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ABSTRA CT.
A physical system of monochromatic photons interacting with gas{particles endowved with two
internal energy levels is considered. A nonlinear transport problem for photons (the so{called
Milne{Chandrasekhar problem) is then formulated, treating separately the stationary and the
time{dep endert case. For the former, an approximate analytical solution as well as existence and
uniquenessresults are obtained, while for the latter, the numerical results are provided together
with their comparisonswith those obtained by Chandrasekhar himself.

1. INTR ODUCTION

A continuum approad to the dynamics of a gaswhich interacts with a radiation eld is
a quite established eld in both AerospaceEngineering and Astrophysics [1{3]. A kinetic
theory of atoms interacting with photons is a more recert eld of interest [4,5], especially
in view of the applications in Astrophysics and Plasma Physics.

In a recert paper [6], Rossani, Spiga and Monaco have proposeda kinetic model for the
study of a physical system constituted by two{level atoms and monochromatic photons.
Sudch a model incorporates the basic feature that allows a good description of the system,



namely the interplay of inelastic collisions between atoms, on one side, and interaction
betweengasand radiation, on the other. An interesting application to test reliabilit y of the
kinetic model is the Milne{Chandrasekhar problem [7,8].

Sud a problem has beentreated in paper [9], using the moment equations derived by the
kinetic model proposedin [6]. The problem itself results to be an initial-b oundary value
problem for a set of three nonlinear PDEs. In paper [9] existenceand uniquenesstheorems
for its solution have beenproved.

The present work is the secondpart of [9] and its principal aim consistsin solving the
problem under consideration by approximate analytical methods and numerical techniques.
We considerseparately the stationary and the time-dependent problem. For the stationary
problem we provide existenceand uniquenessresults and then we derive an approximate
explicit solution for the same problem by resorting to the Eddington approximation [2].
Next, we provide numerical solutions to the transient (time-dependert) problem. Finally, a
comparisonbetweenthe results of the presert model and those obtained by a simpli ed one
(basically the one adopted in the past by Chandrasekhar, who has not included inelastic
interactions among atoms) is given for various physical situations.

2. FORMULA TION OF THE PROBLEM

The following physical systemis considered:
A gasof atoms A of massm endaved with only two internal energylevelsE; and E»,
E1 < Ez. In what follows we will denote by A; and A,, respectively, particles A at
levels"1" and "2" (fundamental and excited levels).
A radiation eld of photons p interacting with gas{particles at a xed frequency =
E=h, E = E, Ej, h beingthe Planck constart.

The physical conditions of the systemare characterized by the following inequalities
2. e .
ks T << mc?; E << c 8mkgT= (2:1)

where T is the temperature of the gas, kg the Boltzmann constart and ¢ the speed of
light. The rst inequality assuresthat relativistic e ects can be neglected,while the second
guararnteesthat the photon momertum is much smaller than the mean thermal one of the
gas, so that exchange of momertum during the interactions between photons and atoms
can be neglectedas well. In such physical conditions [2,4] only the following interactions
between particles and betweenparticles an photons take place:

a) Elastic interactions among particles with the sameor di erent energylevel.

b) Inelastic medanism of exchange betweenthe internal energylevels

A1+A1j Ay + A A1+A2j Ar+ Aj:

¢) Interactions betweengas{particles and photons
c.1) Absorption: A1+ p! A,



c.2) Spontaneousemission:  A;! Ai+p
c.3) Stimulated emission: A, + p! A+ 2p:
In paper [6], taking into accourt the above collisional scheme, the kinetic equations have
been derived together with the corresponding momert equations. In paper [9] a suitable
closurefor such equations has beenobtained under the assumptions:
i) the characteristic relaxation time of elastic collision processess much smaller compared
to the onesrelevant to inelastic and gas{radiation interaction processes,
ii) the gasis con ned to a slab,
iii) the number densitiesn; and n, of atoms at energy level E; and E,, respectively, are
such that

ny(t; x) + ny(t; x) = n= const;  for all (t; x);

iv) the gashas zero mean velocity for all (t; x).

