
1  students/disc iples of the school of Pythagoras at Crotona in Southern Italy

2  ... or so he is credited.  Pythagoras may have proved it, or perhaps one or some of his

student followers.

3  though it was known to the Babylonians & Egyptians at least centuries earlier

The Pythagoreans1  believed that "Number rules the universe";  everything can be described in terms of

num bers, an d all num bers are rat ional–  int egers, o r ratio s of  int egers.  Pyt hagor as prov ed2  w hat  is

called t he Pythagorean Theorem3 :   

c

b

a

a2  =  b2  +  c2     the sum of the squares of the sides of a right triangle is the square of the hypotenuse.

Pyt hagor as'  view  of  th e describ abilit y of  th e univ erse in t erms o f rat ional nu mb ers w as con trad ict ed!

dest royed!by t he very  th eorem  w hich  now  bears his nam e.  For if  w e con stru ct  a right  trian gle w ith  sides

of  equal leng th  1,  th en w e can d emo nst rate t hat  th e hyp ot enuse (w hose length ought to correspond to

some num ber), is q 2&,  and q 2& cannot be expressed as a rational number— cann ot  be exp ressed as t he rat io

of tw o integers.  As w e argue below :

First w e note that every whole number has a unique prime factorization.

           r1   r2   r3   r4        rk w  =   p1  p2  p3  p4   @@@ pk

Then w 2  mu st h ave a prim e fac to rizatio n w ith  th e same prim es to  even p ow ers:

                   
 2 r1  2 r2   2 r3   2 r4      2 rk w  2=  p1    p2    p3    p4    @@@  pk

Supp ose p    

 q 2&  =  ))q

w here p,q , Z, q � 0  [af ter all, th at' s w hat it  w ould m ean for q 2& to be rat ional ] .

. . .  and w e may assume p/q has been reduced t o low est t erms  

(so p and q have NO common factors).   

M ult iplyin g bot h sides by  q and sq uaring  gives u s 

     2 q2  =  p2  .   

Which means 2 must be a factor of p2 ,  w hich in turn impl ies 2 must be a factor of  p.   

So p2  has an odd power of  2 in i ts pr ime factor izat ion. . .   This is not possible.   

Since ev ery part  of  our arg um ent  is tru e,

 th e only  flaw  mu st b e in t he assum pt ion w e made in  th e first  place–  

 th at  q 2& can be w ritt en in rational f orm.

Pyt hagoras and his fo llow ers w ere devastat ed.  Even tod ay, w e are troubled t o discov er there are
num bers w hich  cann ot  be w ritt en in t he f riendly  fo rm o f a rat io of  int egers— but  th e irritat ion is

diminished by the comfort ing thought t hat although such numbers exist, they are relatively few , and

may be most ly ignored.  NOT! 



Let's make a small digression.  We now  know  these irrationals exist, and q 2&  is one of them, and can not

be w ritt en as a ratio  of  int egers; b ut  w hat  is th e nat ure of  an irrat ional?  W hat  is th e decim al

represent atio n of  an irrat ional nu mb er?  We h ave prev iously  seen t hat  a ratio nal number can be

expressed in decimal form using the division algorithm, and that t he decimal form either terminates or

repeats.   Furthermore, any terminat ing or repeat ing decimal can be expressed as a rat io of  tw o integers.  

Theref ore:

® The set  of ra tiona l numbers is exact ly the set  of t erminating and repeat ing decimals.   

The Irra tionals (reals not expressible as ratio of  tw o integ ers) 

are non-terminat ing,  non-repeat ing decimals.

Consider, e.g. 1.10 200 300 040 000 500 000 600 000 070 000 000 800 000 000 900 000 000 010 000 000 000 011 .. .  

    ... or 1.12 123 123 412 345 123 456 123 456 712 345 678 123 456 789 123 456 789 101 234 567 891 011 .. .

Th e sum  of  tw o ra t ion als is  rat ion al.   W hat  abo ut  th e sum  of  tw o ir rat ion als?  

This can be a bit  d i f f icul t  to test ,  s ince w e have no general ar ithmet ic algor ithms for i rrat ionals.   

W hat  is q 2&+  q 3&?  (Hint : squ are th at! )  

Is t he su m o f  tw o ir rat ion als al w ays irr at ion al?   

   . . .H ow  a b ou t  q 2& +  q 8& ?        !3  q 2& +  q 1&8&?  

What is the sum of a rat ional  number and an ir rat ional?  Consider,  for  example,  q 2& +  ½.  

