Practice Problems 1

Math. 262, Spring 2024
Problem 1.

(a) For the system
1+ 22+ a3 +74 =4
3x1 + 6x2 4+ dx3 + 1024 =0 (1)
521 + 10z + Txs + 1724 = 23
write down the augmented matrix

(b) Use Gauss elimination to obtain an equivalent system to (1) whose coefficient matrix is in the reduced row
echelon form. Indicate ALL row operations.

(c) Is the system (1) consistent or inconsistent. If it is consistent, find its solution set.
Solution

(a) The augmented matrix is

1 2 1 1|4
3 6 5 10| 0
5 10 7 17|23
(b)
1 2 1 114 1 21 1 4 1 21 1 4
36 5 1000 | p—3p—=p |00 2 7|-12| (1/Qp2—p |0 0 1 7/2| -6
1 21 1 1 21 1 4 1PL— P2 p1 1 2 0 =5/2]10
0 0 1 7/2 6 0 01 7/2|-6 001 7/2|-6
000 5 |15 (1/5)ps — p3 0 00 1 3 0 00 1 3
+G/2ps =1 11 2 0 0] 352
p2 — (7/2)p3 — p2 [ 0 01 0|-33/2 ] +— reduced row echelon form
0 0 01 3

(¢c) The system is consistent. The variables x1, x3, and x4 are lead variables and x9 is the free variable. Denoting

x9 = t, the solution is x1 = % —2t,x0 =t,x3 = —%,m = 3, or the solution set is
35 33
— —2tt,——,3 ) :teR;.
{5 -2ng) e
Problem 2.
(a) For the system
1 t+z0=1
—x1+x9 =1
1 2 (2)
2r1 +4x9 =5
3x1+3x0=6

use Gauss-Jordan elimination to obtain an equivalent system to (2) whose augmented matrix is in reduced row
echelon form. Indicate ALL row operations.

(b) Is the system (2) consistent or inconsistent. If it is consistent, find its solution set.
Solution

(a) The augmented matrix is

1 1)1
-1 1|1
2 415
3 3|6
1 1)1 1 11 1 1)1
-1 1|1 p2+p1— p2 0 2|2 0 22 (1/2)p2 — p2
2 405 p3 —2p1 — p3 0 23 p3 — p1 = P3 0 01
3 3|6 P4 — 3p1 — pa 0 03 0 03
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pa — 3p3 = P4
1 01 P1L—pP3 = pP1 1 0/0
8 (1) (1) 8 (1] (1) +— reduced row echelon form
0 0[O0 0 0|0

(b) The third row of the reduced echelon form corresponds to the equation 0 - 21 + 0 - x2 = 1, thus the system is
inconsistent.

Problem 3.

(a) For the system
1 — 229 +4x3 =1

—2x1 + dx9 + dx3 = —1 (3)
5$1 — 121‘2 — 6$3 =3

use Gauss-Jordan elimination to obtain an equivalent system to (3) whose augmented matrix is in reduced row
echelon form.

(b) Is the system (3) consistent or inconsistent. If it is consistent, find its solution set.

Solution
1 -2 4 1 1 0 303
(a) The augmented matrix is | —2 5 5 | =1 |. The reduced row echelon formis | 0 1 13 )
5 —12 —6| 3 00 010

(b) The system is consistent. The variables x; and x5 are lead variables and x3 is the free variable. Denoting
x3 = t, the solution is 1 = 3 — 30t,zo = 1 — 13txg = ¢, or the solution set is

{(3=30t,1 —13t,t): t € R}.

Problem 4.

The augmented matrix in reduced row echelon form is
1 2 0 3 1]-2
001 2 4| 5
000O0O0|] O
000 O0O0| O

Find all solutions.

Solution

For the augmented matrix in its reduced row echelon form
1 2 0 3 1]-2
0012 4| 5
000O0O0O| O0f"

000 O0O0] O

the lead variables are x1 and x3. The free variables are xo, x4 and x5. Denoting xo = t, x4 = s, and x5 = u, the
solution is 1 = —2 — 2t — 3s — u, xot,x3 = 5 — 28 — du, x4 = S, x5 = u, or the solution set is

{(-2 =2t —-3s—u,t,5—2s —4u,s,u) : t e R;s € R,u € R}.
Problem 5.