According to that closure, hereinafter the physical systemunder considerationwill be ruled
by the equations

2h
% = s 2(1)+ 0z 2(Dln: mexp( h = T)] (2:2)
%: N1 12(T) + N2 22(T)[n1exp( h =keT) nxJ+ 1(ny ny) 4 n, (2:3)
1
E%+ %zh [n2 I(n1 Ny (2:4)
In theseequations| = I (t;x; ) is the radiation intensity, = cos , and is the angle be-

tweenthe x-axis and the photon velocities. Moreover and are the Einstein's coe cien ts
[1], accourting the emission and absorption rates, whereas 12 and 5, are the inelastic
collisional frequencieswhich turn out to be, in general, functions of the gastemperature
T(t; x). Finally | is the integrated radiation intensity de ned by
Z,
I(t;x) =2 I(t;x; )d:
1

We are now ready to formulate the so{called Milne{Chandrasekhar problem (for origin and
motivations of the problem (seesec.4 of [9]). Consider a slab of width 2a, a x a,
lled with a gas:
Fort2 (1 ;0) the gasat a known number density n is in absolute equilibrium at a
temperature Tp.
The boundaries of the slab are perfectly re ecting mirrors, sothat also the radiation
eld, at temperature Ty, is in equilibrium.
At t = 0 the mirrors are removed and the gasin the slab is subjected to zeroradiation
at the left boundary x = a and to a known radiation | ( ) at the right onex = a.



Accordingly, we set the following initial and boundary conditions to be consideredfor equa-
tions (2.2{2.4):

8 a—
% 1(0;x; )= oo =_kBT0) 1 8 2[ 11
x2[ aal:  _M0X) = grm Ty @5)
_% T(0;x) = To
8t>0: It & )=0; 8 >0 (2:6)

I(ta; )=1(); 8 <0:
The rst and secondinitial datum (2.5) expressesat T = Ty, the equilibrium condition [6]

for the radiation intensity (Planck's law of radiation) and for the number density of atoms
at the excited energy level.

Remark 1: The model adopted in the past by Chandrasekhar[8] can be obtained from
equations (2.2{2.4):

i) by setting 12 = 22 = 0. This implies that T = Ty for all (t; x),

i) by neglecting (1=0(@=@) ascomparedto (@=@),

iii) by approximating n; ny with ny, and treating n; asa constan.

3. ANAL YSIS OF THE STATIONAR Y STATE

We considernow the stationary solutions of the problem formulated in the previous section.
By setting @@ = 0 in equations (2.2{2.4), we obtain

n, nyexp( h =kgT) =10 (3:2)
N1 12(T) + nz2 22(T)[n1exp( h =kg T) nzJ+ni I nx(4 + 1)=0 (3:2)
%zh[ng( + 1) ngI]: (3:3)

After substituting (3.1) in equation (3.2) one obtains

ng | ny(4 + 1)=0: (3:4)

The last equation together with n; + n, = n gives

_a 4 1T :
ni(x) = n A II0) (3:5)
_ ) . :
ny(x) = n e (3:6)
From (3.1) and (3.4) we nd
T(x) = h e (3:7)

" logi+ 4 =( 100



Remark 2: In the stationary casethe integrated intensity | and temperature T are linked,
through a local Planckian relationship

4 = ]
exp(h =kg T(x)) 1°
We want to point out that in the caseof Chandrasekhar'ssimplied model (that does not
include inelastic interaction terms) there is not suc a linkage betweenl (x) and T (x).

I (x) =

By substituting n; and n, from equations(3.5) and (3.6) into equation (3.3) one gets

@
@: (a4 (3:8)
where hn
(1= 4= +2= :
After integrating (3.8) and taking into accourt the boundary conditions (2.6), we obtain
Z, 1 Z, 4
LG )=( ) =11 (x)) exp — (1 (x*)dx® dx°
a Z ] 4 x0
+ () 1 ()exp ) — (1 (x9)dx® (3:9)
Z. "7 0 # |
1 (x% (1 (x%) exp 4 (1 (x°9)dx® dx°

where is the Heaviside function. Thus, we have
Z 1 Z a 4
I (x) =2 exp — (1 x%dx° 1 ( )d
0
Z 4 * Z o !
+2 I (x9 (I (x9)E; 4 (1(x°9)dx® dx®
a

X

(3:10a)

equation (3.10a) is a nonlinear integral equation for | (x), where E; is the exponertial
integral of rst order, de ned by

Z1 exp( =

Ei() = )d: (3:100)

0

Onceequation (3.10a) is solved for | (x), 1 (x; ) cancomputed from equation (3.9). Finally,
n, and n, are obtained from equations (3.5) and 3.6), respectively, and T from equation
(3.7).

