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Chiral molecule adsorption on helical polymers
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We present a lattice model for helicity induction on an optically inactive polymer due to the adsorption of
exogenous chiral amine molecules. The system is mapped onto a one-dimensional Ising model characterized by
an on-site polymer helicity variable and an amine occupancy one. The equilibrium properties are analyzed in
the limits of strong coupling between helicity induction and amine adsorption and in that of noninteracting
adsorbant molecules. We discuss our results in the context of recent experimental results.
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I. INTRODUCTION

The chiral properties of macromolecules are of particu
importance in determining the nature of their interactio
with living material @1#. Most cellular receptor enzyme
show preferential binding towards one of the two enan
omers of a helical molecule, the other mirror-image fo
being either irrelevant or noxious to cellular functioning. H
licity induction and control have also been extensively st
ied for the purposes of asymmetric synthesis@2#, enantiomer
separation@3#, and other chemosensing, pharmaceutical,
material science applications@4,5#.

The helicity of biological macromolecules, such as DN
and proteins, is due to the inherent chirality of the loc
subunits. Besides polymerizing optically active monome
synthetic chiral polymers may be constructed by asymme
polymerization of nonchiral molecules using a chiral ca
lyst, or, as recently reported@6,7#, by complexation of an
optically inactive polymer with a chiral amine. The achir
polymer used in Refs.@7,8# is a polyacetylene~poly-1!, a
nonhelicalstructure which coils into a helix upon acid-ba
interaction with right- or left-handed amines and aminoal
hols both in solution and in film. It is believed that the i
duced helicity is due to the twist irregularity of adjace
double bonds around the single bond of theuCO2H func-
tional group of poly-1 which coils upon interaction with th
amine bases. Other achiral polyacetylenes show the s
response@8,9# to chiral amines which may be used to indu
a preferential screw sense on achiral polymers. In the exp
ments of Refs.@7,8# certain synthetic helical polymers~such
as poly-6, poly-7! are also used to separate racemic mixtur
due to their high chiral recognition abilities. These polyme
can be used as chiral stationary phases in high perform
liquid chromatography~HPLC!.

In this paper, we use a lattice model to study helic
induction on a polymer interacting with adsorbed exogen
chiral molecules and for chiral discrimination of racem
compounds. Figure 1 shows the features of the o
dimensional lattice model. Each monomeri of the polymer is
associated to a pseudospins i where s i5$21,0,1% repre-
sents the induced left (s i521) or right (s i511) mono-
mer helicity. We also include the possibility for the polym
to be uncoiled, in which cases i50. Sitei is also character-
ized by the chiral molecule occupancyu i . If the site is un-
1063-651X/2004/69~2!/021805~8!/$22.50 69 0218
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occupiedu i50, if it is occupied by a right~left!-handed
moleculeu i511(21). The energy of the polymerV will
be modeled using

V/kBT52J(
i

s is i 112(
i

~h01h1u i !s i2J2(
i

u iu i 11

2m1(
i

du i ,1
2m2(

i
du i ,21 , ~1!

where all parameters appearing on the right-hand side
unitless. In the Ising model defined by Eq.~1!, the ‘‘magnetic
field’’ h0 describes the proclivity of the bare polymer to co
into a left or right helix, and can be interpreted as a net lo
torsion of the polymer. Theh1 parameter is the coupling
between the chiral amine and the polymer. The parameteJ
and J2 are the nearest neighbor energetic coupling for
helicity of the polymer and of the adsorbate, respective
Field force calculations have been used to estimateJ andh0
for copolymers of enantiomers@10#.

The chemical potentialsm6 are related to the energy co
for the adsorption of right- or left-handed amines on t

FIG. 1. ~Color online! A schematic of a homopolymer that ca
acquire three distinct local conformations. For example, the po
mer may acquire right or left-handed helicity, or may remain no
helical. The left region of this figure represents a very induci
polymer with its helicity determined by the binding of the chir
~labeled by1 or 2) molecules. The right branch of the polyme
represents a locally chiral polymer~which favors say, the1 helic-
ity, due to its intrinsic structure! that preferentially adsorbs1 mol-
ecules. These fixed-helicity polymers have been used to separa1
and2 chiral molecules in chromatography.
©2004 The American Physical Society05-1
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polymer, with thed functions tracing the number of adsorbe
amines. The last two terms of Eq.~1! represent the energ
contribution arising from polymer-adsorbate interactio
prior to the coiling of the polymer. The chemical potent
termsm6 are defined so thathiu is i is the energetic split afte
adsorption of a molecule with chiralityu i on sitei.

