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1 The closure relation for the revised Enskog equation

Consider a gas composed of idertical hard spheresof diameter a, i.e., with the potential
interaction given by
1; ifr<ag
HS(r) = ’ ’ 1.1
(r) o ifr a (1)

When two particles of equalmasscollide, their velocities v, and v, take post-collisionalvalues

vi=vi (i W), (1.2)

Vi=vet ((viov2): (1.3)
Here, is a vector alongthe line passingthrough the certers of the spheresat their impact,
e, 282 =f 2R%®:jj=1; (w» V») Og, where(;) isthe scalarproduct in R

Within the kinetic theory the state of uid dependsupon (among other things) the one{
particle distribution function f(t; ry;vy). f is the probability density, at time t, of nding
a particle at the point r; with velocity v;). The exactrate of changeof f is given by (see,

for example,[1]) 7
=liv @. _ drodvs K 1of o(t; 112 Vi 12 V); 1.4
@1@1 22122(1122) ()
with
Z
Kpfa= (N 1)a®  fa(tir;viirgvg) (r a) (1.5)
s
fa(tiryvairaive) (reta)  (vi vo)d; (1.6)

andriy, = r;  rp. The probability density of pairs of particles in collisional con gurations
is described by the two{particle distribution function f,. The above equationis the rst of
the in nite BBGKY-hierarchy for hard spheres.
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In the past seeral di erent approadeshave beenusedto closeequation (1.4). Usually, one
appraximates f , using the relation

fo(t;ra;vasrasva) = Yao(t; rosva;ro; Vo) Fa(t; ra;ve) Fa(t; ro;ve); (1.7)
with Y, chosenin a suitable way. In the caseof the revised Enskog equation ([2])
Y2 = Qo(ra;r2jn(t)); (2.8)

where g, is the pair corrglation function for the systemof hard spheresin non{uniform
equilibrium | n(t;ry) = f4(t;rq;v4) dvy is the local density, and

al! 00 N! 1; (densegaslimity Na®! const> O (1.9)

The notation g,(r1;rojn()) indicatesthat g, is a functional of n (see,(1.12) below).
For comparison,the closurerelation for the Boltzmann equation hasthe form

Y,=1 (1.10)

with
al! 00 N! 1; (dilute gaslimit)y Na?! const> O: (1.12)

Remark 1.1. Let us note that for the Boltzmann equationNa®! 0.

With the changef,! Nf,, f, ! N(N 21)f,, etc., g, dened by f, = g, f,f,, hasthe
form ([3])

Z
0x(re;r2jn(t)) = exp( HSGri ryj)) 1+  V(12j3)n(t;rs)drs (1.12)
Z Z
+ = V (12) 34)n(t; r3) n(t; ry) dradry +
2 Z Z

l H ) .

+ ® 2 drs dri n(3) n(k)V(12j3:::k + ;
wheren(k) = n(t;ry); = 1=kgT; V(12j3:::Kk) is the sum of all graphsof k labeledpoints
which are biconnectedwhen the Mayer factor f; = exp( HS(ri  r;j)) 1is added.

Obsene that in the particular caseof the hard-spherespotertial, the Mayer factors, f ,
become

fy = (jri rjj a 1, with the step function. (1.13)

For example,the secondterm in the curly bradkets on the right side of (1.12) hasthe form
z z

n(rg)V(12j 3)dr3 = n(rg)flgfzg dr3: (114)

The right hand side of (1.14) can alsobe represeted in the following graphical way:
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The next coe cient is
Z

n(r3)n(ry) V(12j34)drzdry =
Z
N(ra)n(ra) (2)f 13f 34f 24 + (2)f 13f 34f 14f 24 dradrg+
Z
N(ra)n(ra) (2)f 1af 3af 24f 23 + (1)F 13f 24F 14f 23 drsdry
Z
+  n(r3)n(rg) (1)f 13f 34f 24f 14F 23 dradry;

with its graphical represetation

3 4 3 4
®e—eo
+ : -+
T @ 3 Y @ 9
3 4 3 4
+ ‘><‘ +
O O O
1 2 2 1 @ 2
3 4

>

(@) O
1 @ 2

and similarly for higher order coe cien ts.
Thus, the revisedEnskog equation can be written in the form

@ @

—+vi—=E(f)=E"(f) E (f);
a e, (f) (f) (f)
with
27
E*(f)=a  Uurs ajn)fGrov)ftry a;vd) (vi v)ddv,
R &£
and
ZZ
E (f)=2& Q(ryra+ajn)f (Grov)f(Gra+a;ve) (vi vp)ddv,
R &£

