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ABSTRACT. Given integers k > 1 and n > 0, there is a unique way of writing n as n =
(72") + (2"_*11) + ...+ ("11) so that 0 < my < --- < ng_1 < ng. Using this representation,
) . ; —1 1—1 -1
the Kruskal-Macaulay function of n is defined as 9% (n) = (7)) + ("4 ) + ..+ (" ).
We show that if @ > 0 and @ < 9! (n), then 0% (a) + OFT1 (n—a) > 0% (n). As a
corollary, we obtain a short proof of Macaulay’s Theorem. Other previously known results

are obtained as direct consequences.

1. INTRODUCTION

Given integers k > 1 and n > 0, there is a unique way of writing n as

ne (7;) ' (]jk_—ll ) - (g) . (ﬁ) (1.1)

so that 0 < ny < ny < -++ < ng_1 < ng. Using this representation, called the k-binomial
representation of n, the Kruskal-Macaulay function of n is defined as

o (n) = (2’“:;) + (n’;l_; 1) N (n21_ 1> + <n10_ 1).

(see [2, 6, 11, 13] for details.) The main goal of this paper is to prove the following inequality
for Kruskal-Macaulay functions and show some of its consequences.

Theorem 1. Let k,a, and n be integers such that k > 1 andn > a > 0. If a < 0% (n),
then
oF (a) + 0F* (n —a) > 0" (n). (1.2)

N) for some N > k + 1, then the equality in (1.2) occurs only when

Moreover, if n = (,{:Jr1

a=0.

Kruskal-Macaulay functions are relevant for their applications to the study of antichains
in multisets (see for example [11, 2]), posets, rings and polyhedral combinatorics (see [5] and
the survey [3]). In particular, they play and important role in proving results, extensions and
generalizations of classical problems concerning the Kruskal-Katona [12, 10, 15], Macaulay
[13], and Erdés-Ko-Rado [9] theorems. More recently, the authors [1], applied Theorem 1
to the problem of finding the maximum number of translated copies of a pattern that can
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occur among n points in a d-dimensional space, a typical problem related to the study of
repeated patterns in Combinatorial Geometry. For every P C R? a fixed finite point set
(called a pattern) we say that P is a rational simplez if all the points of P are rationally
affinely independent. In [1], we proved that the maximum number of translated copies of
a rational simplex P with |P| = k + 1, determined by a set of n points of R, is equal to
n—0%(n).

We now introduce some terminology needed to state the Kruskal-Katona and Macaulay
Theorems. Let My and S, denote the set of nonincreasing, respectively decreasing, sequences
of natural integers of length k£, i.e.,

M, = {(xhxz, nrp) ENFLny >y > > > 1}
Sy = {($17$2,---,$k) eNFiay > x> > > 1}.

If A C My (or Sg), then the shadow of A, denoted by OA, consists of all nonincreasing
(decreasing) subsequences of length k — 1 of elements of A (9(0)) = 0). That is,

0A = {x : z is a subsequence of y of length k£ — 1, for some y € A}.

By analogy, one can think of M;, (or Si) as multisets (or sets) of size k, with positive integers
as elements. In this context 0A consists of the subsets of multisets (or sets) in A of cardinality
k—1.

The Kruskal-Katona function, d) (defined below), is the analogue of the Kruskal-Macaulay
function defined before. For n as in (1.1),

Oy (n) = (kTJ + <;'“_‘12> ot (ZQ> + (781>.

The sets of sequences M}, and Sy are lexicographically ordered. That is, for x and y in M}, (or
Sk), © < y if for some index i, z; < y; and x; = y; whenever j < i. There is an important
relationship between shadows of multisets and sets and the functions 9% and 9. Namely, if
we denote by F My (n) and FSi(n) the first n members, in lexicographic order, of M) and
Sk, respectively; then

|OF My, (n)| = 0 (n) and |0F Sk (n)| = 0k (n). (1.3)

The Kruskal-Katona and Macaulay Theorems show that in fact dx(n) and 9%(n) are the
best lower bounds for the shadow of a set with n elements,

Theorem K. (Kruskal [12]-Katona [10]) Let k > 0; for every A C Syi1,
0A| = [0F Siq1 (JAD] = Ok (|A]) -
Theorem M. (Macaulay [13]) Let k > 0; for every A C M1,
[0A] = [0F My (JA| = 0" (|A]) .