The helical polymer we model using Eq.~1! is assumed to
be a stiff linear chain, so that three-dimensional effects
be neglected and only nearest neighbor interactions are
lowed. This is indeed the case for the polyacetylenes of R
@6# or when the polymers are mechanically stretched.
simplicity we also assume that the binding sites and the b
polymer helical unit are size commensurate. Although
microscopic details are more complicated than our mo
they should not affect overall equilibrium long waveleng
results. Other than chiral interactions, we neglect all ot
effects that the binding amines might have on the polym
such as on its stiffness. Reference@11# recently considered
the interplay between adsorption and polymer conform
tions.

Our model is a generalization of a simpler one in which
random chiral copolymer with enantiomeric pendant grou
is described in terms of a quenched random-field Ising mo
@12–14#. In our modelu i is a thermodynamic variable re
lated to its chemical potentialsm6 . Our model approache
those in Refs.@12–14# in the limit h0 ,J2 ,m650, and when
s i andu i are constrained to$11,21%.

Since the two helicities of polymers can be associa
with the two states of an Ising model, mapping betwe
polymers and Ising models has been widely used@15#. In
spite of fact that many features are neglected~such as non-
linear structures and nonnearest neighbor interactions! this
approach has proven to be a useful first step in elucida
the properties of many polymer assemblies@16#. Other than
the quenched-random-field model of the above referen
@12–14# for instance, anad hocIsing model has been intro
duced to address chiral amplification in supramolecular
semblies of unquenched chiral ‘‘sergeants’’ and achiral ‘‘s
dier’’ units @17#.

The equilibrium properties of the system modeled by E
~1! can be evaluated through the partition function associa
with the nine-dimensional product spaceus i ,u i&5u2,2&,
u2,0&,u2,1&,u0,2&,u0,0&,u0,1&,u1,2&,u1,0&,u1,1&. In
the case of a polymer of lengthN, assuming periodic bound
ary conditionss15sN11 andu15uN11, the partition func-
tion reads:

J5(
$s i %

(
$u i %

e2V/kBT5Tr LN, ~2!

whereL is the nine-dimensional transfer matrix derived fro
V. Thermodynamic quantities such as the free energyF, the
average spin-helicitŷ s i&, the correlation functionG(,)
5^s is i 1,&2^s i&

2, and the fraction of adsorbed left an
right amineŝ nu561& are obtained from:

F52 ln J, ~3!
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N^s i&5S ] ln J

]h0
D , ~4!

^s is i 1,&5
Tr^sL lsLN2 l&

J
, ~5!

and ^nu561&5^du i ,61&5S ] lnJ

]m6
D . ~6!

The s operator is defined assu6,u i&56u6,u i&, and
su0,u i&50. Similarly, the u operator isuus i ,6&56us i ,
6&, anduus i ,0&50.

In theN→` limit Eqs. ~4!–~6! can be expressed in term
of the eigenvalues ofL (l i5l0l1 , . . . ,l8) and their re-
spective orthonormal eigenvectorsuc i&. If the largest eigen-
value isl0, with associated eigenvectorc0, then@18#

^s i&5
1

l0

]l0

]h0
, ~7!

^s is i 1,&5
^c0usL ,suc0&

l
0
,

, ~8!

^nu561&5^du i ,61&5
1

l0

]l0

]m6
. ~9!

The amine helicity correlation function̂u iu i 1,& and the
polymer-amine correlation function̂s iu i 1,& can be ob-
tained by substituting the appropriateu operator in Eqs.~5!
and~8!, respectively. The correlation lengths are the same
all cases and we treat only the polymer-polymer correlat
function. Numerical estimates of the relevant quantities c
be readily computed by diagonalizing the nine-dimensio
transfer matrix. However it is revealing to explore certa
physically relevant limits analytically.