(a) For the system
3r1+4x90 — 23 =38

6x1 + 812 — 223 =3 (4)
use Gauss-Jordan elimination to transform the augmented matrix of system (4) to its reduced row echelon form.

(b) Is the system (4) consistent or inconsistent? If the system (4) is consistent find the solution.



Solution

(a)
6 8 —2 0 0 0

(b) The second row of the reduced row echelon form corresponds to the equation 0-x1 +0-x9 + 023 = 1, thus
the system is inconsistent.

Problem 6.
a) For the system

[3 4 _lg] — [1 4/3 _1/3(1]]<—reducedrowechelonf0rm

To +2x4 + 325 =0
4xy+ 8x5 =3 (5)
use Gauss-Jordan elimination to transform the augmented matrix of system (5) to its reduced row echelon form.
(b) Is the system (5) consistent or inconsistent? If the system (5) is consistent find the solution.
Solution

(a)

_3:%12 } +— reduced row echelon form

000 4 8|3 0 001 2

(b) Consistent. Leading variables: xz9 and x4. Free variables: z;, z3, and z5. With 21 = «, 23 = 3, and x5 = 7,
the solution is {(a, —3/2 4+ ~,3/4 — 28,v)}.

Problem 7.

Consider the system

[010230} [0100—1
%

y+2kz=0
T+ 2y+6z2=2 (6)
kr +2z =1,

where k is an arbitrary constant.

(a) For what values of k£ does (6) have unique solution?
(b)  When is there no solution?
(¢) When are there infinitely many solutions?

Solution
The reduced row echelon of the augmented matrix for k£ # 1 is

1 00 1/(k—=1)
01 0| k/(k—1)
0 0 1|-1/[2(k—1)]
and the reduced row echelon form of the augmented matrix for k =1 is
1 0 20
01 2|0].
0 0 0f1

(a) For k # 1 system (6) has a unique solution given by z = 1/(k — 1),y = k/(k— 1),z = =1/[2(k — 1)].
(b) For k =1 there is no solution.

(¢c) The system (6) does not have infinite solutions.

Problem 8.

Consider the system

20 +y=0C
y+z=C (7)
r+4z=C,

where C' is a constant. Find the smallest positive integer C' such that xy, and z are all integers.
Solution
The reduced row echelon form of the augmented matrix is

1 0 0]9C/25
0 1 0|7C/25
0 0 1|4C/25

The solution x = 9C/25, y = 7C/25, and z = 4C/25 are all integers if C' is a multiple of 25. The smallest such
value is C' = 25.
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Problem 9.

Find the values « such that the system
ary+xy+w3 =1
T +axey+x3=1 (8)
T+ 2o t+axry =1

has

(a) mo solution,

(b) one solution,

(c) infinitely many solutions.

Solution

The augmented matrix is

— 0
O ==

«o
1
1

—_ ==
—_

Using elementary row operations we obtain

a 1 1|1 p1 < P3 1 1 a 1
1 o 111 P2 — P1 — P2 0 a—1 1—« 0 9)
L 1 all] ps—apr—p3 LO 1-a 1-a?|1-a

If & = 1 then system (8) has infinitely many solutions, with z; the leading variable, while zo and x3 being free
variables.

Now assume that o # 1 and reduce further to obtain

1 1 « 1 1 1 « 1
0 a—1 1-a« 0 0 a—1 1—« 0 (10)
0 1-a 1-a?|1-a p3 + p2 — p3 0 0 (1-a)2+a)|l-a

noting that 1 —a?+1—-a=2—-a—-a?=(1-a)(2+a).
Thus, if @ # —2 and « # 1, system (8) has a unique solution given by z1 = x9 = z3 = 1/(a + 2) (Check it!)
Summary

(a) a = —2: no solutions; The reduced row echelon form of the augmented matrix is
1 0 —11]0
01 —-1/0
0 0 011
(b) «a# 1 and o # —2: unique solution; The reduced row echelon form of the augmented matrix is
1 0 0|1/(a+2)
0 1 0]1/(a+2)
0 0 1{1/(a+2)

(¢) «=1: infinitely many solutions. The reduced row echelon form of the augmented matrix is

11 111
0 0 0|0
0 0 0|0




