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Abstract— It is known that the Alamouti code is the only
complex orthogonal design (COD) which achieves capacity and
that too for the case of two transmit and one receive antenna only.
Damen et al. proposed a design for 2 transmit antennas, which
achieves capacity for any number of receive antennas, calling
the resulting STBC when used with a signal set an information-
lossless STBC. In this paper, using crossed-product central simple
algebras, we construct STBCs for arbitrary number of transmit
antennas over an apriori specified signal set. Alamouti code
and quasi-orthogonal designs are the simplest special cases of
our constructions. We obtain a condition under which these
STBCs from crossed-product algebras are information lossless.
We give some classes of crossed-product algebras, from which
the STBCs obtained are information lossless and also of full-
rank. We present some simulation results for two, three and
four transmit antennas to show that our STBCs perform better
than some of the best known STBCs and also that these STBCs
are approximately 1 dB away from the capacity of the channel
with QAM symbols as input.

Index Terms— Division algebras, information-lossless, MIMO,
space-time block codes.

I. INTRODUCTION

S is known [1]-[3], that the capacity of fading channels

with multiple transmit and receive antennas approximately
increases linearly with the increase in the minimum of the
transmit and the receive antennas. Signal design for such
situations i.e., for fading channels with multiple transmit and
receive antennas is called Space-Time Coding (STC) [4]. A
class of STC called Space-Time Block Coding (STBC) has
attracted wide attention because of the availability of low
complexity decoders for them.

An n x [ (n < 1) Space Time Block Code (STBC) C is a
finite set of n x [ matrices (codewords) over the complex field
C. One of the main performance criteria for an STBC C is
the minimum of the ranks of any two distinct codewords in C,
known as rank or diversity of the STBC [4], [5]. If the rank
of an STBC is equal to n, then we call the STBC, a full-rank
STBC. Another important criteria for an STBC is its coding
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where a; are the non-zero eigen values of (¢ —c’)(c — ¢’
(H denotes the Hermitian of a matrix). The following defini-
tion enables one to describe STBCs for n transmit antennas
with a signal set and a matrix (in a manner similar to
describing a linear code with a finite field and a generator
matrix over it) which avoids exhaustive listing of codewords
of an STBC.

Definition 1: A rate-k/n, n x [ linear design over a field

F c Cis an n x [ matrix with all its entries F-linear
combinations of k variables and their complex conjugates,
which are allowed to take values from the field F'. If we restrict
the variables to take values from a finite subset S of F', then
we get an n <[ STBC C over that finite subset S, for n transmit
antennas.
For example, the Alamouti code [6] is a rate-1, 2 x 2 design
over the field of complex numbers, C. Similarly, the 4 x 4 real
orthogonal design is a rate-1, 4 x 4 design over the real field
R [7]. Designs over other subfields of C have been studied in
[8]-[13]. Thus, a design and a signal set jointly constitute an
STBC. In this paper we always consider the case n = [.

Tarokh et al. in [7] studied orthogonal designs (OD) over
real and complex fields. These orthogonal designs have the
property that the columns of the design are orthogonal to each
other and using this fact the decoding complexity has been
reduced from exponential increase to a linear increase with
respect to the size of the signal set. This decoding has been
termed as single symbol decoding in [14] as the decoding
of the complete matrix codewords is broken into independent
decoding of the variables in the design and STBCs admitting
such decoding have been studied in [15]. In [16], ODs were
constructed using Clifford algebras and an upper bound on
the rate of the designs constructed is also given. Orthogonal
designs were also dealt with in [17] using amicable designs.
In [18] STBCs called quasi-orthogonal designs (QOD), with
simple ML decoding were proposed with a transmit diversity
equal to only half the number of transmit antennas. In [19]-
[21], these STBCs are made fully diverse by appropriately
choosing the signal sets from which the entries come from.
Note that the designs in [14]-[21] are all designs over R and
C.

In [22], Damen et al. constructed Diagonal Algebraic
STBCs (DAST) which have a rate of one symbol per channel
use, and full rank if the signal sets chose are finite subsets
of integer lattice, i.e., all QAM constellations. The DAST
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makes use of rotated constellations [23]. In [24], the concept
of DAST was extended to a more general system called
Threaded Algebraic Space-Time codes (TAST). The concept
of layering is used to achieve the rates up to n symbols per
channel use, where n is the number of transmit antennas. In
[25], STBCs over QAM signal sets, for arbitrary number of
transmit antennas are constructed using Galois theory and are
claimed to maximize the mutual information. In the rest of this
section, we give a brief description of the system model we use
and define equivalent channel of an STBC and information-
lossless STBC.

Let n and r be the number of transmit and receive antennas
respectively. Let f € C"*! be the transmitted vector for one
time instant and x € C™! be the received vector. If H €
C"*"™ is the channel matrix whose entries are iid with zero-
mean, unit-variance, complex Gaussian, then we have

x—\/EHf—i-w
n

where w € C"*! is the additive noise vector whose entries
are iid with zero-mean unit-variance, complex Gaussian. We
assume that the vector f has entries with unit variance i.e.,
E(ff) = n. The term p is the signal to noise ratio at
each receive antenna. The channel matrix H is assumed to
be known at the receiver but not at the transmitter. Then, the
resulting channel capacity is given by [1], [2]

B log, (det (IT + %HRfHH))
)

where Ry is the covariance matrix of the vector f and I, is the
r X r identity matrix. The capacity-achieving f is a zero-mean
complex Gaussian vector with covariance matrix say R opt.
Under the assumption that the distribution of H is rotationally
invariant, the optimizing covariance matrix is Re opt = In.
Thus,

ey

C(p,n,r) = max
(p ) R¢>0,tr(Re)=n

3

The above expression gives channel capacity when we transmit
independent vectors at every time instant i.e., there is no
coding in time. However, if we use an n x! STBC, we transmit
I vectors in [ time instants which need not be independent of
each other. So, if the transmitted n x [ matrix over [ time
instants is F, then we have

X—\/EHF—FW
n

where X, W are the received (r x [) and additive noise (r x [)
matrices. Let the STBC used in the above equation be of rate
R symbols per channel use. Then, we have [R independent
variables describing the matrix F. Let us denote them by

flanv"'aflR and let f = [flvf?a"'aflR]T' Suppose that
we can rewrite (4) as

iz\ﬁﬁuw
n

where X and w are the matrices X and W, respectively,
arranged in a single column, by serializing the columns. Notice
that this can be done for any linear design. The size of

C(p,n,r) = Eplog,y (det (IT + %HHH)) .
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the matrix H is 7l x IR. Then, the capacity of this new
channel H, known as equivalent channel is given by (3) with
n, r, H replaced with [ R, [r, H respectively (except for n in the
term \/g). So, by introducing coding, the maximum mutual
information between the actual information vector f and the
received matrix X (or X) is given by

Corno(pn,r) = %EH log (det (T, + ZHAM)) ()

where Cstpc(p,n,r) denotes the maximum mutual informa-
tion when the STBC is introduced. Clearly, this can at most
be equal to C(p,n, ).

Definition 2: If the maximum mutual information when an

STBC C is used for n transmit and r receive antennas, is equal
to the capacity of the channel for n transmit and r transmit
antennas given by C(p,n, ), then C is called an information
lossless STBC [26]. We call the design used to describe C as
a capacity achieving design.
Though, an STBC might be an information-lossless STBC, it
may still be far from achieving the channel capacity. When we
say an STBC is information lossless, we only mean that there
is no loss in the mutual information due to the structure of
the design used to describe the STBC. Note that a trivial code
(e.g. V-BLAST [3]), that is, there is no dependency between
the entries of the codeword matrices, is an information lossless
code. But, it is known that V-BLAST doesn’t achieve capacity
with simple ML decoding. Thus, “information losslessness” is
a necessary condition of an STBC to achieve capacity, but not
a sufficient condition.

In [27], it is shown that the Alamouti code is the only
rate-1, 2 x 2 design which achieves capacity, among all
the orthogonal designs and that too only for one receive
antenna. In the same paper, a class of codes namely, Linear
Dispersion (LD) codes were introduced and these STBCs were
constructed by optimizing for the mutual information and the
designs they construct achieve 90% of the channel capacity.
In [26], a rate-2, 2 x 2 design based on number theory was
proposed which achieves capacity for 2 transmit and arbitrary
number of receive antennas. In [8]-[13], full-rank, arbitrary
rate STBCs were constructed for arbitrary number of transmit
antennas, over any finite subsets of any subfields of C, using
commutative and non-commutative (cyclic) division algebras
and have given a class of information-lossless STBCs. In [28],
STBCs over QAM signal sets are constructed using cyclic
division algebras for 2, 3 and 4 transmit antennas.