(1.15)

(1.16)

(1.17)



2 The H{function for the revised Enskog

The H{function for the revised Enskog equation is di erent from the correspnding H -
function for the Boltzmann Eguation. It hasthe form ([4])

Hre (1) = f(t; ro;va) logf (t; ro;va) dvadry + Heorr (1), (2.1)
The correlational part Hq . (t) is expressedn terms of the Mayer graphs ([5])
X Z Z
Heorr (1) = W dry dryn():::n(k)V(2:::k); (2.2)
k=2 '

whereV (1:::Kk) is the sumof all irreducible Mayer graphswhich doubly connectk particles.
In cortrast to Botzmann's H {function, Hge consistsof two parts: the kinetic part (Hg (t))
and the correlational part. Hge (t) (modulo an additive constan) is the equilibrium (non-
uniform) ertropy for the in nit y systemof hard{spheres.In addition, onerecognizeghat

HCOI’I‘ - Aexcess (23)

is the excesdree energyfor the systemhard-spheresn the non-uniform equilibrium. The
rst three terms o1‘IZ-|Corr together with their graphigal represemations are given below.

i n(rl)n(rz)V(12)dr1dr2:% n(ry) n(ry) fodrodry

2!
o—o©
1 o 2
1 z 1 z
3 n(ri) n(rz) n(rs) V(123)dr,dr,drz = 3 n(ry) n(rz) n(rs) f1of 23f 13dridrodrs
3
1 (5] 2
1 Z
7 n(ry) n(r) n(r3) n(rs) V(1234)dr,drodrsdry =
3 4 3 4
+ +
1 (©)] 2 1 (6) 2
3 4
1 n 2



Z
n(ro)n(r2)n(rs)n(r4)drodrodradry

Bl

(3)f 1of 23f 3af 14 + (6)F 10 23 3af 14f 13 + (1)F 12f 23F 3af 14F 13F 24

Next, | list important di erences betweensolutions for the Boltzmann and revised Enskog
equations. If Hg (t) denotesBoltzmann's H -function
7
Hg(t) = f(t; rq;ve) logf (t; rq;ve) dvadry (2.4)

and Eg(f) = E5(f) Eg(f) is the Boltzmann collision operator correspnding to the
hard-spherepotential with Eg given by

ZZ
Ez(f)=a® frov)ftryvd) (v vo)ddv, (2.5)

R3 &£

and 7
Eg(f) = a’ f(trgv)f(tryve)  (vi vo)ddvy; (2.6)

R3 &£

andf is a solution of the Boltzmann equation then:

SHe()=0 () T=1(EMUERTED) () Eo()=0 (27

where

n(t; rq) exp v ou(try)j?
(2 ks TE(t; r1))32 2k T(t;r1)

(n(tra);utra); T(try)) = (2.8)

is a local Maxwellian uniquely determined by macroscopicdensity n(t; r1), macroscopicve-
locity u(t; r1), and macroscopicemperature T (t; r1).

Relations (2.7) look di erent in the caseof the revised Enskog equation:

d Z—¢| —
aHE(f)(t) =0 () = L (n(t;ry); u(t); T(1)) (2.9)
and N
2 —{
E(f)=0 () = 1 (n(t); u(t); T(1)) (2.10)

The exclamation points indicate the di erences with the Boltzmann equation.

In cortrast to the Boltzmann equation, the uid underlying the revised Enskog equation
is NOT anideal uid. Its equilibrium equation of state expressedn terms of the virial
coe cients Bx hasthe form

=1+  n*Bysu: (2.11)



For example,the secondvirial coe cient (k = 1) is equalto 2=3 aZ.

Even if in the cluster Mayer expansionof g, (1.12) we keeponly the rst term, i.e., g, =
exp( HS(jr1 1)) (and obtain socalled Boltzmann-Enslog equation), the corresmpnding
eqguation of the state,

P _ 2 5
ke 1+ 3 a’n; (2.12)

di ers from the equation of state for the ideal gas.

3 Open problems

3.1 Convergence of the cluster Mayer expansion for g

The rst natural problemin the RET concernsthe convergenceof the seriesin (1.12). In
the homogeneougase,i.e., when n does not depend on the spatial variable r, the series
in (1.12) is corvergen for su ciently small densitiesn ([6]). It is not clear whether this
result can be extendedto the non-homogeneousase.But ewven if that is the case,there are
still di culties in applying this fact to the existencetheoremsfor the RET. It is not clear
whether the RET presenesthe boundednesof the density with time ewlution. Recertly,
together with G. Stell, | elaborated further on this topic in [7] and its relation to Resitois'
work [4].