We will consider several physical systems to which E
~1! can be applied, depending on the quenched or anne
nature of thes i and u i variables and the values they ca
take. In Sec. II, we consider the case of a helical polym
used as a chiral discriminant. Here,s i511 is quenched~the
polymer is fixed to be right handed! and u i is a thermody-
namic variable that can take on the values$u i521,0,11%
so that the fraction of adsorbed right-handed amines can
fer from that of the left handed ones. Conversely, in Sec.
we analyze a system of chiral amines used to induce heli
on an optically inactive polymer. In the experiments of R
@6#, complexation with left-handed amines yields righ
handed polymer helicity so we allow the system variables
take on the values$s i50,11% and$u i521,0%. Both cases
are analyzed in the limit of high amine-polymer interacti
(uh1u@1), and of non-interacting adsorbantsJ250. In Secs.
IV and V we consider a helical polymer coiling in both scre
senses and interacting with both left and right amine isom
Here, both variables can take values$s i521,11% and $u i
521,11%. In Sec. V we also include the possibility o
empty amine sites andu i50 is allowed. As above, we sha
consider the limits of strong
5-2
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coupling between amine occupancy and polymer helic
(h1@1), and the limit of noninteracting adsorbant amin
for which J250.

II. CHIRAL DISCRIMINATION

In this section we consider a helical polymer that
chemically fixed to be right handed (s i511) and analyze
the mean fraction of left-handed and right-handed ch
amine adsorbates. This case corresponds to the param
J→` and h0→` and we need only consider the reduc
basis setus i ,u i&5u1,2&,u1,0&,u1,1&. We wish to calcu-
late the ratio of the two different adsorbate enantiomersr
5^nu521&/^nu511&. The three-dimensional transfer matr
L is given by

x1
21L5S y f2

z
1

z f1

y

f 2

z
1 z f1

f 2

yz
1 yz f1

D .

Here,x6[e(J6h0),y[eJ2,z[eh1, and f 6[em6. The largest
eigenvalue is readily determined by means of singular p
turbation techniques in the limits of strong coupling betwe
polymers and amines, and exactly in the case of noninter
ing exogenous molecules.

A. Strong interaction

In the case of strong interactions between amines
polymers (h1@1 or z@1), the largest eigenvalue is calcu
lated perturbatively inz to be:

l0x1
215 f 1yz1

1

y
1

y211 f 1 f 2

zy3f 1

1
212 f 2 f 1~y221!23y1y2

f 1
2 y5z2

1O~z23!.

~10!

Here,^nu511&@^nu521& because the original choice for th
helical polymers i511 and positive values forh1 favor the
adsorption of right-handed amines. The fraction of unoc
pied sites vanishes as 1/z and the fraction of left-handed
adsorbed amines as 1/z2. The concentration of empty site
and the ratio of adsorbed amines is given by

^nu50&z→`5
1

f 1y2z
2

322y

f 1
2 y4z2

;e2(h11m112J2). ~11!

F ^nu521&

^nu511&
G

z→`

5
f 2

f 1z2y4
;e2(m12m212h114J2). ~12!
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The average adsorbate chirality^u i& ~related to the intensity
of the circular dichroism spectra of Ref.@6#! is given by
^nu511&2^nu521&. In the opposite limit ofh1→2`, the
adsorption of left-handed amines is favored on a rig
handed polymer, and a similar calculation yields the sa
expression forl0 as Eq. ~10! with the replacementsz
→z21, f 1→ f 2 . The ratio of right to left-adsorbed amine
vanishes asz2.

B. Noninteracting adsorbates

In the case of amines that do not interact with each ot
except for exclusion,J250 or y51, the quantities of inter-
est are calculated exactly by means of Eqs.~7! and ~9! with
the largest eigenvaluel0:

l0x1
215^nu50&y51

21 5
f 21z1 f 1z2

z

;e2(h12m2)111e(h11m1), ~13!

F ^nu511&

^nu521&
G

y51

5
f 1z2

f 2
;e(m112h12m2). ~14!