In this paper, we obtain designs using crossed-product
algebras (defined in Section II) including division algebras
and give a sufficient condition for the STBCs obtained using
them to be information lossless. We give some classes of
crossed-product algebras, from which the STBCs obtained
are information lossless and also of full rank. The STBCs
constructed in this paper include the STBCs constructed in
[11], [12], [28] as a special case. The STBCS obtained in
[24] which uses the concept of layering are identical to the
STBCs from cyclic crossed-product algebras in this paper.
However, the other classes of STBCs constructed in this paper,
like STBCs from non-cyclic crossed-product algebras, are not
captured by the constructions given in [24]. We present some
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simulation results for two, three and four transmit antennas
to show that our STBCs perform better than some of the
best known codes and also that these STBCs are very close
to the capacity of the channel with QAM symbols as the
input. Table I summarizes the important aspects of several
well known STBCs along with that of the codes of this
paper. The remaining material of this paper is organized
as follows: In Section II, we give a brief introduction to
crossed-product central simple algebras. The main principle
and construction of the STBCs from such algebras are given
in Section III. Also it is shown that the well known Alamouti
code and quasi-orthogonal designs can be obtained from
crossed-product algebras, which in general need not be of
full-rank. In Section IV, we give a sufficient condition for
our STBCs to be information lossless and show that under
certain conditions, the STBCs from cyclic algebras satisfy
this sufficient condition, i.e., these STBCs are information
lossless. In Section V, we restrict ourselves to those crossed-
product algebras which are division algebras. We give some
classes of division algebras using which construction of full-
rank STBCs is illustrated with examples. In the same section,
we show that the STBCs arising from these division algebras
are information lossless. Decoding of the codes obtained in
this paper is discussed in Section VI. Finally, in the same
section, we present simulation results to show that our codes
perform better than the best known codes and approach the
capacity of the channel with QAM input.

II. CROSSED-PRODUCT ALGEBRAS

In this section we give a brief introduction to crossed-
product algebras. Let F' be a field. Then, an associative F'-
algebra A is called a central simple algebra if the center of A
is F' and A is a simple algebra i.e., A does not have non-
trivial two-sided ideals. Simple examples of central simple
algebras are fields and matrix algebras over fields. Henceforth
A will denote a central simple algebra. It is well known that the
dimension [A : F] of A over its center F is always a perfect
square, say n? [30], [31]. The square root of [A : F] is called
the degree of A. The algebra A is a division algebra if every
element of A is invertible in A. It is known that all division
algebras are central simple algebras. By a subfield K of A, we
mean FF C K C A. Let K be a maximal subfield of A, i.e.,
K C A and K is not contained in any other subfield of A.
Also, let K be such that the centralizer of K in A is K itself.
Then, K is called a strictly maximal subfield and it is well
known that [K : F] = n, the degree of the algebra A. When A
is a division algebra, then every maximal subfield is its own
centralizer in A and thus [K : F| = n for every maximal
subfield K. We will always consider central simple algebras
which have at least one strictly maximal subfield as a subfield
of the complex field C. In addition, let the extension K/F be
a Galois extension and let G = {09 =1,01,02,...,0n-1}
be the Galois group (og = 1 is the identity map and the
identity element of G) of K/F. Then, from [30][Noether-
Skolem theorem], there exists a set Ug = {uy, : 0, € G} C A
such that

oi(k) =u,'ku,, V k€K and o; €G. (7

We can always normalize the set Ug such that uy, = 1. It can
be seen easily that the u,, are linearly independent over K.
Since |Ug| = |G| = [K : F] = n, Ug is a basis of A over K
and called a Noether-Skolem basis. Thus, A can be seen as a
right K-space of dimension n over K, i.e.,

A= oK. ®)

o, €G

In the above form of A, addition and equality are component-
wise. From (7), we have

—1

Ui(aj(k)) = u;-luz;jlkudjudi = (Ujai)(k) = uo'ja'ikuo'ja'i'

From the above expression, o, (Uo, Uy, )~ 1 commutes with

every element of K and hence belongs to the centralizer
of K. Since, the centralizer of K is K itself, we have
Ug,o, (Uo,Uo,) € K, L., Uo, Uy, = Ug,0,$(0;,0;), where
$(04,05) = Ugy Uo, Uy, # 0 € K. From the associativity of
A, we have ug, (Uo,Us;) = (Uo, Us, )Uls; Which implies that

¢(on,0i05)p(0i,05) = (onoi, o5)0i(P(on, 0i)).

The above condition is called the cocycle condition and any
map from G X G to K\{0} satisfying the cocycle condition is a
cocycle. Thus, the map ¢ : GXG — K\{0} is a cocycle. With
Ug, = 1, we have ¢ (0i,00) = ¢ (00,0:) = ¢(00,00) =1
for all 0; € G.

Now, with the above development, it is easy to see that
the multiplication between two elements of A, say a =
Sy o ko, and a’ = Y07 ug K s

n—1 n—1 n—1
k k/ _ k//
U’U'L [er3 U‘Uj 2] - U‘Uz o

i=0 7=0 =0

where k7, = >, _, #(0i,05)0;(ks, )k . The algebra A
with the decomposition as in (8) with addition and multiplica-
tion defined as above is called the crossed product of K and
G with respect to ¢ and is denoted (K, G, ¢).

Definition 3: An F'-central simple algebra A is called a
crossed-product algebra if it can be written as a crossed
product, i.e., if it has a strictly maximal subfield Galois over
the center F.

Example 1: Consider the set of Hamiltonians, given by
H = {a + ib + jc + kd|a,b,c,d € R}, where R is the
real field, i> = j2 = k = —1 and ij = k. Every element
h = a+1ib+ jc+ kd € H has a unique inverse given by
(a —ib — jc — kd)/(a® + b® + ¢* + d?), and thus H is a
division algebra and hence also a central simple algebra. The
center of this algebra is the real field R and [H : R] = 4.
The sets Co = {a + ibla,b € R},C; = {a + jc|a,c € R}
and C2 = {a + kd|a,d € R} are the maximal subfields of
H. Notice that each of the C;’s is an isomorphic copy of the
complex field C. Thus, we will identify one of them, say C;
with the complex field C. It can be seen that [C : R] = 2 and
[H : C] = 2. With C as a maximal subfield, {1,} is a basis of
H over C. If {09 = 1,01 = o} is the Galois group of C/R,
then it is easy to see that (o is the complex conjugation)

o(c=r1+jry) =i Y(r1+jre)i = —iryi—ijrei = 1 — jro.



Thus, Ug = {us, = 1,us, = i} forms a Noether-Skolem
basis of H over C. Similarly, one can check that {1, %k} form
a Noether-Skolem basis of H over C. With Ug as a basis
of H over C, it is easy to see that ¢(og,00) = ¢(o1,00) =
#(00,01) = 1 and ¢(o1,01) = —1. Thus, H is a crossed-
product algebra.

Suppose we have a Galois extension K of a field ' with
the Galois group G. Then, we can construct an F'-central
simple algebra which has K as a strictly maximal subfield
as follows: Let ¢ be a map from G x G to K* satisfying the

cocycle condition (¢(o, 7v)p(T,7) = ¢(oT,7)y(d(o, 7)) for
all o, 7,7 € G). Then consider the algebra

Dok

oeG

A= (K,G,¢) =

where equality and addition are component-wise and where
u, are symbols such that (i) o (k) = u; *ku, and (i) upu, =
Ugr@(o, 7). It can be seen with simple computations that this
algebra is a simple algebra with center F' and hence an F'-
central simple algebra. And that this algebra is a crossed-
product algebra is obvious from its construction.

In the next section, we construct some more crossed-product
algebras and construct STBCs from these crossed-product
algebras. But we shall first see a class of central simple
algebras of which the set of Hamiltonians is a special case.