Equation (3.10a)is very complicated and its solution would require suitable ad hoc numerical
methods. In our seard for approximated but analytical solutions, we obsenethat if I not
strongly peaked as a function of , and sincethe gain term in equation (3.8) is independert
of , it isreasonableto adopt the socalled Eddington approximation for | (see,for example,
[2]). Equivalertly, we will assumethat |(x; ) dependslinearly on . Next, we will show



how within the above approximation, one can obtain the analytical solution of the still
nonlinear problem. A posteriori, we will also chedk whether the presert approad is good
by comparing the analytical results from the Eddington approximation with those obtained
via the numerical integration of equations (2.2{2.4) consideredtogether with the boundary
conditions (2.5) and (2.6).

Before starting the analysisthe Eddington approximation, it is useful to obsene that inte-
gration of equation (3.8) with respectto gives

g Z

r_ . H — . .

wx -9 k)= 1I(X' )d;

and alsoj,(x) = jr( a). This meansthat j.(x) is a negative constart, since, due to the
boundary condition at x = a, we have j;( a) < 0. Now, the Eddington approximation

meansthat | (x; ) hasthe form

106 )= 50009+ 35,001

and equation (3.8) can be expressedas

@ _ ..

— =3 1) : 3:11
@ i (1) (3:11)
Next, multiplying equation (3.11) by 2 and integrating it with respect to d , we obtain
the equation for |

d ) )
&I =212 i (1) (3:12)

We still have to formulate suitable boundary conditions for | (x). It is well known [2] that
the exact boundary conditions (2.6) cannot be satis ed within the presen approximation.
Instead, we use the approximated integral boundary conditions that are derived from the
original boundary conditions (2.6). Indeed, after integrating (2.6) with respectto , we
have Z,

I( a5 )d =0 (3:13)
0
and 7z 0 Z o
I(a; )d = I ()d: (3:14)
1 1
Conditions (3.13) and (3.14) yield
1 -
S1C )= il (3:13)
and 1
Sl@+iig=21; (3:14)
where Z,

I =2 1 ( )d;



is a weighted averageof I ( ). Now, we can integrate equation (3.12) to obtain
12(x)+ 4 1(x) = L(x) (3:15)
where
L(x)= 12 ay+4 1( a)+ 12 jjjjh n (x+ a):

Solving equation (3.15) for | (x) we get

JOES L&) (3:16)

TRX)

with D
R(x)= (2 )2+ L(&):

The constarts | ( a) and jj,j can be determined from the boundary conditions (3:13% and
( 3:149. Furthermore,

4 (@ 1(al+ 0% 1% al=24jjijhn a: (3:15)

The identity (3:15% is simply (3.15) with x = a. Finally, after easycalculations, we get

+ 1
B3=2h n a+ + |

iirj= 1

and
I( a)= 2jij:

Equation (3.16) givesexplicit solution of the stationary problem within the Eddington ap-
proximation. Also (3.16) and (3.12) imply that | (x) is positive, monotonically increasing
and concave for x 2 [ a;a]. Moreover, as before, knowing | we can compute n,(x) and
T(x). They are

_ n L(x) .
()= I TR Z LX) (3:17)
d
" T(x) = h =k : (3:18)
B lo 4_ 2+7R(X) + 1 ' '
g L(x)

4. EXISTENCE AND UNIQUENESS RESUL TS

In this section we prove existence and uniquenesstheorems for the system of equations
(3.1{3.3) with the boundary conditions asin (2.6). First, we state the existenceresult

Theorem 4.1. Supposethat the boundary conditon 0 | 2 LY ( 1;0). For any a> 0,
n>0 >0 >0 and > 0the system

N+ ny=n; (4:1)



n, nyexp( h =kgT) = 0; (4:2)

[N1 12(T) + Ny 22(T)I[n1exp( h =ksT) nzl+ny I nx(4 + 1)=0; (4:3)
%=h[n2( )] (4:4)

I(t; a5 )=0; 8 >0

I(tta; )=1() 8 <0;
hasasolution (n1;ny; T;1)2 LY ( aja) LY ( aja) L' ( a;a) LY (( aja) ( 1;1)),
with 0 1(x; ) kI k.1, almost everywthere,and % 2 LY (( aja) ( 1;1)). Further-
more, the functions nq, ny, T, and | = 2 1ll d are nonnegative and Helder continuous
on[ a;al.

(4:5)

The uniquenessresult that we can prove requires smallnessof the dimensionlessthickness
of the slab. More precisely we have

Theorem 4.2. Supposethat the assumptionsof Theorem 4.1 are satised and a nh
a n E issucien tly small, then the solution obtained in Theorem 4.1 is unique.