III. HELICITY INDUCTION

In this section we consider polymers which coil into
preferred helicity (s i511 for instance! upon complexation
with external amines of the opposite chirality (u i521).
This scenario models the experiments of chiral induction p
formed with the optically inactive poly-1 chain in the pre
ence of chiral molecules of specified right or left helicity@6#.
In these experiments, complexation with left-handed isom
of the chiral molecules induce a right-handed helix on
polymer and vice versa for right-handed amines. In the ba
us i ,u i&5u0,0&,u0,2&,u1,0&,u1,2&, the transfer matrix is:

L5S 1 f 2 t f 2tz21

1 f 2y t f2tyz21

1 f 2 xt f2xtz21

1 f 2y xt f2xtyz21

D ,

wheret[eh0, x[eJ, so thatxt5x1 . For the free energy of
the bare polymer to be minimum ats i50, the achiral con-
formation, we assume thatJ,h0,0. To model chiral adsor-
bates which induce polymer helicity of opposed chirality, w
takeh1,0.

A. Strong interaction

For highly inducible polymers (uh1u@1 or z→0), the
largest eigenvalue ofL is:

l05 f 2xtyz211
11tx21 f 2y2

xy
1O~z!. ~15!

We can compute the fraction of adsorbed amines^nu521&
and the mean induced helicitŷs i&. Note that sinces i
5$0,11% the latter is also the fraction of^ns511& sites:
5-3
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^nu521&z→0512
11tx2

f 2x2y2t
z;12

11e2(2J1h0)

e2(h12m222J2)
.

~16!

^s i&5^ns511&z→0512
11 f 2y2

f 2x2y2t
z;12

11e2(2J21m2)

e2(h12h022J)
.

~17!

B. Noninteracting adsorbates

For non-interacting adsorbates (J250 or y51) the larg-
est eigenvalue for the helical induction matrixL is:

l05
1

2
@11 f 21tx1 f 2txz211C#, ~18!

where C5z21@~z1z f21ztx1 f 2tx!224tz~x21!~11 f 2!

3~z1 f 2!#1/2. ~19!

The mean helicity and fraction of occupied amine sites
again found explicitly through Eqs.~7! and ~9!:

^nu521&y515
f 2

2l0
F11

tx

z
1

z1z f21~ tx!2

zC

2
~x22!@2 f 2t1 f 2~ txz!2~11z!#

zC G ,
~20!

^ns511&y515
1

2
1

z t x2z1~ t x2z! f 2

2 zC . ~21!

IV. RANDOM COPOLYMERS

In this section we analyze the case of a polymer coil
into either screw directions i5$21,11% upon interaction
with exogenous molecules,u i5$21,11%, when no sites are
left unoccupied. We shall also assumeJ250 throughout the
calculation: this case can be viewed as a dynamic versio
a model for the the assembly of random copolymers@11#
where, instead of a random fieldhi5$11,21%, assigned
with probability p and 12p to each site, we introduce th
annealed variableu i whose chemical potentialsm1 andm2

control the adsorption of each left or right species. In p
ticular, we wish to compare our results with the random-fi
Ising model of Ref.@12#, due the dynamic nature of the a
sembly process. The transfer matrixL is defined in the four-
dimensional spaceus i ,u i&5u2,2&,u2,1&,u1,2&,u1,1&:

L5S z f2x2

f 1x2

z

f 2

zx2

z f1

x2

z f2x2

f 1x2

z

f 2

zx2

z f1

x2

z f2

x1

f 1

zx1

f 2x1

z
z f1x1

z f2

x1

f 1

zx1

f 2x1

z
z f1x1

D

02180
e

g
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-
d

and its largest eigenvalues are

l0,15
x2~ f 11z2f 2!1x1~ f 21z2f 1!

2z

6
1

2x2x1z2
$x2x1@x2~ f 11z2f 2!1x1~ f 21z2f 1!#2

14x1x2z2~12x2
2 x1

2 !~ f 11z2f 2!~ f 21z2f 1!%1/2.

~22!