Example 2: Let Q be the field of rational numbers and F'
be a subfield of the complex field. Consider a four dimensional
F-space A = {fo + vy1fi + y2fo + yafs|fo, f1, f2, f3 € F'}
with basis yo = 1,y1,y2,ys3. With 1 as the multiplicative
identity and multiplication of any two basis elements defined
as follows, it is easy to check that the space A also forms a
ring:

y% =a, yg =b,

Y1y = —Y291 = Y3

where a, b are any two non-zero elements of F'. Thus, A is
an F-algebra and is called a generalized Quaternion algebra.
It is easy to check that the center of this algebra is F'. Now let
us see whether A has any strictly maximal subfields. Clearly,
if there exists one then it should be of degree 2 over F), as
A is of degree 4 over F. So, it is sufficient to consider the
degree 2 extensions of F' contained in A. The set of elements
of the form fy + y1 f1 forms a field, namely F(y;). Clearly,
[F(y1) : F] = 2. Also, the centralizer of F(y1) is F(y1).
Thus, F(yp) is a strictly maximal subfield. Similarly, F'(y2)
and F'(ys) are strictly maximal subfields of A. Also, it is easy
to check that F'(y1)/F, F(y2)/F and F(y3)/F are all Galois
extensions. Let K = F(y;), then the Galois group of K/F is
G ={09g=1,00 =0 : y1 — —y1}. Since K/F is Galois,
there exists a Noether-Skolem basis of A over K. Since

olfot+yifr) = (W) (fot+uyfi)yz = yb(fo+y1f1)

= Jo+ BEEf = fo—nih,

we have Ug = {uy, = 1,u,, = y2} as a basis of A over K.
Also ¢(09,00) = ¢(00,01) = ¢(01,00) =1 and $(01,01) =
b. It would be interesting to see if this algebra is a division
algebra too. It is clear that when a = b = —1, it is a division
algebra (subset of Hamiltonians). We shall find for what other
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values of a and b this algebra is a division algebra. Any
element z in A will be of the form x = fo+y1 f1+y2fo+ysfs
and we will denote the element fy — y1 f1 — y2.f2 — ys3 f3 with
z. Clearly, 2z = f3 —af? —bfi+abf? € F.If z # 0 implies
xZ # 0, then 2Z(22) ' = x (Z(xZ)~') = 1 which implies
27! = Z(2z)~! and thus z is invertible. Suppose a,b are
such that the equation d3 = ad? + bd3 does not have non-zero
solution in F'. Then zz = 0 will imply that x = 0. Therefore,
xZ # 0 if © # 0. Thus, with a,b as above, the algebra A
is a division algebra. And if d? = ad? + bd3 has a non-zero
solution in F', then A is not a division algebra. With ' = R
and a = b = —1, we get the set of Hamiltonians.

III. STBCS FROM CROSSED-PRODUCT ALGEBRAS

In the previous section, we have seen that if an algebra A
has a strictly maximal subfield K which is Galois over the
center F', then we can view A as a right K-space i.e., the
action of scalar multiplication is given by right multiplication.
In this section, we use this property and construct rate-n, full-
rank STBCs.

Consider the map L : A — Endg(A) given by L(a) =
Aa» Where A,(u) = au for all u € A. Since, the scalar
multiplication is via right and the action of A\, gives left
multiplication, these actions commute. That is (A, (u))k =
(au)k = a(uk) = A\;(uk). This means, that A, is a K-linear
transform of A. Clearly, L is a ring homomorphism from A
to Endg (A) i.e., Aarar = Ao+ Aar and g = Mg Ay (this is
because Ayo (u) = (aa’)u = a(a’u) = Ag(Aer (w)). Since A is
a simple algebra, i.e., {0} and A are the only ideals of A, L is
injective. That is, a—a’ # 0 = Ag—a(u) = Ao (u) — Ay (u) #
0. If A is a division algebra, then, since a — a’ is invertible,
say its inverse is a”, its image A\, _,s is also invertible (since
Aa—a’ya (u) = u). Thus, the image of L is also a division
algebra.

Now, since A is a right K -space, we can view the elements
of Endg (A) as matrices over K, with respect to a basis. We
have seen in the previous section that the set Ug forms a basis
for the algebra A over its maximal subfield K. With respect
to this basis, we shall find the matrix representation of \,. For
this, let a = 3 Uo, ko, To find the matrix representation
of )\, it is sufficient to find the action of A\, on each of the
basis elements. Thus, A\, (ug;) is

a(Us;) g Uo,o;0(04,05)05 (kg ) g Uy K
0, €G o €G
! — . . .
where ko = >, _, #(0i,05)0;(ko,). Recall that

¢(04,05) = ugllgj Uy, Uy, € K. From the above equation, if
the rows and columns of the matrix of \,, denoted by M, are
indexed with the elements of G, then the (o;,0;)"" entry of
Ma is gb(oz
as in (9), where 0, ; = ¢(0;0; ~*, ;). This implies, L is an
embedding of the algebra A into M, (K), the set of n X n
matrices over K, as shown in Figure 1. Thus, we have the
following theorem:

Theorem 1: With A, K, F, G and ¢ as above and in
addition if A is a division algebra, then the set of matrices

71), i.e., the matrix M, is given

-1
05, 05); (’% e
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kog 50,10'1(l€000;1) 50720'2(]{3000271) 507n,10n71(k000n11)
kUl 51710-1 (ka'lo'fl) 617202(k010;1) 617”_10-"_1(k0'10'n11
M, = ko, 02,101 (kgzgfl) 52,202(7%20;1) 52,n—10n—1(ko-20-n11) )
ko, _, 6n—1,101(k0n7101—1) 6n—1,20'2(k0n7102*1) 6n—1,n—10n—1(k0n 10n11)
rn—1 —
i 1 (2 i n 1
Zf‘go)t ()Z HOI (t:) )qu) ot )men Lon—1(ti)
=0
n—1
i 1 2 i n 1
D )Z O ont) B >Zf,53202<t> )Zf,m ona(ti)
M. === | =0 par (10)
VP ' .
1 2 n—1
Z Un) 17 Zf,un 1,191 ti ﬁn lz ,un 1,20 Zf#n 1 lan—l(ti)
Li=0 J

of the form as in (9) have the property that the difference of
any two such matrices is invertible.

Proof: The proof of the above theorem follows from the
fact that the set of matrices of the form as in (9) is isomorphic
to the algebra A. ]

From the above theorem it is clear that if K is a subfield
of C and if we restrict k; to some finite subset S of K,
we will get a finite set of » X n matrices and the STBC
defined by this set of matrices will be a rate-n STBC and
it will be of full-rank if A is a division algebra. We normalize
these matrices with a scaling factor such that the expected
power transmitted by every transmit antenna is unity per
channel use. In the above case, the normalizing factor will be

n/\/ n +30 Z |5i7j |2) (under the assumption that k;

have unit variance).

Example 3: Consider the set H of Hamiltonians of Ex-
ample 1. We have seen that H is a division algebra with
R as its center and C as a maximal subfield and hence a
crossed-product algebra. With Ug = {uy,, = l,us, = i}
as one of the possible bases, the cocycle with respect to
this basis is ¢(og,00) = ¢(01,00) = ¢(00,01) = 1 and
¢(o1,01) = —1. And the matrix representation of the map
Ad, where d = ¢, + iCoy, 1S

K
C —C
Md_[ %~ ]

ca'l C(T()

The STBC defined with the above matrix is nothing but the
well known Alamouti code.

Example 4 (Example 2 continued): Recall that the crossed-
product algebra A(a,b) = F & y1 F @y F D ysF is a division
algebra under certain conditions on a and b. Let ' = Q.
Then, a = b = —x, x > 0 € Q satisfy the condition that
& =aff +bf3 = fo = fi = fo = 0. Thus, the crossed-
product algebra A(a,b) is a division algebra with Q as its
center and K = Q(y1), (y? = —x), as a maximal subfield.
The Galois group of Q(y1)/Q is {1,0 : y1 — —y1}. The set
{1,y2}, (y3 = —x), forms a Noether-Skolem basis of A(a, b)
seen as a Q(j)—space. With this basis, we have ¢(1,1) =
#(1,0) = ¢(0,1) = 1 and ¢(o,0) = —x. With this ¢, the

matrix representation of ko + y2k1 € A(a,b) over K is

ko —CCO'(kl)
kl 0'(]{30)

The field K can be seen as an n-dimensional F'-vector space.
Let B = {to,t1,...,tn—1} be a basis of K over F. Then,
in (9), if we replace each of k,,’s with the correspond-
ing F'-linear combination of t;’s, say ko; = Z;:Ol fo;.ite
we get a rate-n STBC for n transmit antennas, over any
finite subset of F. And since F' is the fixed ﬁeld of G,
we have M, as in (10), where w;; = o0 ﬁj =
(b(ozaj '.0;) and P is a scaling factor to normahze the
average total power of a codeword to n2. It is equal to
(Z;:ol |ti|2) (n—i— i Z |5i,j|2) /n? under the as-
sumption that o; preserves the modulus of t;. Throughout
the paper, we assume that |¢(o;,0;)] = |t;] = 1 for all
0 <1%,5 <n — 1 unless specified explicitly. From now on we
use this matrix for M, instead of the one in (9). For instance,
in Example 3, if we replace each of ¢; with the corresponding
linear combination over R, i.e., ¢; = ;0 + jri1, we have
a rate-2, full-rank STBC over any finite subset of R whose
codewords are of the form

L f& +ifs)
V2 | )+ 0ts)

Now, since the crossed-product algebra (K, G, ¢) is a central
simple algebra for any K and ¢, we get rate-n STBCs for
arbitrary number of transmit antennas and over any a priori
specified signal set as follows: If S is the signal set over
which we want the STBC to be and n is the number of
transmit antennas, then take 7' = Q(S5) and let K be an
n-th degree Galois extension of F, with Galois group G.
Let ¢ be a map from G x G to K* satisfying the cocycle
condition, for example ¢(c,7) = 1 for all o, 7 € G. Then, we
have a crossed-product algebra using which we can construct
rate-n STBCs. However, it is well known that not every
crossed-product algebra is a division algebra. For instance,
consider a generalized Quaternion algebra given in Example 2.
If the equation d% = ad? + bd3 has non-zero solutions for
do,d1,d> € F, we have seen that it is a not a division algebra.