The existencetheorems obtained so far dealt only with the modi cations of the revised
Enskog equation. In [8] and [9] the authors obtained smallinitial data and vacuum solutions
with Y, in (1.7) assumedo be smooth and boundedfor smaoth and boundeddensities. This
condition cannot be cheded for the seriesin (1.12) beforeits corvergences con rmed. The
authors in [10], [11], [12], and [13] have obtained renormalized solutions in L, using the
weak compactnessmethod, originally applied to the Boltzmann equation by DiPerna and
Lions [14]. They considereither the casesof Y, 1 (the Boltzmann{Enskog equation) or
the casesof Y, that are boundedand with compactsupport. In [7] and [15 someprogress
hasbeenmadeby consideringY, of the form:

Y= exp  "S(jiri i) (3.1)
( Xi 1 Z Z )
1+ ——  dr; dryn(3) :::n(k)V(12)3:::k) ;
k2
fori 2, and with the corvertion that Y, = exp HS(jry  ryj) fori = 2. The case

of i = 2 correspndsto the Boltzmann{Enskog equation, i.e., the casewhenY, 1. It has
beenshown in [7] that the cortact value of Y, from (3.1) is boundedin L! aslong asn is
boundedin L. This a priori bound implies the boundednesf the con gurational part of
the Liapunov functional that makesthe use of the weak compactnessmethod possible. |
anticipate that the above mertioned a priori estimation formally holds wheni = 1 , thus
promising a positive answver to the existencetheoremin L?! for the RET.

Below is an exampleof the existencetheoremfor the truncated versionof the revisedEnskog
equationwith Y, from (1.7) givenin (3.1).



Theorem 3.1. If aninitial valuef, 0 satises
27

(L+ Vi + ri+ jlogfo(rs;va)j)fo(rs;va) dvadrs  Co; (3.2)
R3
then there exists a nonnegative renormalizal solution f of the trunc ated revisel Enskay

equationon [0; T]andany T > O.
Furthermore, for somesequene ft,g with t, '!1 1
n!

f(th;re;vh) '!1 I (ry;vq); almosteverywhee in ryq; vq; (3.3)
n!
R,
whee ! (ri;vi) = g exp G
Here, = R®or = [O;L]® (plus periodic conditions). In the latter caser? appearing in

(3.2) is super uous.

Remark 3.1. Heren(r;) and u are macros®pic density and velaity of the gas,resgectively.
However,X may not not necessarythe macros®pic temperature of the gas. This dueto the
fact that the conveilgen@ aloveis in L[(1 + jv4j)¥] for only 0 k < 2, not including k = 2.

3.2 Equilibrium  solutions

Let us considerthe local Maxwellian ! (r1;v;), obtained in (3.3) in the case = [O;L]°.
Then ! satis es the stationary revisedEnskog equation
vlg = E(!); with !(r,) periodicon [O;L]? (3.4)
1
where (r) : .
n(ry jvi uj
| = -7
T2 k)= TP X 3.9
Before,| proceedfurther it isimportant to notice that in the caseof the Boltzmann equation
@ _ .
Vl@ = Eg(') O; (property of (2.7)) (3.6)
1

and since! (r) is periodic on [0; L]® oneobtainsthat n(r;) constant, if onechoosesu = 0
for the equilibrium macroscopicvelocity.

Howe\er, for the revised Enskog equation, againwith u = 0, (3.4) reducesto

Z
@ogn _ @12

@, @ O(ro;r2jn)n(rz) drp;  where (3.7)
X 1 z z

g,= 1+ K 2 drs dryn(3) ::: n(k) V(12) 3:::Kk); (3.8)
k=3 )

with n(k) = n(ry) and f;; givenin (1.13).



Equation (3.7) (in fact, a system of three equations) is the rst menber of the BBGY
equilibrium hierarchy for the system of hard-spheres([16]). Sinceg, is expressedonly in
terms of n, the above equationis closed and exact.

From the mathematical point of view nothing is known about equation (3.7). | simplify the
problem by consideringonly the rst two terms of g, expansion:

Z

gz 1+ f13f 23n(t; r3) dr3: (39)
Then, equation (3.7) hasthe form
Z
@ogn @ .