We present, in Section 2, a short and simple proof of Theorem M obtained as a corollary of
Theorem 1. We point out that Eckhoff and Wegner [8], ( see also Daykin [7]) obtained a proof
of Theorem K as a consequence of an inequality similar to (1.2). Namely, for n > a > 0,

max (Og(a),n — a) + Ok+1 (n — a) > Oky1 (n). (1.4)
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The equivalent inequality for the functions 9% and 9**! is true, and it was in fact generalized
by Bjorner and Vretica [5] to a larger number of terms (see Corollary 2). The proof of their
result depends on Macaulay’s Theorem. However, we are not aware of, nor could we find, a
proof of Theorem M obtained as a consequence of this result. We show, in Section 2, how
Bjorner and Vrecica’s inequalities follow easily from Theorem 1.

Our proof of the theorem, presented in Section 3, is elementary as it only relies on prop-
erties of binomial coefficients. Some of the ideas are similar to those used in [8] for the proof
of (1.4).

The condition a < 9% (n) in Theorem 1 cannot be strenghtened. For instance, whenever
k>2n3=4ny=2n =1, and a = 0*! (n), we have that

O (a)+ 0 (n—a)=0""(n)—1< 0" (n).

Finally, it is an interesting open problem to determine the pairs (n,a) with a < 9%1(n)
that achieve equality in (1.2). So far we were able to classify the pairs when n is of the form
( N ) The solution to this problem would be the first step to classify all patterns P for

k+1
which the maximum number of translates of P, among n points in R%; is equal to n — 9%(n).

2. CONSEQUENCES OF THE THEOREM
We first prove Macaulay’s Theorem as a corollary of Theorem 1.

Proof of Theorem M. Let A C Mj.1. We proceed by induction on k+|A|. If k =0or A =0,
the result is trivially true. Suppose k¥ > 1 and A # (). Set Aj; = {x € My : x;, = 1 and
xxl €A}, Ap={x € My:apy>2andxx1 € A}, and Ay = {x € A: xp1 > 2}. Here zx1
denotes the concatenation of x and 1, that is x * 1 is the k-tuple x with an entry 1 appended
in the (k + 1) position. Clearly, A = (A;; * 1) U (A5 % 1) U Ay and the terms in the union
are pairwise disjoint. Moreover, we can assume that A;; U Ay # (. Otherwise, since all
entries of members of A are > 2, we can work with the set A’ obtained by subtracting 1 to
every entry in the sequences of A (JA'| = |A| and |0A'] = |0A|.) Let a = |Aj;1| + |As2| and
b = |As|. Note that |[A| =a+band a > 1.

If 2 = (x1,29,...,2x) € A11, then (1, 29,...,251) € 0Ay; and (z1,29,...,25_1,1) =z €
0A11 x 1. That is, A1 C 0A11 x 1. We now calculate 0A in terms of Aqq, Ao, and Ay. We
use the property that (AU B) = 0A U 0B.

0A =0A3U Ajo U A3 U (0A1; x 1) U (0A19 % 1)
= 0Ay U Ao U (DA x 1) U (0A19 % 1)
= (0A2 U A15) U (0(A11 U Agp) x1).
If x € (0A3 U Ay), then z;, > 2. Thus
(0A U A15) N (O(A11 U App) x 1) = (),

and consequently
|0A] = [0A3 U Aga| +0(A11 U A (2.1)
We consider two cases. If a > 0F+1(|A|), then

|0A| = [0A5 U Apa| + |0(A11 U Ap)| > |A| + |An| = a > 0" (JA)).



4 BERNARDO M. ABREGO, SILVIA FERNANDEZ-MERCHANT, AND BERNARDO LLANO
Assume a < 9%T1(]A]). Since a > 1 then b < |A| and thus, by induction and (1.3),
1045 U A| > |0As| > |0Fky1 ()| = 0F(b) and
|0(A11 U Ay)| > |0F, (a)] = 8*(a).
Therefore, by (2.1), Theorem 1, and (1.3); we have
[0A] > 01 (b) + 0" (a) = 9" (|A]) = |0F k41 (JA])]-
U

In terms of shadows of sets, and using our previous corollary, Theorem 1 can be generalized
as follows.

Corollary 1. Given sets A C My, and B C M1 with |A] < |0F+1 (JA| + |B|)| we have
|0A[ +[0B| = |0F41 (|Al + | B|)] .