—<f§?> - jfg))
ffg'o) - .] éo)



Thus, the rate-n STBC constructed using the crossed-product
algebra A need not be of full-rank. However, by choosing the
variables in the matrix given in (10) such that the element a
comes from a subalgebra of A, which is a division algebra, we
can make our STBC a full-rank STBC. But in this process, we
might lose some of the rate. The following example illustrates
one such method, from which we get rate-1, full-rank STBCs.

Example 5: Let S be the signal set of interest and n be
the number of transmit antennas. Then, taking F' = Q(S) and
K = F(a), such that K/ F is an n-th degree Galois extension,
we construct the crossed-product algebra (K, G, ¢), where ¢
is a cocycle. Thus, we get an STBC with codewords as in
(10). However this need not be of full rank, in general. So,
let fgo come from S and let fgl =0, for all ¢ # 0, then we
get a rate-1, full-rank STBC over .S, with codewords of the
form

Mm—1
Z fé?ti 0 e 0
i=0

0 Z f,f) o (t 0

Zf#n oo O (t)

The coding gain of this STBC is

Cy = min | Nie/ (k)"

where Ng, (k) denotes the algebraic norm of the element
k € K from K to F' and k is the first entry on the diagonal of
the difference matrix ¢ — ¢’. Thus, this STBC and the STBCs
constructed in [11] using field extensions, have the same rank
and coding gain.

In the above example, though the crossed-product algebra
is not a division algebra, we obtained a full-rank STBC by
appropriately assigning the values to the variables of the design
such that the resultant algebra (which is a subalgebra of the
crossed-product algebra A) of the matrices is a division alge-
bra. Another way of obtaining full-rank STBCs from crossed-
product algebras is by choosing the signal sets appropriately.
The next example which gives us the well known quasi-
orthogonal design [20], illustrates this method of obtaining
full-rank STBCs. In Section V, we construct crossed-product
algebras which are division algebras and hence the resulting
STBCs are full-rank STBCs.

Example 6 (Quasi-orthogonal designs): Let F' = R(z),
where x is an indeterminate and K = F(j,/z), where
j = v/—1. Clearly, K/F is a Galois extension, with Galois
group G = (01,02), where o1 : j — —J, 02 : /T — —/x.
The maps o1 and o2 act as identity on /x and j respectively.
Let y1,y2 be two commuting symbols. Then, consider the
algebra

A= (K, G ¢)=KoyKoyK e yyK
where ¢(o1,01) = ¢(o102,01) = —1 and ¢(1,7) =
¢(02,02) = ¢(o102,02) = 1 forall T € G. It is easy to check
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that this ¢ satisfies the cocycle condition. All other properties
like y; form a Noether-Skolem basis can be checked easily.
Now, with this ¢, the STBC we obtain will have codewords
of the form

ko —oi(k1) oa(ka) —oi(oa(ks))
ki o1(ko) o2(ks)  o1(o2(kz))
ky —oi(ks) o2(ko) —oi(o2(k1))
kg O'l(kg) 0'2(]{31) 0'1(0'2(]{30))

where k; = £ + Y5+ Pz + £5)j/z. This STBC
is not a full-rank STBC. Now, suppose fl-(z) = fi(?’) = 0 for
i =0,1,2,3. Then, o1(k;) = k} (complex conjugate of k;)
and oy(k;) = k;. Thus, we have a STBC with codewords of
the form

ko —k¥ ky —kE
by K ks K
ky —kE kg —k*

ks ki ko K

where k; now come from arbitrary finite subset of the complex
field. This is none other than the quasi-orthogonal design of

the form Y ] given in [20], where X and Y are

X

Y X
Alamouti codes. By changing the cocycle map ¢ accordingly,
we can get the other quasi-orthogonal designs too. A simple
computation tells that the rank of this STBC is 2. However, if
we restrict ko, k1 and ks, k3 to come from two algebraically
independent signal sets, then the resulting STBC will be a full-
rank STBC (in [19], the two signal sets are such that one is
rotated version of the other, which is a special case of selecting
two algebraically independent signal sets).

From the preceding example, it is clear that by sacrificing the
division property of a division algebra, we can obtain quasi-
orthogonal designs. In the rest of this section, we describe what
a cyclic algebra is and construct STBCs from cyclic algebras.
The cyclic algebras are important as they constitute building
blocks for other crossed-product algebras constructed in this
paper.

An F'-central simple algebra is called a cyclic algebra, if A
has a strictly maximal subfield K which is a cyclic extension
of the center F'. Clearly, a cyclic algebra is a crossed-product
algebra. Let o be a generator of the Galois group G. If w,i,
1=20,1,...,n —1 is a Noether-Skolem basis for the algebra
A over the field K, then we have

o' (k) = u_thuyi = uyt (ugi-rhugi-1) us = (u} )71 k(ul)

g [ea
which implies u,: = u!,. Also,

¢(uai y Ugi ) = u;i1+j UgiUgi

_ (’U/?_j modulo n)_l

:{(1S

where u]r = 4. Since, the cocycle now can be described by
just one element § and similarly G can be described by o, we
denoted the crossed-product algebra (K, G, ¢) with (K, o,9).
Thus, with z = u,, we have

(u5")
ifi+j<n
ifit+j>n

A= (K,o0,0) =
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n—1
> fout!
i=0
n—1
> fuat!
i=0
n—1
> fait'
i=0

Si-

L i=o0

n—1 n—1
do <Z fnl,iti> §o? <Z fn?,iti>
i=0 i=0
n—1 n—1
o <Z .fO,iti> 62 <Z fnl,iti> oo fomt <Z fait"
i=0 i=0
n—1 n—1
RSP I
i=0 i=0

n—1 ’ n—1 ’ n—1 '
Z frno14t" o <Z .fn2,itl> o? <Z fn3,¢t1>
i=0 i=0

(1)

where 2" = 0 and kz = zo(k). It is easy to see that the
algebras in Example 1 and 2 are cyclic algebras. Since the
group multiplication is same as addition of the exponents of o,
we can replace ¢ with 4, and use ¢* only if necessary. Using
the above expressions, (10) reduces to (we use the notation
fi; for fi(J ) to make the notation simple) the matrix given in
(11). The scaling factor before the matrix is to normalize the
power transmitted by each transmit antenna per channel use
to unity, under the assumptions that |§| = |07 (¢!)] = [t| = 1
forall 0 <4,57 <n-—1.

Example 7: Letn = 2 and let S be a QAM signal set. Then
F =Q()).
(a) Clearly, the polynomial 2% — j is irreducible in F[z]. Thus,
K = F(\/j) is a cyclic extension of F. The generator of the
Galois group is given by o : /7 — —+/7. Now, let §(|6| = 1)
be any transcendental element over K. Then, it is known that
the crossed-product algebra (K (4),c0,0) is a cyclic division
algebra [11], [12]. Thus, we have the STBC C given by

c— {[ ’]jl) 500&1)) ] ko, EK}.

However, viewing K as a vector space over F', with the basis

{1,4/7}, we have a STBC over any finite subset of F' with
codewords given by

1 [fo,o*f'fo,l\/j 5(f1,0—f1,1\/3)}

V2 | fuo+ i (foo — forvi)

where f;; € S C F fori,j = 0,1 and the scaling factor
1/4/2 is to ensure that the average power transmitted by each
antenna per channel use is one.