+ — G(riireajn)n(ry)dr, = 0; 3.10
@, @l()(12j)(2)2 (3.10)

B(ri;a

with B(ry;a) = fr,2  :jry  rpj agand

G=1+ = flgf 23n(t; r3) dr3: (311)

Obsene that G 2 L ( ). Thus, after integrating the above equation, we obtain that
n2LY) \ LL().

Finally, equation (3.10) is equivalert to

R
exp G(rq;rojn)n(ry)dry
n(ry) = N g B(;;a) : (3.12)
exp G(ry;rzjn)n(rz) dry dry

B(ri;a)

R
whereN = n(ri)dr; and = [0;L]%. The following result holds:

Theorem 3.2.

N
vol( )

Q) If a® is small enoughthen egquation (3.12) has a unique solution n(r,) = const .

(2) For somevaluesof the constant density, and the diameter of hard spheks, a,

N
vol( )’
equation (3.12) hasa non-c onstant periodic solutionin L() \ L () .

From Theorem 3.1 we obtain, for somesequencd t,,g with t, !1 1,
n!

n(ry) (v1)?
2 keX)2 P X

f(th;re;va) n'!1 pointwise almost everywhere  (3.13)
where n(r,) a solution of (3.12). It is easyto ched that a constart density is always a
solution of (3.12). Howewer, Theorem 3.2 implies that for suitable choicesof N, vol(), and
a there existsnon{constart periodic solution n(r;). For suc choicesof N, vol(), andathe
following questionarises:



Is n(ry) in (3.13) a constant or periodic function of r; ?

If the revised Enskog equation drivesthe initial distribution to the local Maxwellian with
periodic n, then this property could be view as a possiblephasetransition of the systemof
hard spheres. At the sametime one should be caution that the result (2) of Theorem 3.2
hasbeenonly proven for the truncated g, givenin (3.9) and not for the full g, in (3.8).

4 The Euler level for the revised Enskog equation

Recerly, in [17],[18], and [19] someprogresshas beenreported for the hydrodynamic limit
from the Boltzmann equation. M. Lachowicz in a seriesof works (see[20] and references
there) has studied somevariants of the standard Enskog equations(albeit with not physical
Yo) or the Boltzmann-Enslog equations. In cortrast to the work in [18] for the Boltzmann
equation, M. Lachowicz presertts corvergencefor very short times (comparableto the mean
time betweencollisions). | beliewe that in orderto make substartial progressn this direction
for the full revised Enskog equation (with g, givenin (1.12)) the corvergenceof the Mayer
cluster expansionin (1.12) and additional (spectral) properties of the linearized Enskog
operator.

Below, | consideran analogof the result in [17] (proven there for the Boltzmann equation)
restricted hereto the Euler level. The usualtime-spacescaling(hyperbolic or Euler scaling)

t7! t X 7! 5; = meanfree path; 4.1)

doesnot work for the revisedEnskog equationdueto existenceof the factor g,(r;r a) 6 1.
In addition we have to deal with two small parameters:

a! 0 (hard-spheres'diameter) and ! 0 with 1=(na?) (4.2)
If we recall that the Enskog theory is valid in the limit
al 0 n! 1; (densegaslimit)y na®! const> 0 (4.3)

then the following scalingis of someinterest:

f 7! with a"; m>0: (4.4)

3
Below, for simplicity, consideronly the followng relation betweena and : am™, m> 0.

Considerthe revised Enskog equationwith the scalingf = (1= 3)F
ZZ

@ @ a?
a'V @ E(F)== FF°Y FF.Y, (v w)ddw; (4.5)
R &£

R
whereF° = F(t;r a;w9, F. = F(tr+a;w), FO= F(tr;v9), n(tr) = L F(tr;v)dy,
andY = g (r;r a j(@=3n), with g, givenin (1.12).
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Lemma 4.1. Forn2 Ltand = (a=d™, withO<m 1landd> 0,

lim Y (r;r a)= L O<m<l (4.6)
al 0;!0 Yo(n(r)); m=1

almosteverywhee in r, whee Yy(n(r)) is the radial pair correlation function for the system
of hard spheeswith diameter d in (uniform) equilibrium with density n(r) given by (1.12)
with jry 1y = d, i.e., Yo(n(r)) = 1+ (2 d=3)(5=8)n(r) +

The above lemmais obtained under the assumptionthat the Mayer cluster expansion(1.12)
converges.| have indicated earlier the corvergenceof (1.12) hasnot beenyet proven.

