof: The map that takes f — f clearly is a linear map. Moreover, its kernel is {0}, so it is one-to-one. For

any sequence {c,} € [>(C). The series

o0

Z Cn®n

— 00

has finite L?-norm. Thus the map is onto. Parseval’s Identity provides the isometry.

5.5 Assignment 12

1. Derive the integral formulas for a,, and b,, in the trigonometric polynomial

N
P(z) = % + Z(an €os 2mnax + by, sin 2mna).

n=1
2. Prove that ® is a linear map.
3. Define f, by fao(z) = f(z —a). Show that (fo)n = én(a)fn
4. Prove that [2(C) is a Hilbert space.
5. Let f € C. Show that if the Fourier series of f converges uniformly, then it must converge to f.

6. Prove directly (without the Stone Weierstrass Theorem) that if f € C and f is differentiable on (0, 1) with

continuous extensions of the derivative to [0, 1]. the Fourier series of f converges uniformly to f.
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differentiable, 14
Stone’s Theorem, 38

directional derivative, 17
Stone-Weierstrass Theorem, 40
Fourier Series, 52

Fourier Transform, 52 trigonometric polynomials, 49

uniformly continuous, 10
Hausdorff property, 4 Y

Heine-Borel Theorem, 13 Weierstrass Approximation Theorem., 41
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