(b) In the above example, since {1,+/7} is a basis of K over
F, every element k € K can be written as a + b+/7. It is easy
to see that the set {1+ +/j,1—/j} forms a basis of K over
F, since a + by/j can be written uniquely as

a+b , a—b ,
(Vi) + === V3)
. Thus, expanding each k; in (12), with respect to this newly
formed basis, we have a STBC with codewords given by

L1 foobr + foib2  0(f1,0b2 — f1,161)
2| fiobi+ finbe  (foob2 — fo,1b1

where by =1+ /7 and by =1 — /7.
(c) It is to check that the polynomial x? — 2 is irreducible
in F[z] and hence, K = F(v/2) is a cyclic extension of

12)

F, of degree 2. Proceeding as above, we have a STBC with
codewords of the form

1 { foo+ fo1v2 0(fr0— f1.1V2) }
V3L fio+ fiiv2  (foo— foav2) |

IV. MUTUAL INFORMATION

In this section, we give a condition under which our
designs from crossed-product algebras achieve capacity, i.e.,
the STBCs from the crossed-product algebras are information
lossless. We will first obtain the equivalent channel matrix H
for our STBCs (I = n and R = n). Let F be a codeword matrix
of the form given in (10). First by serializing the columns of
F, we have

H 07‘><n 0r><n FO
07‘><77, H O’r‘><n Fl
vec(HF) = ) . . .
07‘><n 07‘><n o H Fn—l
H

where vec(HF') denotes the vector obtained by serializing the
columns of HF. And F; denotes the j* column of the matrix
F. The vector Fy can be written as

1

where ®; is an n x n? block diagonal ma-
trix, each of the diagonal entries is a 1 X n
vector ﬁt = ﬁ [tot: -+ tn—1] and f ?
[fcm,O fdo,l te .fO’i-,O e fcn,nfl o '.fdn,l.,O o '.fdnfl,nfl]
is the information vector. Similarly, F; can be written as

F. = 1 P, f (14)

J \/ﬁ J

where ®; is a matrix with ith row as
-1
[len O1xn -+ O1xn ¢(Ui0j 7Uj)0'j(t) Otxn - len]

where o;(t) is the vector [0 (to) o;(t1) -+ 0j(tn—1)]. The
column at which the non-zero vector gb(aia;l, 0;)o;(t) starts
depends on the Galois group G of K/F. For instance, if
aiaj_l = 07, then the column at which this non-zero vector
starts is after [ — 1 blocks of the vector 01y, i.e., at nl‘"
column. Note that any two rows of F; have the non-zero



starts at starts at starts at
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starts at

0-th n(n-i-1)-th n(n-i)-th n(n-i+1)-th
col col col col
! ! ! !

0 0 0 5o (ty,) 0 0 ] < 0t row
0 0 0 0 doi(ty) - 0

B 0 0 0 0 0 §ol(tn) | < (i—1)" row
¢ = o'(tn) O 0 0 0 0 — it row (13

0 ot (tn) 0 0 0 s 0

L 0 0 ot (tn) 0 0 0 |

vectors in completely disjoint set of columns. Moreover, they
are always separated by an integral multiple of n columns. For
instance, if G is a cyclic group, then ®; will be as in (15).
So, with ® = [®] & ... &I |]T we have

Fy
F,
. Pf.

S

Fn—l
Then, (5) becomes

~ p 1 N
X=4/——=HPf +w.
\/;\/P
e
H

Thus, the equivalent channel for our STBCs is #H@. Note

(16)

that from the structure of each of ®;’s, the k™ row of @
contains the vector (;5(0’1'0';1, 0;)o;(t) as its non-zero vector,
where k = nj+1. And this non-zero vector starts at column nl,
where o; = aiaj_l. The following theorem characterizes the
information losslessness of the STBCs from crossed-product
algebras with K as a strictly maximal subfield and a basis of
K over the center given as {tg,t1,...tn—1}.
Theorem 2: The design M,, as in (10) constructed using

a crossed product algebra A = (K,G,¢) and the basis
{to,t1,...,tn—1}, with the assumptions that |o;(t;)| = [t:],
|p(é,5)| = 1 for all 0 < i,5 < n — 1, achieves the channel
capacity if

n—1

> oj(ti) (o0 (t:))" = 0if j # 5, a7

i=0
Proof: We will first see what ®®# is. Since the (k,1)"

entry of this product is the inner product between k** and [*"
rows of ®, we have
n%—1
(P27 )p1 = > Bra®y-
a=0
From the structure of ®, if the rows k and [ # k come from the
same ®;, then their non-zero columns are disjoint and hence

this inner product is zero. If £ and I come from different ® s
then either the columns of non-zero entries are disjoint or

completely same. So, we have the (k,1) —th element of &
as

n—1

" dlioy !, 03)0(ta) (0l0u0s " 0o (k) )

a=0
which simplifies to

n—1

$(0i0; " 05)p(ora; " 05)" Y 0j(ta) (07 (ta)”

‘ a=0

which is equal to zero from the statement of the theorem. If
k = [, then we have

n—1
(@) = loj(ta)]> = P,
a=0

Thus, ®&” = PI,.. Now from (6), with the equivalent
channel H, we have the capacity of our design as
_ 1 pl Ho H
Cpa(p,n,r) = —FEpnlogy |ln+ ==HPP"H
n n P
_ 1 P H
= —FEnlogy |Irn + =HH
n n
_ 1 Pyt |”
= —Fnlog, |l + —HH
n n

= FEpnlog, |, + BHHH‘ =C(p,n,r).
n

|

Corollary 1: The design M,, as in (10) constructed us-

ing a division algebra D = (K,G,¢) and the basis

{to,t1,...,tn—1}, with the assumptions that |o;(t;)| = |t:],

|p(é,5)| = 1 for all 0 < i,5 < n — 1, achieves the channel
capacity if

n—1
> oyt:) (o (1) = 0if j # 5 (18)
i=0

Proof: Follows directly from Theorem 2. [ ]

The above theorem gives a condition on the basis of a Galois
extension for which the STBC arising from the crossed-
product algebra is information lossless. Also, it assumes that
the basis elements have the property that |o;(¢;)| = |¢;| for all
0 < 1,7 < n—1. Let us now derive a sufficient condition
on the basis when they don’t satisfy |o;(¢;)] = [ti]. Let
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{ty,t},...,t,,_1} be such a basis of K over F. Now, every
entry, k;, of (9) can be written as Z;’:—Ol i jti- Equating these
two expansions of k;, we obtain a unique representation of
every f; ; in terms of linear combination of f; ; over F. Thus,
if Ry = I,2 implies Ry = I,,2 under the assumption that
power is normalized to the same value in both the cases, the
mutual information with the new basis is the same as the
mutual information with the previous basis. For instance, the
STBC obtained in Example 7(a) uses a basis which satisfies
(17) and hence is information lossless. And the STBC obtained
in Example 7(b) uses a basis which does not satisfy the
property that |o(t;)] = |t;|, but still the STBC obtained is
information lossless, since
6(f1,0b2 — f1,101) } _

Jo,0b2 — fo,1b1 B

1 [ fo,0b1 + fo,102

1 [ foo+ fouvi O(fio— fi1V9) }

2
where f/ o = fio+ fi1and fi1 = fio— fi1, and Re = Rgr.
Note that {1 + /5,1 — 24/j} also forms a basis for K/F,
but with this basis, Rf # Ry¢ and hence the STBC obtained
using this basis is not information lossless.

Consider the STBC constructed in Example 7(c). Suppose,
the extension K/ F has a basis {a1, as}. Since a1, as are in K,
let a1 = p14+q1v2 and as = pa++v/2qo, with p;, ¢; € F. Then,
it is easy to check that the equation ay0(ay)* + azo(az)* =
0 does not have any solutions for pi,q1,p2, g2 in F. Thus,
the extension K /F of Example 7(c) does not have any basis
satisfying (17) and hence the STBC is not information lossless.

Thus, if a basis does not satisfy the property that |o;(t;)| =
|t;], for all ¢ and j, then the STBC obtained using such a basis
will be information lossless if there exists a basis satisfying
all the assumptions and conditions given in Theorem 1 and
such that covariance matrix is mapped to itself under the new
basis. The following lemma is towards proving that the STBCs
obtained in this paper are information lossless.