For a solution F of (4.5) and a given function ' (t; r;v), de ne
Z Z
n= Fdv Hi=(1=n) 'F dv 4.7

R3 R3

Prop osition 4.1 (Transfer equation). For any' (t;r;v),

@,. @ : @. @
—nhHi+—= nhv'i nhv —i==J"+ 4.8
"' @ @ @ ' ° (4.8)
with 2 777
ST 53 FF.Y, "%+'2 = ', (v w)ddvdw; (4.9)
R® R &
3 zZ, 272727
JP = >3 F(br a;vVF@r+@ Da;w) (4.10)
0R3 R3 &
g (r a;vy o (r a;v) ( (v w)) ddvdw; (4.11)

andg; =g a;r+(@ )aj(=73n).

Remark 4.1. The ux term @p=@ in the right hand side of (4.8) doesnot appear in the
correspnding transfer equation for the Boltzmann equation.

The next theorem is the revised Enskog version of Theorem 1 in [17] (preserted there for
the Boltzmann equation).

Theorem 4.1. For = (a=d™,d> 0, and2=3< m 1, let F (t;r;v) be a sgguene of
(renormalized) nonnegative solutions of the problem

@ @ _ .
e @- E (F): (4.12)

Assumethat F ! Fy a.e. and that the momentshF i, hwF i, v VvF i, and hvjvj°F i
convelein the senseof distribution to the correspnding momentsof F.

10



In addition, let us assumethat

IilrrE)HF logF i = HF glogFoi; for' =1, v, and (4.13)
lim sup( 3=&)hE (F )logF i  hEg(Fo)logFoi; (4.14)
1o

where Eg = Eg Eg is the Boltzmann operator (2.5){ (2.6) with the diameter d.
Then _ _ v

n(t; r) _exp v ou(t;r)j
(2 kg T(t;r))32 2kg T (t; 1)

Furthermore, when2=3 < m < 1 the functions n, u, and T appearing in (4.15) satisfy the
compressibleEuler equations (perfect uid).
Finally, whenm = 1, the functions n, u, and T are solutions of the following system

Folt; 1;V) = (4.15)

@
—+r nu) =0 4.16
@t (nu) ! (4.16)
@) L u)+r. nkeT+ 2 dYo(nnkeT = 0 (4.17)
@ fz—}
@ 1 . 3 1 . 5 2
@ n éJu12+ ékE;T +r, nu éju12+ ékBT + Ir ' (:—% d3\goz(n)n2kBTu% =0
(4.18)
and the entropy inequality
@2 0 ) , z. 13 2 0 ) , z. 13
—4n@og—5+ > & Yo()dAS+r, 4nu@og—+ = d® Y()dAS O
@ L I AR
(4.19)

In particular, the pressuep= nkgT + 2 d*Yo(n)n%kg T.
{z }

Curly brackets indicate the additional terms not appearing in the Euler equationsfor the
Boltzmann equation.

Corollary 4.1 (Relation between free energy and Y o(n)).
Z

2 n oo A
__ Yo( )d = nkBk+1 = = ;
3 0 B kg T
k=1
whee By = k—llBk is expressé in term of virial coe cients, and A is the equilibrium

exessfree enegy per particle of of hard-sphees systems.

Note that the equilibrium pressurefor hard-spheressystemsis given by

D X
=1+  n*Bysu: (4.20)
k=1
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By consideringthe excludedvolume of hard spheregqrecall the closurerelation for f, in (1.7)
and (1.8)), the revised Enskog equation, in cortrast to the Boltzmann equation, does not
ignore the di erence in position between colliding particles. Therefore, collisional transfer
of momenium and energy from the certer of one colliding sphereto the other are taken
into accournt. Thusthe di erencesin the transfer equationsbetweenthe revisedEnskog and
Boltzmann equations(see(4.8) and Remark 4.1). Thesetransferstake place over distances
proportional to a, the diameter of hard spheres. This is to be cortrasted with cornvective
transport over a distanceof order (the meanfree path betweencollisions).

As a consequencegornvective transport dominatesat low densities,where =a 1. On the
other hand, at high densities =a 1, and collisional transfer dominatesthe transport. The

mean free path 1=(na®) (at least for dilute gases),and therefore the caseof m = 1,
ie., a, correspndsto na® 1. This is in complete agreemen with the initial scaling
f = (1=3)F.
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