Proof. By the previous corollary and (1.3), |0A| + |0B| > 9% (JA|) + 0" (|B]) and |A] <
O+ (|A] + | B]). Thus, by Theorem 1, 8% (|A]) + 081 (|B|) > |0Fk1 (|A] + | B])|- O

The following inequality, proved by Bjorner and Vretica, follows directly from our Theo-
rem. We recall that their proof makes use of Macaulay’s Theorem. Note that r = 1, ng = a,
and n; = n — a give the equivalent inequality to (1.4) for the function d*.

Corollary 2. (Lemma 3.2 [4], also Lemma 2.1 [14]). For k > 0, the function 0% satisfies
that

<Z nl> < Zmax {n1+1, n; } 5
" (1 + an> <1+ Zmax {niﬂ, oF (nl)} .

for all nonnegative integers n; and r < k.

Proof. By induction on k. If k = 1 the inequalities are trivially true.
Let r<k+1,a=5_n,andn=>  n;. Ifa> 0" (n), then

. r r—1
k1 (Z m) — gktl (n) <a= an < Zmax {niH, Gl+1=i (nz)}
i=0 i=1 i=0
< Z max {n; 1, () } .
i=0

If, on the other hand, a < 9% (n) then by Theorem 1,

r—1
o+ (Z m) KL (n) < MY (n — a) + 0¥ (a) = O (ng) + O (Z n¢+1> ;
i=0
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then by induction,

r r—1
e (Z 7%) < ok t1 (Tlo) + Z max {ni+2, A (”i+l)}
i=0 i=0

< Z max {niﬂ, 1= (nl)} )

i=0
This proves the first inequality. The second inequality is proved exactly the same way by
letting a = 1 + Zfill n; and n =1+ Zf:ol n;. O

3. PROOF OF THE THEOREM

We first present a simple observation. If n > k£ > 0 then by Pascal’s identity

G E Gy R i S

Let a = Zle (“Z’) be the k-binomial representation of a. We say that a is k-long if a; > 1,

and k-short if a; = 0.

Lemma 1. Let a > 0 be an integer. If a is k-short, then 8%(a + 1) = 9*(a) + 1, otherwise
OF(a+1) = 0%a).
Proof. The result is clear for a = 0. If @ > 1 is k-short, then a = Zf:’u (“;) for some v > 2
and a, > v. Thusa+1= Z";:v (";’) + (Zj) is the k-binomial representation of a + 1 where
all the zero terms have been omitted. Then 9*(a + 1) = 0*(a) + ("_3) = 9*(a) + 1.

Now suppose a is k-long. There is v > 2 such that a; = a; +j — 1 for j < v, and either
v=k+1lorv<kanda, >a +v—1 Then

() () () () () )

and by (3.1) the k-binomial representation of a + 1 is

-1
a+1— ag bt Ay " a +v '
k v v—1
Then, again by (3.1),

oarn -0t = (") () e (1) (1) -
[

To prove the Theorem, we need to consider the extended k-binomial representation of a
positive integer a, by requiring an aq coefficient. That is, we write

() () ()
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with 0 < af = a] —1 < @} < --- < aj. The condition a; = a} — 1 is necessary to
make this representation unique when it exists. Clearly a = 0 does not have an extended
representation. In general the following is true.

Lemma 2. Let a = Zk (a;) > 1 be the k-binomial representation of a, where the terms

1=v
equal to zero have been omitted. The extended k-binomial representation of a exists (and it
is unique), if and only if a, > v+ 1.

Proof. If a, > v + 1, then, by (3.1),

()-C) ()

Thus N
v .
a; Ay — UV — 141
a =
> ()2
i=v+1 =0
is an extended k-representation of a. Reciprocally, if a = Z?:o (“Z/) is an extended k-

representation, then (%6) = (“/1(; 1), and there is v > 1 such that @’ = a} +j—1for 0 < j <w

with either v =k or a),; > a] +v. Then, by (3.1),
k ! v / : k / /
a’; a;+7—1 a’; a; +v
=2 (22 0) ()
izot1 N =0 J =1 N v

is the k-representation of a. Thus a, = a} +v > v+ 1. 0

We can define 9%(a) = Zle (‘?’:11) for the extended k-representation of a (if it exists).
It turns out that both definitions agree, i.e., d*(a) = 9¥(a). Indeed, if a = 3_F (%) with

a, > v+ 1, then by (3.1) and the last proof, =v i
k k _ fay—1 ? Ay —V—2+1 B
a<a>—ae<a>—(v_1)—;< v )_0_

betn = Zf:rll (T;)’ ‘= Zf:l (al) yandn—a=>5b= ij (bl), be binomial representations.