Lemma 1: Let F be a field containing a primitive n*" root
of unity. Let K/F be a cyclic extension of degree n, where
K = F(t, = t'/"), t € F,|t| = 1 and o a generator of the
Galois group. Then,

ifk=0

n—1
i iy * n
;t" (") = { 0 ifk#0
Proof: If k = 0, it is trivial. So, let & # 0. Then,
proving that S 7't} (a"(t}))" = 0 is same as proving
S (EE) (0% (t)) = 0. So, we have

2| fiob1+ fi1b2
flo+favi  foo—foavi

n—1

> () (o"(t)

=0

I
—
—
~
3 *
~
—~
Q
ol
—~
~

3
~
~—
s
©

Then, we have the following theorem

Theorem 3: Let F' = Q(S,wn, t), [t| =1 and K = F(t, =
t1/7) be a cyclic extension of F' with G = (o) as the Galois
group. Let A be the crossed-product algebra (K, o,d) with
|6] = 1. Then, the STBCs constructed using the cyclic algebra
A as in Section III are information lossless.

Proof: Follows from Lemma 1 and Theorem 2. [ ]
From the above theorem, STBCs in the examples of Sec-
tion III, namely Examples 7(a),(b) 8, 9 and 10, are information
lossless with the assumption that |¢| = 1,|6| = 1. However,
if [t| # 1 and |§] # 1, the information loss increases as
[|t|—1] and ||d| — 1| increase. Figure 2 gives the capacity of the
designs from cyclic algebras for various values of |t| and |J].
It can be seen that the loss in the mutual information is very
less compared to the information loss of 2 x 2 COD, namely
Alamouti code. Figure 3 gives the capacity of the designs from
cyclic algebras for various values of |¢|.

V. FULL-RANK STBCS FROM CROSSED-PRODUCT
DIVISION ALGEBRAS

We have seen in Section II that not all crossed-product
algebras are division algebras. In this section, we identify some
classes of crossed-product algebras which are division algebras
and hence the STBCs from these algebras are of full-rank. We
will first see when a cyclic algebra is a cyclic division algebra
as cyclic division algebras constitute building blocks of other
division algebras constructed in this paper. We will only give
a brief introduction and for more details on them the reader
can refer to [11], [12].

A. Cyclic division algebras

Let F be a field and K an extension of F, such that [K :
F] = n. Also, let the extension K/ F be a cyclic extension, i.e.,
the Galois group of the extension be a cyclic group generated
by a single element, say o. Let § be a transcendental element
over K. Then, we have the following algebra:

(K(6),0,0) = K(0) @ 2K(6) ® 2°K(0) @ --- @ 2" 'K (6)
where z is some symbol which satisfies the relations
kz = zo(k) for all k € K and 2" = ¢.

The above algebra has F'(¢) as its center and has no nontrivial
two sided ideals. Then, we have the following theorem.
Theorem 4 ( [11], [12], [31]): With F,K,n,z and o as
above, the algebra D = (K (4),0,0) is a cyclic division
algebra.
From the above theorem, we have a cyclic division algebra,
whenever we have a cyclic extension K/F and a transcenden-
tal element § over F'. In Section III, we have already given an
example of STBC from cyclic division algebra. In this section,
we give some more examples of constructing STBCs using
the above theorem. For details on how one obtains a cyclic
extension of F' appropriately, reader can refer to [11], [12].
Example 8: Let n = 2 and F' = Q(S5,t), where t (t| =
1) is transcendental over Q(S). Then, K = F(t2 = /) is
cyclic extension of F' of degree 2. The generator of the Galois
group is given by o : to — —ta. Now, let 6(|d| = 1) be any
transcendental element over K. Then, (K (8)/F(d),0,d) is a



1 fo.o + fo1wo + foowd
7 fi0+ friwe + f10wd
f2.0 + faawy + fa,0w8

6(fo,0 + fo,1wows + fo2wiw3)
fo,0 + fowows + fo2wiws
fo,0 + fowows + fo2wiw3
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8(fo,0 + fo,1wews + fo,awiws)
6(fo,0 + foawows + fo2wiws)
fo,0 + fowows + fo owiws

19)

cyclic division algebra. Thus, we have the STBC C with the
codewords given by:

1 foo+ foitza 0(fir0— frit2)
Ji0+ fiat2

V2 (fo,0 — fo,1t2)

where fo.0, fo.1, 1,0, f1,1 € S C F. From the STBC con-
struction in this example, it is clear that we have two degrees
of freedom, i.e., both to and § can be chosen arbitrarily
(almost), while the STBC in Example 7, we could choose only
0 arbitrarily. This implies that the best coding gain possible
for the STBC of Example 7, is less than the best possible with
this example. Indeed, by computer search, we found that the
best coding gain possible for the STBC in this example is at
least 0.26 while the best coding gain possible for the STBC
in Example 7 is only 0.22. Thus, this example shows that the
dependence of the signal set and n have little effect on the
constructions when F/Q is infinite, while the effect of the
signal set and n is considerable when F'/Q is finite.

Example 9: Let n = 3 and suppose, we want S to be a
QAM signal constellation. So, let F' = Q(j,ws). Then, the
polynomial 23 — ws is irreducible in F[x]. This is because, if
it is reducible, then it should have a linear factor, which implies
that this polynomial has a root in F', which is not true. Thus,
K = F(wy) is a cyclic extension of F' and o : wg — wyws is
a generator of the Galois group. Now, let § (|§| = 1) be any
transcendental element over K. Then, (K (d),0,4) is a cyclic
division algebra. Thus, we have the STBC C with codewords of
the form (obtained in a similar way as in the previous example)
given in (19), where f; ; € S C F fori,j =0,1,2.

Example 10: Let n = 4 and S be the signal set. Then, with
F = Q(wy = j,8,t) and K = F(ty = t'/*), we have K/F
cyclic and o : t4 — jt4 is a generator of the Galois group.
Thus, we have a full-rank STBC for 4 antennas as follows:

goo 0913 0922 6933

C= 1L 1 901 g10 0923 dgs2
\/Z go,2 91,1 92,0 593,3

go,3  g1,2 92,1 g3,0

where gi; = Y5 fi1(jta)! and fi; € S C F for i,j =
0,1,2,3.

1) STBCs from Brauer’s division algebras: We give a
construction of another class of cyclic division algebras due
to Brauer [33], [41]. Let [ and n be any two positive integers
having same set of prime factors and such that [ divides n.
Let E be a field containing w; and such that ™ — w; is
irreducible in E[x]. Let K = E(xzg, 21,...,Tn_1), Where x;
are independent transcendental elements over E. Let o : z; —
Tit1 mod n b€ an automorphism of K, fixing every element
of F/ and I be the fixed field of . Since, the order of ¢ is n,
the extension K /F is cyclic with Galois group (o). Consider
the following algebra

B=(K,ow) =K

where z is some symbol satisfying kz = zo (k) and 2™ = wy.
Then, we have the following theorem due to Brauer.
Theorem 5 ( [33], [41]): With the notation as above, the
algebra B = (K, o0,w;) is a cyclic division algebra of index
n, with center F'.
Type-1 STBCs from Brauer division algebras: Let S be the
signal set over which we want the STBC. Then, let £ =
Q(S,w;). Assume, in addition, that z™ — w; is irreducible
in E[z]. Then, F, the fixed field of o will contain FE.
With 6 = w; and 0 : x; — Zit1 mod n, We get a STBC
with codewords as in (9), with k; € Flxg,21,...,Zn-1]-
Since F' contains E, we can restrict the coefficients of the
polynomials k; to come from E and in particular S only,
to obtain a STBC over S. The STBC obtained this way is
full-rank. And the symbol rate of this STBC depends on the
degree of the polynomials k;. If the degree is restricted to
d

d, then the rate will be Z"HflOn,l symbols per channel

use. We call the STBCSZ_C(())nstructed this way type-I STBCs
from Brauer division algebras. The following theorem, namely
Lindemann-Weierstrass Theorem, suggests a method to find n
algebraically independent transcendental numbers.

Theorem 6 ( [40]): If uy, us, ..., u, are algebraic numbers
that are linearly independent over Q, then the exponentials
e, e"2 ... e" are algebraically independent over the field
of algebraic numbers.

We illustrate this construction with an example.

Example 11: Let n = 3 and S be a QAM signal set. Then,
let E = Q(j,ws). It is easy to see that 23 —ws3 is irreducible in
Elz]. Let xg, x4, 2, (say e, 72, ¢3V3), be three independent
transcendental elements over F and K = F(x, 21, 22). Then,
B = (K,o,w3) = K+ 2K + 22K is a cyclic division algebra
of index 3. Thus, we have a STBC with codewords as follows:
wika (w2, 2o, 1)
wiko (w2, 0, 1)

k1(z2,20,21)

wik (x1, z2, o)
wika (@1, 2, o)
ko(z1,x2,0)

ko(zo, x1,22)
ki(zo,x1,2)
ka(xo, 1, 2)

where k;(zg, z1,2z2) is a polynomial in g, 21, o with coeffi-
cients from S. If we allow the degree of these polynomials to
be 1, then we have a symbol rate of 4. However, if we allow
the degree of the polynomials to be any positive integer d,
then the symbol rate will be 3¢ 2+iCy.