The proof of Theorem 4.1 is basedon the compactnessargumert already usedby the authors
in [9]. Furthermore, someof the argumerts below are similar to thosein the proof of Theorem
1 of [13]. For completenesswe state the main compactnessresult and give a sketch of the
proof with emphasison independenceof an upper bound of I on smallnessofa n E. This
crucial in the proof of Theorem 4.2. In fact, (seesectionb) quartity 2a n E represens a
dimensionlessthicknessof the slab. Using the languageof the linear transport theory one
might say that uniquenessholdswhenthe thicknessof the slabis smallerthan certain critical
value. In addition, for future referencesthe existencepart of the proof of Theorem 4.1 will
be given for the system (4.1-4.5) with % replacedby its (N + 1)-dimensional extension,
namely r I, and the corresponding boundary conditions. (In fact, existenceproofs in
both casesare the same.)

Let O be a smooth bounded corvex open subsetof RN ** and SN the unit sphereof RN *! |
N 0, with elemerns of SN denotedby . For eah x 2 @, (x) will denote the unit
outward normal to @ at x and

(@ sV) =f(x;) 2@ SsNV: (x) < 0g:
Prop osition 4.3. (Proposition 1 of [13]) For O IRV *!, an open, connectedset, let u 2

NE SN),p>1 ryf2LP(O SV)andujags ) =k2L' (@ SV) ). Then
sv u(tx;) d 2 \Q/m:p (O) forany 0< m < inf(1=p;1 1=p), and

u(x; ) d C(k) jiujie +ji 1 xUjje (4:6)

SN W mip
In Proposition 4.3, W™P (O) denotesthe Soholev spaceof functions whosei-order distribu-
tional derivatives,i = 0;1;:::;m, belongto LP(O). We also note that in one-dimensional

caseO = ( aja) and SN = [ 1;1], correspondingto N = 0.
From our earlier analysis (see,equations (3.4{3.7)) and under the assumptionsof Theorem
4.1, it is clear that system (4.1{4.5) has a solution if the following proposition holds:



R
Prop osition 4.4. Letl = 4, I(x;) with = d FSNj, the normalized measureon
SN, and§1)= n E=( +21). For0 k2L! (@ SV) ) the equation

oA )y
Ij(@DS N) =k

ryl
4:7)

hasasolution | 2 L* (O SN)with 0 I(x;) kkk.: and ryl 2L (O SN).

We remark that the boundary condition in (4.7) is understood in the senseof trace class
(see,for example, [11{12]). Also, as noted earlier, problem (4.7) is an (N + 1)-dimensional
version of equation (3.8).

Sketch of the pro of of Prop osition 4.4: First, asin [13],forany > O0and0 V 2
L! (O) we considerthe linear problem in U:

U+ r,U=gV)U U), 4:8)

Uj@s v) =k

whit U = RSN U . Using the standard results from the linear transport theory that go
badk to E. Hopf and K. M. Case(see, for example, [12] for overview) (4.8) has a unique
solution U 2 LP(O SN), p 1, with ryU2 LP(O SN). Another way to look at
solvability of problem (4.8) isto noticethat r U+ €(V)(U U) is m-accretivein L* since
it is a perturbation of m-accretive operator  r 4 U in L (with the boundary condition as
in (4.8)) by accretive and Lipschitz (in L) operator €(V)(U U).
Next, it is easyto show that U hasthe property

0 U kkk_:; almosteverywherein (x;) 20 SN: (4:9)

Indeed, if (Uy;ky) and (U; ky) are solutions of (4.8) with 0 ki  k», almost everywhere,

then from
Z

(U]_ U2)+ rx[(Ul Uz))"‘QV)[(Ul U2) (Ul Uz)] sign+(U1 Uz)dXd =0

os N

and accretivness of r yU and § V)(U U) (meaning that the secondand the third
integrals, above, are nonnegative) we obtain that
4
(U]_ U2)+ dxd 0:

OS N
Equivalently, U; U, almost everywhere. This shows that the solution of (4.8) is nonneg-
ative (take Uy = 0, k; = 0, and k; = k). Similarly, from
z
(U kkkp:)+ r«(U kkkp:)

+ € V)[(U Kkki:) (U kkki:)] sign® (U Kkke:))dxd =  Kkke: O



and the boundary condition we obtain as before

z
(U kkk.:)*dxd O

or equivalertly property (4.9).