The mean helicity^s i& and fraction of adsorbed amine
^nu511& can be evaluated by performing the appropriate
rivatives. Instead of explicitly writing the expressions f
these quantities, we plot^s i&, ^nu511& as a function off 1

for the chosen parametersz51.4 and x15x25x530,
which implies h050. We also set the reference energy
f 251, or m250. The values forx andz correspond to the
molecular modeling values used in Ref.@12#. The physical
quantities^s i& and ^nu511& are shown in Fig. 2 as a func
tion of f 1 . As in the case of the Ising random field@12#, a
small increase of the fraction of adsorbed amine^nu511& for
f 1*1 results in a sharp rise in the optical activity of th
sample as determined by^s i&, similarly to the experimenta
results of Ref.@19#.

V. CHIRAL ADSORBATES AND POLYMERS

We now analyze the case of a chiral polymer interact
with a racemic mixture of chiral adsorbates. The trans
matrix L determined from Eq.~2! in the six-dimensional
space defined byus i ,u i&5u2,2&,u2,0&,u2,1&,u1,2&,
u1,0&,u1,1& is

FIG. 2. ~Color online! Random copolymer mean chirality an
amine occupancy as a function of fugacityf 15em1. The other
parameters of the system are fixed atx15x25eJ530, z5eh1

51.4, andf 25em251 as in Ref.@11#. Note the dramatic increas
in ^s i& even for values off 1 slightly greater than unity.
5-4
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L5

¨

yz f2x2 x2

f 1x2

yz

y f2

zx2

1

x2

z f1

yx2

z f2x2 x2

f 1x2

z

f 2

zx2

1

x2

z f1

x2

z f2x2

y
x2

y f1x2

z

f 2

yzx2

1

x2

yz f1
x2

yz f2
x1

1

x1

f 1

yzx1

y f2x1

z
x1

z f1x1

y

z f2

x1

1

x1

f 1

zx1

f 2x1

z
x1 z f1x1

z f2

yx1

1

x1

y f1

zx1

f 2x1

yz
x1 yz f1x1

©
.

As above, we shall consider the limits of strong coupli
between amine occupancy and polymer helicity (uh1u
@kBT), or z→`, or z→0 and the limit of non-interacting
adsorbant amines, for whichJ250, or y51.

A. High inducibility

In this section we consider the limituh1u@1, correspond-
ing to z→` or z→0 depending on whetheru i561 induces
s i561 or s i571, respectively.

In the first case homochirality between polymer and
sorbates are favored, in the latter opposite screw direct
are. Let us assumez→`. Eigenvalues and eigenvectors a
expressed in terms ofy, p, andw defined as

p5
f 2x2

f 1x1
5e(m22m122h0), ~23!

w5x1x25e2J. ~24!

A direct calculation for the first two eigenvectorsl0,1 yields

l0,15
zy f1x1

2
@~11p!6S~p,w,y!#, ~25!

S~p,w,y!5F ~12p!21
4p

w2y4G 1/2

. ~26!

The other eigenvectors vanish in the limitz→` and the
mean helicity, from Eq.~7!, is

^s i&5
12p

S~p,w,y!
. ~27!

Figure 3 showŝ s i& as a function ofp for different ferro-
magnetic and antiferromagnetic values ofwy2. Note that the
crossover between positive and negative^s i& values occurs
for p51, which corresponds tom15m222h0. In the limit
of high helicity-adsorbate coupling, an overall optically i
active ensemble is reached when the balance between
two amine chemical potentials is offset by the intrinsic to
sion h0. The sharpness of the transition increases with
ferromagnetic couplingsJ andJ2 which tend to induce uni-
02180
-
ns

the
-
e

form chiralities on adjacent polymer sites and to ads
amines with uniform chiralities which, in turn, are strong
coupled to the polymer. The substitutionp→p21 implies an
inversion of the helicity, and under this transformation^s i&
→2^s i&. The correlation function is defined a
Gz(p,w,y,,)5^s is i 1,&2^s i&

2. The on-site fluctuation is
Gz(p,w,y,,50)512^s i&

2 and in the limit of large dis-
tances,, the correlation functionGz(p,w,x,,) is determined
from Eq. ~8! using the fact thatln50 for n.1:

^s is i 1,&5^s i&
21^c0usuc1&^c1usuc0&S l1

l0
D ,

, ~28!

so that

Gz~p,x,y,,→`!5D~p,x,y!e2,/j,

j5F lnS l0

l1
D G21

. ~29!

