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Boundary-layer thickness and instabilities in Be  “nard convection of a liquid
with a temperature-dependent viscosity
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New and published experimental measurements of spatial and temporal aspects of variable-viscosity
convection are compared with boundary layer models. Viscqsiig assumed to decrease with
increasing temperatureso that convection occurs beneath a relatively stagnant layer. Of particular
interest to applications involving asymptotically large viscosity variations, is the result that both the
temperature difference across the hot thermal boundary layer and the frequency of thermal
formation scale with the rheological temperature scalé log «/dT) 1. Measurements indicate that

for large Rayleigh numbers, viscosity varies by less than a factor 87 across the actively
convecting region. ©2001 American Institute of Physic§DOI: 10.1063/1.1345719

When natural thermal convection occurs in a highly vis-that inertial effects can be neglected, i.e., Pr is sufficiently
cous liquid, or in a solid deforming by diffusion creep, the large that the Reynolds number Re is less than 1.
viscosity can increase by many orders of magnitude from the  Morris and CanrigHt present a boundary layer analysis
hottest to the coldest parts of the flow. In applications to theof variable viscosity convection for the case in which viscos-
interiors of planets such as Ventishe geometry can be ity u depends exponentially on temperatie
modeled to a first approximation as®Bed convection, i.e., a
plane layer of thicknes® with two horizontal isothermal
boundaries at temperaturég and T (see Fig. 1 For large
Rayleigh numbers, Ra, the convecting fluid can be divided

into three regions: a well-mixed interior in which the hori- \yhich is a reasonable approximation for many liquids. It will

zontally averaged temperatufe is approximately constant, e convenient for our discussion to define uc/uy to be

and two thermal boundary layers, with thicknesggsand  the ratio of viscosities at the temperatuigs and Ty, . Ap-

oy, across which most of the temperature change occurs. plying free-slip boundary conditions along with the assump-
In a uniform-viscosity Boussinesq fluid with no-slip up- tion that flow is two dimensional and steady, Morris and

per and lower boundaries, the symmetry of the problem recanrighf made the generalizable prediction that convection

quires thatT;=(Tc+Ty)/2 and5c=45y. In a fluid with a  is confined to region across which temperature varies by

temperature-dependent viscosity, howevEr,is no longer O(y 1). A corollary is then

the mean of thel and Ty (Ref. 2. Instead, marginal sta-

bility analysis® boundary-layer analysfs, laboratory

experiments,and numerical simulatiofid indicate that con- Y(Ty—Ti)—constantas —c. @

vection occurs beneath a stagnant lid that forms below the

cold upper .boundary. In the upper .thermal boun_dary layerp 4t of the upper boundary lay&egion . in Fig. 1) is thus
only a fraction of the temperature differen®e—Tc IS thus  ggtectively rigid below a critical temperature that is a prop-
able to drive convection, whereas in the bottom thermalyyy of poth the material and the boundary temperature.
boundary layer the entire temperature differefige-T; is Figure 2a) shows a compilation of experimentally de-
involved. Richteret al. (Ref. 8, p. 191 note that “the use- ioarmined values of(Ty—T,) as a function of\; only ex-
fulness of representing a variable-viscosity system in termﬁeriments with Nusselt numbers N4.5 are shown. Be-
of a convective layer below a stagnant lid depends on undeggse Eq(1) only approximates the temperature-dependent
standing or being able to predict the relative thickness of thgjscosity of the fluids used in the laboratory
layers.” Accordingly, in this brief communication, we com- experiment$;2-'2 we evaluatey=—dlogu/dT at T=Ty
pare laboratory experiments and theoretical models ofRef. 13. Figure 2a) provides the first direct experimental
temperature-dependent viscosity convection. We focus ogonfirmation that the asymptotic limit given by E) is
the limit of effectively infinite Prandtl number Pru/px so  reached foi >0(10%), and thus complements the results of
numerical studie$*

dAuthor to whom correspondence should be addressed; electronic mail: .FOI’ smaller Vi_SCOSiFy variations\(~1), it is possible to
manga@newberry.uoregon.edu estimate the relative thickness of thermal boundary layers. In

w=pce "T-To), (1)
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FIG. 1. Vertical temperature distributiod, denotes boundary layer thick-
nesseszis the vertical positionT is temperature, and is the dimensionless

temperature.
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FIG. 3. Period of thermal formatiort) from the hot boundary layer as a
function of the Rayleigh number based on properties of the lower thermal
boundary layefsee Eq.(5)]. Numbers next to the data points are the vis-
cosity ratios\. The solid line ist* = D?(Ras/Ra,) ~¥%2.77 (from Ref.

22), with Rg,=1700. Insett* as a function of Ra.
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flows with no-slip boundaries, the thermal boundary layefor no-slip surfaces! Equation(3) is identical to the rela-
thicknesss scales with P¥ (e.g., Ref. 15 where Pe is the tionship of Wu and Libchabéﬁ which is based on the as-

Peclet number. The scaling derived by Solométdor free-

slip surfaces becomes
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FIG. 2. (8 y(Ty—T,) [see Eq.(2)] as a function of the viscosity rati®

= uc/py for published experimental dat®efs. 9—12 (b) Dimensionless
interior temperaturésee Fig. 1 as a function of for published experimen-
tal data(Refs. 8—12. The solid curve is given by Ed3). For Ref. 8, data
with Ra>4x 10* is shown. Rec1 for all experiments except those of Zhang
et al. (Ref. 12. u(T) for the glycerol used by Zhargt al. (Ref. 12 is from

Ref. 19.
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sumption of equivalent temperature scales and viscous
stresse¥ in both thermal boundary layers. Figuré2shows
that Eq.(3) agrees with published experimental data for
<0O(10%). Overall, Fig. 2 suggests that straightforward
boundary layer arguments, used to derive Egs.and (3),
describe some features of thermal boundary layers in
variable-viscosity convection. Two additional features of the
results in Fig. 2 are of interest. First, the data in Fig. 2 have
no dependence on the Rayleigh numtRa varies by about

5 orders of magnitudesee also Ref. 14. Second, R# for

all the data in Fig. 2 except that of Zhaegal,'? for which

Re is between about 1 and 100. Thus fluid inertia does not
seem to affect the relationship betwegnand\.