Next, on the corvexsetD = fV 2 LP(O):0 V kkk.: g, 1< p< 1, wedene the
operator 7

A(V) = ud =U; (4:10)
SN

where U is the unique solution of (4.8). Becauseof (4.9), A mapsD into D. Furthermore,
for any V 2 D, the solution U of (4.8) satis es

i ryxUj ( +2n E)kUke:; (4:11)

almost everywherein (x; ), andthus r wU 2 LP(O SN), uniformly onthe setD. Thus,
Proposition 4.3 yields (since the imbeddingW™P (O SN) LP(O SN) is compact) that
the set A(D) is relatively compactin LP(O SN). Finally, sincethe set D is closedin
LP(O SN)andthemapA :D ! D iscontinuous(again onecanuse(4.11) and Proposition
4.3), Schauder's xed point theorem shows that, for eadh > 0, A : D ! D hasa xed
point I 2 D, with | a solution of

I+ r«l =%1 )l I );
. x &1 X ) (4:12)
| J(as vy = k:

In order to complete the proof of Proposition 4.4 we take ! 0. Using (4.9) and (4.11),

together with Proposition 4.3, after extracting a subsequencewe obtain, forp 1,
[ strongly in LP(O) as ! O (4:13)
[ weakly in LP(O SV)as ! 0 (4:14)
ryl ! r«l weaklyin LP(O SN)as ! 0 (4:15)

Next, sincethe function € is bounded, we also have

F1) ' g1 strongly in LP(O) as ! O; (4:16)
1) 1 &1l weakly in LP(O SV)as ! ©; (4:17)

Finally, using the limits (4.13{4.17), the passageto the limit in equation (4.12) can be
accomplished,thus showing that | is a solution of problem (4.7). In addition, since O
I kkk_: for eadh > O, the weaklimit of | alsosatis es this inequality.

In order to complete the proof of Theorem 4.1 we needto show that the functions ny, ny,
T, and | are Helder cortinuouson [ a;a]. In view of (3.5){(3.7), it is enoughto prove this



proper% for the integrated intensity | . Using both (4.9) and (4.11), applied to I, we have,
forr="jx vyj>0,
Z, Z, Z _ . z 1 z,
I(x; )d I(y; )d e ) Hy; )jd + —
1 1 o I B I
Jr jir

maxf2;4 n Egkkk.: r+ JX% 4dmaxf1;2 n Egkkk_: jx y'%; (4:18)

e

This completesthe proof of Theorem 4.1.

Sketch of the pro of of Theorem 4.2: In view of represenation (3.5{3.7) for n1, n,, and
T interms of | , it is enoughto prove the uniquenessof |, a solution of (3.8), or equivalertly
a solution of equation (4.7). First, we notice that if 1; and |, are solutions (4.7) then

@li 12) _ ( +21y)
a - (ma)
(s 12)( a5 )=0, 8 >0;

(. Ix)(a; )=0. 8 <0

(e 12) (Ia 12)
(4:19)

R
where4 | (x) = 11 I (x; )d . Beforeproceedingfurther, wewant to point out that unique-
nessin our casecan be proven if the following linear transport theory problem

N
%+(n E) o(x) 15 ) 11(x; yd =0

4
( a )=0 8 >0 (4:20)

(a )=0 8 <0
has only the trivial solution (among bounded functions). In (4.20), o(X) = =( + 2 I3)

and 1(x; )=( +2 I2)=( +2 1,). The problem of nding a nontrivial solution of (4.20)
is the well known critic al condition problem in the neutron transport theory. In fact, (4.20)
can be viewed as an eigervalue problem for n E in terms of the critic al thicknessof the
slab.

Now, going back to our original proof, we seethat after integrating (4.19) with respect to x
and using the boundary conditions we obtain (asin (3.9))

l1(x; ) la(x ) = (4:21)
Zx +2 1% ) 1 Zxq
() qned) —2200 ) a0 Laditen  1q1L(¢0%)d® did
Za + 2 IZ(XO) ..ZXO #
C) T 200 g Lagiten L6 d
) 1 T2 |2(X0) 1 2 p s 1 )

where is the Heaviside function. After further integration of (4.21) with respectto (x; )
and noticing that €(l 1) n E=( + 2 kkk_ : )= we have the inequality

2 Za
1+ —kkk:  Kkl1 Ik 1 sup Ei( jx x%dx; (4:22)

ix9% a a

K, k. - E




where E1( ), givenin (3.10b), is a well known function in the transport theory that hasa
logarithmic singularity at = 0. Next, using the Schwartz inequality and tables of integrals
we obtain

Z 4 p__ Z, L
sup Ei( jx  x9)dx 2a sup EZ2( jx  x9)dx
ix% a a ix9 a 1

r— z, L S (4:23)
2
- E2(xj)dx =2 221992
1
Combination of (4.22) and (4.23) results in the inequality
P 51652 L2 :
kly Ik s (an E)Z 1+ —kkk_: kly  Tokis; (4:24)

which shows that kl; 1,k 1 = 0, or equivalertly 1, = 1, in LY, if a n E is sucien tly
small. This completesthe proof of Theorem 4.2.