     Intuit ively, w e have a non-terminating non-repeating decimal plus .5, the total of w hich should be non-

     te rminat ing non-repeat ing.  We can eas ily   p rove q 2& +  ½ is irrational:   suppo se q 2& +  ½ =  a/b . . .  )

The argument above showing q 2& is irrational may be used to show t hat the square root of any prime (or of

any c om posit e num ber w hose pr ime f act ors are no t all t o an ev en pow er) is not  ratio nal.  Furt herm ore,

th ere are ot her  irrat ional nu mb ers (pi and e fo r inst anc e) t hat  " oc cu r"  in nu mer ous  circ um st anc es.  In

addit ion,  for  every ir rat ional,  w e can construct  a whole fami ly of  i r rat ionals by adding any rat ional .   

(Irration al +  ratio nal is .. .) Thu s w e can easily  see th ere are at least  as many  irratio nal num bers as

rationals.  It  w as not unti l  the end of the nineteenth century that a means of tackl ing the cardinality of

inf init e sets w as devised  to  sett le th is quest ion:  How  does t he size of  th e set o f irrat ionals c om pare w ith

th e size of t he set  of  ratio nals?
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  1845-1918 Cantor's theory of the infinite so rocked the scientific and, particularly,

mathematical world of his time that some antagonists were  able to block  his advancement; he

was viewed as subversive by some, unbalanced by others.  The bitterness of his life, coupled with

insecurity bred in Cantor, and perhaps some genetic predisposition, led to a number of

breakdowns for which Cantor was hospitalized.  In the early twentieth century his work began to
be recognized as the profoundly real work of a genius; this recognition was too little and too late.

Georg Cantor4  w as prim arily respo nsible f or t he dev elopm ent  of  th eory o f set s &  classes, w ith  part icular

emphasis on the inf inite.  He devised the means of comparing cardinali ty of sets by mapping, or

establishing a 1-1 correspondence betw een two sets to show  they are of the same cardinality.  (Recall our

dem onst ratio ns t hat  th e cardin ality  of  N is equiv alent  to  th at o f Z. )  Alt hou gh t he rat ionals are dense  in the

number l ine,  the cardinal i ty of  Q is the same as that of  N!  But the cardinal i ty of  the ir rat ionals is greater!  

Here is Cantor's ingeniously simple proof:

An y set  w hose c ardinalit y is t hat  of  N can b e listed .   (The act of l ist ing  estab lishes a 1-1

corresp ond ence w ith  N.)  Sup pose a " list"  of  all irratio nals is present ed.  W e w ill show  th at

the l ist does not— CANNOT — con tain  all the irr atio nals, b y c onst ruct ing an irrat ional nu mb er

that is not in the l is t .  

Suppose the f i rs t  few  numbers

in the al leged l ist  are:  m.d 1d2d3d4d5 . . .     e.g. 1 0 .14 5 0 3 6 8 . . . .3

n.e1e2e3e4e5 . . .   4.2 90 7 8 6 3 . . .     7

o.f 1 f 2 f 3 f 4 f 5 . . .     . 0 006 7 2 1 . . .       2

p.g1g2g3g4g5 . . .     . 0 3 327 3 7 . . .            4

               "

We select a digit different from d1  as th e first  decim al digit  of  our nu mb er; select  a digit

different from e2  as the second digit of our number; select a digit different from f 3  as the

th ird digit , and  so on.   The nu mb er so co nst ruct ed can not  be t he f irst n um ber in t he list

becau se it d iff ers in t he f irst d ecim al place;  cann ot  be t he seco nd nu mb er in t he list  becau se

it d iff ers in t he seco nd dec imal plac e fro m t hat  num ber; an d so on .  So it  is not  in t he list  at

all!   Thus t he list  is not  com plet e.

Theref ore, it  is not  possible  to list all the irr atio nals, an d t hus t hey c annot  be put  int o 1 -1

correspondence w ith the natural numbers.   The cardinality of the set of irrationals is greater

than the cardinality of N.  Thus although the rationals are dense in the number l ine (no

int erval gap s), t here are ot her nu mb ers (irratio nals) in t he num ber line,  and t hey f ar

out num ber t he rat ionals!

Properties of  Arit hmet ic Operat ions on REAL (rat ional & irrat ional) num bers:

Ad dit ion and  mu ltip licat ion on  th e set o f all real nu mb ers have t he f ollow ing pr opert ies:

CLOS URE;  COMMUTA TIVITY;  A SSOCIATIVITY;  IDENTITY (0 f or + ; 1 f or x ) ;  

INVERSES fo r + :  f or any  decim al a, -a is th e addit ive inv erse.

INVERSES for x :   for each decimal b other than 0, there is another decimal number, 1/b,

 s uc h  t ha t  bx (1/ b) =  1

Subt ract ion and Div ision have the c losure property  except  for  div is ion by 0 .