If n = 2 in the above example, it is not possible to obtain a
STBC over a QAM signal set, from Brauer division algebras.
This is because, our E will be Q(j) and the polynomial 22 +1
is not irreducible in E[z], which is a necessary condition for
constructing a Brauer division algebra. However, if the signal
set is a 5-PSK signal set, we can obtain a STBC for 2 transmit
antennas.

Type-11 STBCs from Brauer division algebras: Till now, we
have constructed STBCs using Brauer division algebra viewing
the field K as an extension of E. However, if we view K as
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an extension of F' (which we have been doing till the last
subsection), we get a different STBC. Let w,, € E. Since,
K/F is cyclic, there exists an element ¢ € K, such that
K = F(t). Let us define t = zg + 21wy, + ... + Tp_1w" L.

Clearly, o maps t to tw,, ! and hence t" € F. Thus, K = F(t).
Now, expanding each entry k; in (9) as Z?:_OI fijt?, we geta
STBC with codewords of the form as in (11). STBCs obtained
this way will be called type-II STBCs from Brauer division
algebras.

Example 12 (Example 11 contd.): Expanding each k; as
Z?:o fijt/, and considering only degree zero polynomials
in F', we get a STBC with codewords as follows.

2 2 2
f I f ) 27 f 7 J
0,5 w3 2,jUW3" W3 1,507 W3
j=0 7=0 7=0
2 2 2
: 2 w
Y fut? > foit’wd wsd  fotw)
Jj=0 Jj=0 Jj=0

2 2 2

: 2 g
E fa,5 E S5t w3 E Jo it wsy
=0 =0 =0

where f; ; € S C ECF.
It is shown at the end of this section that the type-I STBCs
from Brauer division algebras are not information lossless
if |x;] = 1 and might be information lossless if |z;| # 1,
while the type-II STBCs are information lossless under certain
conditions.

2) Coding gain of STBCs from cyclic division algebras:
We conclude this subsection, giving a closed form expression
for coding gains of STBCs constructed in this subsection.
Let K/F be a cyclic extension and let N, p (k) denote the
algebraic norm from K to F', of an element in k € K.

Theorem 7: Let C be the rate-n STBC constructed from the
cyclic division algebra (K (9),0,0). Let the codewords of C
be as in (11). Then, the coding gain of the code C is

Cy = g}élff} (—1)""Wk/p(Akn_1) + ... +NK/F(N€0)}2/"
where f = [f070, ey f07n_1, ey fn—l,Oa ey fn—l,n—l] and f’
= [fo.00 s fon—1s -+ frm1.00 -+ fr_1.n—1) are two distinct

information vectors. And Ak; = Z;:Ol (fij — It
Proof: Follows from Proposition 16.2b of [31] (page
298) and the definition of coding gain. ]

B. STBCs from tensor-product division algebras

In the last few subsections, we have seen how to construct
cyclic division algebras and STBCs from them. In this section,
we construct division algebras from some known division
algebras and hence construct STBCs from them. One of such
constructions is given by tensor product (see appendix for
definitions and properties of tensor products) of two division
algebras as in the following theorem:

Theorem 8 ( [30]): Let D; and D5 be two division alge-
bras with the same center F. If [D; : F] is relatively prime to
[Dy : F) then D; ®p Do is a division algebra with F' as the
center.

So, given any two division algebras, D, and D, with the same
center and relatively prime indices, the tensor product D ® p

Dy of them is also a division algebra with the same center.
So, the index of Dy ®p Dq is \/[D; : F|[Ds : F]. If both
Dy and D, are cyclic division algebras, then the resulting
tensor product division algebra is also a cyclic division algebra.
The following example illustrates the construction of STBCs
from such a tensor product division algebra obtained from two
cyclic division algebras.

Example 13: Suppose, we want an STBC over a QAM
signal set for 6 transmit antennas. Then, let ' = Q(j, ws). Let
K; = F(v/j) and Ko = F(¥/7). Let § be a transcendental
element over F. Obviously, § is a transcendental element
over K7 and K5 also. Then, from Theorem 4, the crossed-
products algebras Dy = (K1(9),G1,0) = K1(0) ® z1K1(9)
and DQ = (K2(5),G2,5) = K2(5) D ZQKQ((S) D Z%KQ((S)
are division algebras where G; and G, the Galois groups of
K1(8)/F(0) and K2(d)/F(9), are given by G1 = {o1,0 =
1,01)1 : \/3 = —\/3} and Gg = {0'2)0 = 170'271 : \3/5 —
Vjws, 002+ V/J — YJwi}. And 21 and 2o are elements of
D1 and D, respectively such that

Z% =dand k121 = 210'171(]{}1) Vk€ K1(5)
and
Z; =0 and kozg = 220'271(/@) YV ky € Kg(é)

It is easy to see that K(0) = K1(J) ®p K2(d) is a maximal
subfield of D = D; ®F D2 and that the Galois group of
K(d)/F(é) is G = {O’O = 170'1 = 01,1,02 = 021,03 =
022 = 0’%1,04 = 01,102,1,05 = 0'17102)2}. Note that G is
a cyclic group with o4 as a generator. Also, the set {u,, =
Lt =210 1L Uug, = 1® 20,U5, = 1®z§,ug4 =2 ®
22, Ugy = 21 @ z%} forms a Noether-Skolem basis of D over
K (9). Thus,

D = K@)+ usK(0)+ usmK()+ usy K(6)

+tig, K (0) + uoy K (9)
And the cocycle ¢ is given in Table II. Substituting the above

¢ in (9), we get an STBC with codewords of the form as
follows:

ko 50’1(k1) 502(k3) 503(k2) 6204(k5) 5205(k4)
k1 O’l(ko) (50’2(’65) 503(k4) (50’4(’63) (50’5(k2)
1 ks Soi(ks)  o2(ko) Sos(ks)  dou(ki) 6 os(ks)
\/6 kg (50’1(k5) Uz(kz) Ug(ko) (520'4(]64) (50’5(k1)
ky 0'1(k2) O‘Q(kl) 503(k5) 0'4(’%) 50’5(’%)
ks Ul(kg) 02(k4) Ug(kl) U4(k2) 0'5(k0)

where k; = fio + fii/j+ fi2Vi+ fi,sf/f + fiaiVI +
Fi5V/GV7 and fi; € S(QAM) € F.
The above example shows how to construct STBCs from the
tensor product division algebra of two cyclic division algebras
(note that it is not necessary that we use cyclic division
algebras only) with relatively prime indices. This can be
extended to tensor product of any number of division algebras
with relatively prime indices using the following corollary.
Corollary 2: Let D;, ¢« = 0,1,2,...,s — 1 be s F-
division algebras with the index of D; as p;?”', where p;,
1 =0,1,2,...,5 — 1, are distinct primes and «; are positive
integers. Then, the algebra D = @, D; is an F-division
algebra.



Using the above method of constructing division algebras,
we cannot construct division algebras from known division
algebras of not relatively prime degrees. For instance, we
cannot construct division algebras of degree 4 from two
division algebras of degree 2. The following theorem helps us
in such cases, where we construct a division algebra which
is isomorphic to the tensor product of two cyclic division
algebras with some constraints. However, we do not use the
language of tensor product in constructing the division algebra.

Theorem 9: Let 1, d2, x, and y be algebraically inde-
pendent elements over a field L containing ni-th and no-th
primitive roots of unity, where n; and ng are positive integers.
Let F = L(z,y) and K = F(z; = 2%/™ yy = y'/™2 .61, 62).
Clearly, K (61, d2) is a Galois extension of F'(d1,d2), with the
Galois group as G = (0,,0y), where o, : 1 — T1wWp, 21
and acts as identity on the other three variables, and where
similarly, o : 41 + wn,y1 and acts as identity on the other
three variables. Consider the associative algebra

@ u%uf,yK 51,52)
0<i<ng
0<j<n2

D = (K(61,02),G

where u,, and u,, are two symbols commuting with each

other and satisfying

™ = n2 __
1 51, ugj—ég

kus, = us,00(k) and kug, = uayay(k)'

for all k € K(01,02). Then, D is a division algebra.