Finally, we note that the sameestimations (4.22{4.23) can be applied to the linear critical
condition problem (4.20), thus shawing that it has only trivial solutions (among bounded
functions) whena n E is sucien tly small.

5. NUMERICAL SIMULA TIONS

We start by rewriting equations (2.2-2.4) in a dimensionlessand rescaledform. Next, by
intro ducing
P=keT=(h ); & =ni=n; F=|=P;

where Pis a referenceintensity, we can rewrite the model equationsin the form

2
% = 3le1 1+ B2 o]lE2 By exp( 1=F)] ; (5:1)
@ _ _ . .
@ [B1 1+ B2 2][Brexp( 1=F) m]+ [F(e1 B2) 4 B2]; (5:2)
%+ g = B, Fe1 B)); (5:3)
where
1= i2=(ch); =Pchn); ==(P;
and
E=1=P; €= chnt; e= h nx:
By choosing b= = ,wealsohave = land = = ( ch n). We note that there are other

choicesfor P that could be more suitable in dierent cortexts. Hereinafter, for simplicity,
we shall drop the tilde from the dimensionlessvariables and, in addition, we assumethat
12 and », are constarts. This correspondsto the caseof Maxwellian inelastic interactions.



We have performed numerical simulations in order to comparethe presert model with the
Milne{Chandrasekhar problem. In particular, the goalsof the simulations were:
a) comparisonsbhetweenthe presert model and the one from Remark 1 (Chandrasekhar's
model, without inelastic interactions),
b) comparisonsof the asymptotic solutions obtained from numerical simulations with the
approximate (Eddington) analytical solution (3.16).

The numerical simulations have beenperformedby usingthe "splitting” method describedin
[10]. The method consistsin splitting ead time{step of integration into two substeps. In the
rst one, we integrate equation (5.3) in ead space{nade with an upwind nite dierence
scheme [10], by setting its right{hand{side equal to zero (free streaming). In the second
substep equations (5.1, 5.2) and equation (5.3) (without the corvection term) are then
integrated by meansof a standard 4th{order Runge{Kutta routine for ead space{nade.

The numerical results are presented in gures 1 through 3. First of all, we obsene that the
nal statesfor | and n, (pleasenote Chandrasekhar'smodel doesnot include variations of
T) arethe samefor the two modelswe consider,sincethey depend only on the gas{radiation
interaction terms. In Chandrasekhar'smodel, driven only by meansof gas{radiation inter-
action, the nal state is reached faster than in our model, that includes additional driving
medanism of inelastic interaction.

Numerical results are given for two meaningful casesat di erent initial temperatures (in
both casesthe impinging radiation | is constart with respectto ):

Casel (Fig.1): low temperature, which implies | (0;x) < |

Case?2 (Fig.2): high temperature, which implies | (0;x) > |
Note that by putting togetherinequalities (2.1), including the rescalingdoneat the beginning
of this section, one obtains

2
mc
<< T << h—:

8mc?
Therefore consideringa mercury gasilluminated by a mercury arc (see,for example, [5] and
[8]) sudh inequalities are well satis ed by rescaledtemperature valuesof the order of unity.
Results in gures 1 and 2 are shown at three dierent times: beginning of the transient
state (a), during the transient state (b), at quasi{asymptotic state (c). In particular, we
plot J =1,n2=n,and T versusx 2 [ a;a]. At ead time instant we give for reference
the maximum and minimum valuesfor J, n2 and T, as computed by meansof our model.

Finally, in gure 3 we show the comparison betweenthe asymptotic state of J, calculated
numerically, and its approximate analytical solution, obtained by Eddington expansion. As
expected we nd a good agreemen betweenthe two solutions within the slab. The only
obsenable di erences can be found at both the boundaries(especially the right one), where
the intensity is more strongly anisotropic.
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