As can be seen from Eqs.~25! and~26!, at the antiferromag-
netic conditionJ1J2,0 the second nonzero eigenvaluel1
is negative, and in thez→` limit the transfer matrix is no
longer positive definite. In calculating the correlation fun
tions we restrict ourselves to the ferromagnetic case oJ
1J2.0. For completeness we estimate the prefactor par
eter D using theucn& eigenvectors found by standard tec
niques:

D~p,x,y!5Fl0@12p1S~p,x,y!#

l1S~p,x,y! G2 uf1u2

uf0u2
, ~30!

uf0,1u254p2~11y2!~w21y2!1
w4y8

4
@11p6S~p,x,y!#2

3@12p6S~p,x,y!#2116pw2y4

3@12p6S~p,x,y!#1w2y4~11y2!~w21y2!

3@12p6S~p,x,y!#21w2y4@11p6S~p,x,y!#.

~31!

FIG. 3. ~Color online! Mean helicity ^s& as a function ofp
5e(m22m122h0) in the case of a polymer with highly inducibl
chirality (h1@1). In these curves wy25e2(J1J2)

550, 10, 5, 2.5, 0.4.
5-5
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Figure 4 shows the correlation lengthj for several values of
w andy. The largestj occurs atp51 and is

j21~p51,w,y!5 ln
~wy211!

~wy221!
. ~32!

In this limit, j(p51,w,y) is an increasing function ofw y2:
at higher values ofJ1J2, large islands of homohelicity ar
formed and the structure is increasingly ordered. The in
ence of J2 on the mean helicity is a consequence of t
strong interaction between amines and polymer on-
chirality. These results are invariant under the substitut
p→p21 which signifies an inversion of the helical scre
sense.

We also evaluate the fraction of adsorbed amine spe
^nu561&. In the limit of strong coupling between amine o
cupancy and polymer helicity, the two are related
^nu51&1^nu521&51, as can be seen by direct calculatio

^nu511&5F12p1
2p

w2y4
1S~p,w,y!GF ~12p!21

4p

w2y4

1S~p,w,y!~11p!G21

. ~33!

Figure 5 shows the fraction of adsorbed right-handed ch
moleculeŝ nu511& for several values ofwy2. At the optical
inactive conditionp51, the fraction of adsorbed amines
1/2 for each chirality, and all sites are occupied. In this ca
both the average amine and polymer helicity vanish and
correlation function depends on the magnitude ofJ andJ2.
Large values of the latter imply the aggregation of chi
amines of the same sign and islands of homohelicity both
the polymer and for the adsorbed amines. These results
again invariant under the substitutionp→p21.

FIG. 4. ~Color online! Correlation lengthj as a function ofp
5e(m22m122h0) in the case of a polymer with highly inducibl
chirality (h1@1). In these curveswy25e2(J1J2)520, 10, 5, 2.5.
Note that at the racemic mixturep51, the correlation length is an
increasing function ofw y2.
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B. Noninteracting adsorbants

Let us now consider the limitJ250 (y51), in which the
helicity adsorbant amines do not interact with each oth
except for exclusion. A direct calculation of the eigenvalu
of L yields

l0,15
F1x1

2z
@~11q!6T~q,w!#, where ~34!

T~q,w!5F ~12q!21
4q

w2G 1/2

, ~35!

F15@z2f 11z1 f 2# and ~36!

q5
x2@z2f 21z1 f 1#

x1@z2f 11z1 f 2#
5

x2F2

x1F1
. ~37!

The parametersq andp of the preceding section are relate
by lim

z→`
q5p, and the definition ofw is the same as pre

viously defined,w5e2J. All other eigenvalues,ln.1 are
zero. The mean helicity computed from Eq.~7! is now

^s i&5
12q

T~q,w!
, ~38!

which has the same form of Eq.~27! upon substitution of
p→q andy51. In the case of noninteracting amines the
fore, the nonoptically active condition isq51 or, if we de-
fine 2m5m11m2 and 2Dm5m12m2 :

e2h05
21emcosh@Dm1h1#

21emcosh@Dm2h1#
. ~39!

In the noninteracting adsorbant limit, the correlation functi
Gy51(q,w,,) can be evaluated through Eq.~8! and it is sim-
ply Eq. ~29! providedp→q andy51:

Gy51~q,w,, !5Gz~p,w,y51,, !. ~40!