At sufficiently high Ra,>0O(10°), Benard convection
typically becomes unsteady, and the unsteadiness is often
accompanied by rising and sinking thermals of relatively hot
and cold fluid, respectively. We performed a set of experi-
ments to measure the frequency of thermal formation in fully
developed Beard convection. Experiments are performed in
a tank withD=17 cm and a square base 3434 cm. Side-
walls are insulated. The working fluid is corn syrup with 3%
added water. Details of the experimental setup, procedure,
and data are published in a the¥lsThe period of hot ther-
mal formation,t*, is determined from spectral analysis of
temperature measurements recorded by two thermocouples
located 1 cm above the base of the tank that recorded the
passage of hot thermals. Measurements are made once
“equilibrium” is reached; this is identified by requiring that
the time-averaged, is constant. Thermocouples record tem-
peratures at 1-3 s intervals over at least 10 periddd2 1.

We confirm visually that thermals did indeed form in all
experiments.

Figure 3 shows* as a function of a suitably defined Ra.
For the case of variable-viscosity convection, Ra should be
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based on an appropriate choicegofand temperature differ- 1 -

.. . . .. - —— Ra=55x10"; A=24
enceAT driving motion. Here we consider two definitions of E . ‘
Ra. First, in the limit\—o, AT scales withy !, and we -1 i | T T TOAs Amao
can define Ra based on properties of the hot boundary laye [ foy Ra=98x10% A=9
as 10 E 109 : : ‘

—1R3 o
pgay D -
Ra,=———, (@) A
KMH 2
. _— . 107E
wherep, g, k, anda are density, gravitational acceleration, B
thermal diffusivity, and thermal expansivity, respectively, N
anduy=pu(Ty). Previous studiés®°have suggested that a -
suitable choice of viscosity is the value based on the mean o10°f -
the boundary temperaturéthe so-called film temperature S \ !
With this choice of viscosity,the critical Ra for the onset of 0.3 0.2 0.1 0 0.1 0.2 0.3
convection, Rg, varies by less than about 50% forh (T—T:)/(T;—T;)
<10°. A second suitable definition of Ra is thus
FIG. 4. Histograms of temperature in the middle of the convecting fluid for
pga(TH—Ti)D?’ temperature normalized a3 ¢ T;)/(Ty—T,;). Ra is based on the viscosity
R%ZK—, (5) at the mean of c andTy (see Refs. 2 and 3, and 8 and Mset: Histograms
Hay of temperature in the middle of the convecting fluid with temperature nor-

wheresu s = (0.5 T;+Ty]). A best fit to the six measure- malized as6=(T—Tc)/ (T~ Tc).

ments in Fig. 3 gives* «Ra; ®*® andt* «Ra,*®'. Despite
the wide range oh, t* scales with Rgand Rg indicating  of Ref. 11. In Fig. 4, T is normalized by the temperature
that the processes responsible for the formation of thermaldifference across the hot thermal boundary layer and the his-
are local to the hot boundary layer. tograms collapse to a single curve. Figure 4 thus shows that
Howard described a mechanistic process for the formathe temperature difference across the active part of the cold
tion of thermals in high Pr flows that involves the conductivephoundary layer(region 5&) scales with that across the hot
growth of a thermal boundary layer, followed by the rela- houndary layer(region 8). In detail, for the three experi-
tively rapid release of fluid from the layer once the local ments shown in Fig. 4, the mean temperature anomaly of the

Rayleigh number(based on the boundary layer thickness cold thermals is—1.5 times the temperature anomaly of the
exceeds Ra. Thermals formed through this mechanism will hot thermals.

have Experimental and numericaf studies of transient con-
2 vection beneath a cooled surface indicate that a stagnant
t* « —(Ra/Ra,) 23, (6)  layer develops once the viscosity ratio across the cold ther-
K

mal boundary layer exceeds about H\(T~2.2). This re-
where Ra is given by Eq4) or (5). Sparrowet al?> mea-  sult, combined with Fig. @) (y[Ty—T;]~1.4 for large)),
sured the frequency of thermal formation above a heateéinplies that the viscosity ratio across the actively convecting
surface; their best-fit relationship, shown in Fig. 3 for com-fluid is ~37 for A\>1. The uppermost part of the fluide-
parison, is compatible with our measurements. Figure 3 thugion 8¢ in Fig. 1) must therefore be stagnant and flow
suggests that thermals in fully developed variable-viscositypeneath the stagnant layer more closely resembles isoviscous
convection may form by the processes described byonvection driven by a temperature differenog¢y—1).*4’
Howard?! at least in low Re flows. We therefore have a Although we have only presented results for fully developed
basis for using Eqs4)—(6) for extrapolating to the interior Benard convection, the scaling relationships illustrated in
of planets. Figs. 2 and 3 apply to internally heated flofistransient

We can also use the temporal variations of temperatureonvectionz,4 and other convective phenomefia.
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