Lemma 3. If0 < a < 0" (n), then ar < ngy1 < bpq + 1.

Proof. We prove the contrapositives. If a; > ngy1, then

Qg N1 k1 Nk+1 +1 k41
> > = >
a_(k>_(k) 0 <( k+1 >>_8 ")
ngy1+1

since ( o ) > n and 0**! is a non-decreasing function by Lemma 1. Now, if by + 1 <

ngy1 — 1, then b < (b’cﬁfl) < (”"kj;l). Thus

o (M =1\ g =1 Ny, Nk—1 ny
a=n—b>n (k—l—l )—( I )+<k>+<k—1)+"'(1)’
1 B Ng+1 — 1 ng — 1 Ng_1 — 1 ny —1
o) (n)—( L >+<k—1>+<k—2)+’"< 0 )

but
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and clearly (") > ("'). Thus a > 9"+ (n). O

Proof of Theorem 1. Recall that b = n — a. Clearly, (1.2) holds if a = 0, and the case a = 1
is a consequence of Lemma 1. We consider two cases.

Case 1. a; < bpq.

Let a = Z’.C_ (‘”) > 2 be the k-binomial representation of a without the zero terms.

1=v (3

Assume that the pair (a,b) minimizes 9% (a)+ 9*"1(b) with a as small as possible.

(i) Suppose first that a, > v+ 1. Then, by Lemma 2, a has an extended representation,
say a = Zf:o (“Z/) Let

Note that a +b = a + § and a < a. Also
0 < min(a}, b)) < min(ay, bg) < -+ < min(ay, by,) and

0 < ap < max(al, b)) < -+ < max(ay, b) < bri1

(since aj, < ay, < bpy1 by assumption). Therefore the definitions we gave for a and
are k-binomial representations (extended for ). This means that

0" (@) + " (B) = 9" (a) + 0.1 (B) = 0" (a) + I (1),
a contradiction to the minimality of a.

(ii) Assume now that a, = v. This means that a — 1 =a — (*) = Zf vi1 (%) = 1is the

k-representation of @ — 1, and thus a — 1 is short. Then by Lemma 1,
Ha—1)+0"b+1)=0"a)—1+0"(b+1) <a)+ 0" (),
again a contradiction to the minimality of a.
Case 1 is settled.

Case 2. by 1 < ag.

Since a < 9% (n) then, by Lemma 3, a;, < ngy1 < bpr1+1. That is, a, = bpyy = nppr — 1.
We proceed by induction on k. If kK = 1, then a; = by = ny — 1. Thus

(3)+ (3) mnmare= () () (3)

i.e., by = n;. Hence,

o' (a) + 0 (b) = <”20_2) + ("21_2) + <”10_1) — 2 (n).

Assume k > 2 and that the result holds for k — 1. Let n’ = n — (’Z’jll), b =0b— ("kkjl_ 1),

and o/ = a — ("7, Clearly, @ + b = n/, and @’ < 9" (') since a < 9+ (n) = (") +
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o% (n'). By induction on k the result holds for a', V', n’, and thus

O (b) 4 0" (a) — 9" (n) = ("’“*2_ 2) +OF (V) + <"’;€“__1 2) + Oy (a')

— (nﬂ}{;_ 1) + 0" (n')
— 0 () + By (') — B () > 0.

Case 2 is now proved.

It is only left to be shown that if n = (kﬂ\:l) for some N > k+1, then the equality in (1.2),
ie.

v () o) o (1), ”

occurs only when a = 0. If N = k+ 1 (and thus a = 0) or a = 0, the equality trivially holds.
Suppose that N > k42, a > 1, and (3.2) holds. Let b = (k]il) — a; as before, we consider

two cases. First suppose that a; < by1. Assume that a and b are the smallest integers such
that (3.2) is satisfied with @ > 1. If @ = 1, then by (3.1),

()= ) ) ()

is (k+1)-long. Thus, by Lemma 1, 9**1((,})—1) = 0*** ((,1,)) < 140*1((,},) —1), which

is a contradiction. If @ > 2, then we proceed as in Case 1 to get a contradiction. Now assume
that by, 1 < ag. In this case, ap < N < b1+1 and following the procedure of Case 2, we have

that a; = byy1 = N — 1, a contradiction since (Nk_l) = (“kk) < aq< Ot ((kﬂ\:l)) = (Nk_l). O
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