FIG. 5. ~Color online! Fraction of adsorbed chiral molecule
^nu i51&, as a function ofp5e(m22m122h0) in the case of strong
amine occupancy-polymer helicity interaction. In these plotsw y2

5e2(J1J2)550,10,5,2.5.
5-6
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CHIRAL MOLECULE ADSORPTION ON HELICAL POLYMERS PHYSICAL REVIEW E69, 021805 ~2004!
The adsorbed amine concentrations^nu561& do not sum to
unity and unoccupied sites exist as can be seen also
Fig. 6. Equation~9! yields

^nu511&5
f 1z2

F1
1G q f1

F1F2
~F12z2F2!, ~41!

^nu521&5
f 2

F1
1G q f2

F1F2
~F1z22F2!, ~42!

where G5

T~q,w!211q1
2

w2

T~q,w!@T~q,w!111q#
. ~43!

Several limits are possible for̂ nu50&512(^nu511&
1^nu521&):

^nu50&512
z

f z21z11
, when f 15 f 2

^nu50&512
z

f 11 f 211
, when z51 ~44!

^nu50&512
zcosh~h0!

eh0F1

, when q51.

VI. CONCLUSIONS

We have constructed and studied in detail a general la
theory to model interactions between chiral molecules
polymer chains which may or may not be inherently helic
One-dimensional Ising models used to describe chiral s

FIG. 6. ~Color online! Fraction of adsorbed amines for sever
values off 65e6m at h053, w5e2J52 as a function ofz5eh1. In
these plots the full-symbol curves correspond to the^nu511&; the
upper one is atf 1520, f 252, and the lower one atf 1510, f 2

510. The empty-symbol curves correspond to^nu521&; the upper
one is atf 1510, f 2510 and the lower one atf 1520, f 252.
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tems have been presented in the literature@11–13# both for
ordered and quenched helical polymers. Here, we have in
duced the possibility of interactions with external amine
incorporated as unquenched thermodynamic variables
well as the possibility for the polymer to stay uncoiled,s i

50. For a racemic amine compound interacting with a he
cal polymer, we derived the ratio of the two adsorbed en
tiomer species: the results obtained in Eqs.~11! and ~12! or
those of Eqs.~13! and ~14! can be applied to experimenta
results to estimate microscopic parameters such as
chemical potentialsm6 , the amine couplingJ2, or the
polymer-amine interactionh1. For all physical cases pre
sented in Secs. II–V and where it was well defined, we h
given estimates for the mean induced helicity^s& the frac-
tion of adsorbed amineŝnu561& and of empty siteŝnu50&,
and of the correlation lengthj, which can be used in the
same vein as above or to predict experimental outcome
the microscopic parameters are known.

When boths i and u i are annealed variableŝs i& and
^nu561& are not completely correlated, independent m
surements of helicity~by optical activity! and of bound
amines~using, e.g., IR adsorption techniques! may yield in-
formation on^nus& for cases whereuh1u.1.

Several HPLC experiments estimate the capacity
separation factors~related to the retention times! of chiral
amines interacting with chiral poly-6 and poly-7 used as
molecular sieve@6#. However, the retention times arise fro
the adsorption and desorption kinetics of the amines as
interact with the stationary phase polymer. The thermo
namic parameters (h1 , m6 etc.! are equilibrium properties
and by themselves are insufficient to determine the kin
capacity factors. However, if the activation barriers for t
amine-polymer interactions can be independently de
mined, capacity factors can then be estimated.

The peak intensity of circular dichroism spectra of op
cally inactive polymers interacting with chiral molecules c
be directly related to the mean induced helicity through E
~17! or ~21!. Peak intensity~the mean induced helicity! in-
creases with larger amine size, suggesting that larger e
enous molecules result in higher amine-amine interactionJ2.
This trend is also evident from Eq.~17!. Our model does not
consider the energetic cost to create a left- or right-han
helicity domain in an uncoiled region wheres i50. An ad-
ditional energy term of the formJ1@s i

21s is i 11(s i1s i 11)
1s i 11

2 # would be needed to incorporate such effect.
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