Proof: To prove that D is a division algebra, it is suffi-
cient to show that every non-zero element in D is invertible.
Letd = Yl (Z;molu k; ) € D (we use 4,j as
the subscript of k instead of w,iu, j to make the notations
simpler). And let A\; be the left regular representation of d
over K(d1,02), i.e., Ag : a — da for all a € D. Then, we

have
To 510'1(7771171) 6 Gnlil(nl)
m oz (10) Sr10~H(n2)
Ad = . . .
i1 Ox(Mny—2) ot 1(770)
where 7); is
kio  d20y(kin,—1) 020y~ Ykin)
ki oy(kio) 520n2 Y(ki2)
N = . . .
Kiny—1  0y(Kiny—2) -+ op2 (ko)

Notice that k; ; are rational functions of polynomials of the
two variables J; and J,. However, we can assume k;; are
polynomials in §; and 65 instead of rational functions in them,
as we can take the LCM of all k;; and factor it out. Let
pa(d1,02) denote the determinant of \4. Since 7 and 2 are
algebraically independent of each other, it is sufficient to show
that pg(d1,02) is not a zero polynomial to show that d is
invertible, For this let us assume that there exists some j for
which kg ; # 0. If there doesn’t exist any j for which kg ; # 0,
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then we can factor out u,, from d and since u,, is invertible,
it is sufficient to prove that d/u,,, is invertible. Thus, we have

mo ou(m) 0 - 0
pa(0,8) = | M oxlm) o) - 0

Mny—1 Uw(nn1—2) Uz(nnl—?)) e U;H 1(770)

In the above expression, 79 can become zero matrix when
01 is set to zero. This can happen only if §; divides ko ;
for all j. If k; ; has 0, as a factor for all ¢ and j, then it
is sufficient to prove that d’ = d/d; is invertible. So, without
loss of generality, we can assume that there exists a k; ; which
does not have 47 as a factor. Let m be the smallest integer such
that 0; does not divide k,, ; for some j. Then

nlfl ’n,zfl
/I ni—m -1 _ 7 7 /
d' =uy!""dé; T = Z Uy Z uayki)j
=0 j=0

has the property that there exists some j such that §; does
not divide ko Also notice that all k’ are again polynomials
only and not rational functions. And to prove d is invertible it
is enough to prove that d’ is invertible. So we can assume that
there exists a j such that §; does not divide ko ;. Now, since
(K (61,02),02,02) is a cyclic division algebra with center
F (61,02, x1), we have det(ng) # 0. Thus, we have

nll

H det(o

This implies pg(d1,02) is not a zero polynomial because d;
and J, are independent transcendental elements over K. W
If S is the signal set of interest, then we take L = Q(S5).
Obtaining 4 algebraically independent transcendental elements
over L is not a difficult task as according to Lindemann-
Weierstrass Theorem [41], we have that for any two algebraic
numbers a; and ag linearly independent of each other over
Q, the numbers e* and e®* are algebraically independent
transcendental numbers. Thus, we can take ef%!, ¢i%2 ei%s
and e7% for x, y, 61 and 6 respectively. We could use e
instead but we will see that having all of them on the unit
circle will give us information-lossless STBCs.

In Theorem 9, K(d1,d2) is a cyclic Galois extension of
F(61,02), if n1 and no are relatively prime to each other.
We give an example to show how to obtain STBC from the
division algebra of Theorem 9.

Example 14: Let S be the signal set of interest, say a QAM
signal set. Let n = 4, i.e, we want STBC for four transmit
antennas. Then, we take F' = Q(j,z,y), where = and y
are two transcendentals independent over Q(j). Then K =
F(\/z,/y) is a Galois extension of F' with the Galois group
G = 0y, 0y), Where 0, : /z = —y/z and oy : /Y — —\/Y.

Then, from Theorem 9, the algebra

(K(61,02),G,9) =

n11

1(0,02) = Hcr (det(no)) # 0.

K(él, 52) D ’U,UmK((Sl, 62)

@u(,—yK(él, 52) (&) ’U,Um’u,gyK(él, 62)
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koo 0204,(ko2) 0202, (ko1) 0104, (k1,0) 010204,04,(k12) 016202,04, (k1,1)
ko1 Oy (ko,o) 52032 (ko,z) 0104, (k1,1) 010,002, (/ﬁ 0) 51520 20y (/ﬁ 2)
i k0,2 Oz, (ko,l) 09252(760,0) 51%1(/€1,2) 510x1 Oz, (/ﬁ 1) 510 le(/ﬁ 0) (20)
V6 | k1o 0200,(k12) 6202 (k11)  02,(koo)  0204,02,(ko2) 6202 04, (ko)
k11 Oz (k1,0) 0202, (k1,2) 0z, (ko 1) Op1 02, (K0,0) 6202, 04, (ko,2)
k1,2 0y (K1,1) o2, (ki,0) 0a, (Ko,2) 02,02, (Ko,1) 02 02, (Ko,0)
kh,o,o 520x2 (kh 0, 2) 5203252 (kh,0,1) 510x1 (kh 1 0) 51520x1 Ozq (kh 1 2) 51520 20y (kh 1 1)
kh,o,l Oxq (kh 0, 0) 5203252 (kh,o,z) 510x1 (kh 1 1) 51Ux1 Ozq (kh 1 0) 51520 20y (kh 1 2)
_— kno2  0wy(knoi) 02, (knoo) 010e, (kni2)  0100,00,(kn11)  6102,00, (kn1,0) @n
knio 020, (kna2) 0202 (knaa) 0z, (Kn0,0) 0205, 04, (kno,2) 6202 04, (knyo,1)
kn1 Ozo(kn0) 0202, (kn12) 0y (knot) 02102, (Kn0,0) 520 0z, (Kno,2)
khi2  Ozy(kni1) o2, (kna1o) 0wy (kno2) Op10g,(kno,1) 02,0, (kno,0)

is a division algebra, where ;1,5 are independent transcen-
dentals elements over K. And

¢(Ux7 Uz) = ¢(Graya Ux) =01;
¢(Uya Uy) = gf)(gzay, Uy) = 52;
¢(0g,04) =1; and  @(0,0y,0,0,) = 0102.

Substituting for ¢ in (10), we have an STBC with codewords
of the form

ko,o 520y(k0,1) 5101(k1,0) o 520107;(761 1)
L ko,l (ko,o) 5101(k1,1) 510107;(]61 0)
VP k10 520y(k1,1) oz (ko) 82050y (ko,1)
k11 (kl,o) o (ko,1) 0.0y (ko,0)

(22)
where k; j = (0) +f \/—-i- (2)\/—+f(3)\/_y and f; ) e
S CQy) C F Thus we have an STBC over a QAM mgnal
set for 4 transmit antennas.
Corollary 3: Let z;, ¢ = 0,1,...,s — 1, be s transcen-
dental elements over a field L containing n,-th primitive
roots of unity, where n;,¢ = 0,1,2,...,s — 1 are positive

integers. Assume in addition that z;,7 = 0,1,2,...;s — 1
are independent of each other. Let F' = L(zq,z1,...,Ts—1)
1/ns 1

and K = F(tg = 2t/™ t; = z}/™ mery,
Clearly, K is a Galois extensmn of I, with the Galois group
as G = (04, 00,, "+ ,0p,_, ). Let 6,0 = 0,1,2,...,s — 1
be s commuting indeterminates (one can assume them to be
transcendental elements over F', independent of each other).
Also, let u,, ,2=0,1,2,...,5 —1 be s symbols commuting
with each other and satisfying

ts—1 =

geeey

ugi =46; and ku,, = ugxicrmi(k:)
for all k € K(dp,01,...,0s—1). Then, the algebra
D = (K(61,02,...,05s-1),G, @)

is a division algebra.

Proof: Follows from Theorem 9. ]
Thus, given an Abelian group (G, we have constructed a
division algebra which is a crossed product of a field K and the
group G with respect to some cocycle ¢. Such constructions
are called generic constructions of Abelian crossed-product
algebras.

Example 15: Let S be the 8-PSK signal set, and n
6, i.e., we want STBC for 6 transmit antennas. Then, let
F = Q(ws,ws,z1,22) (|z;] = 1), where x; and x5 are

two transcendental elements independent over F. Then K =
F(\/z1, ¢¥T2) (n1 = 2,mn2 = 3) is a Galois extension of
F(z1,22) with Galois group G = (04,,0.,) where o, :

VZ1 — —+/x1 and 0, : /T2 — w3 JT2. Let 61,02 (|6;| = 1)

be two independent transcendental elements over K. Then,

from Theorem 9,
DZ(K(61,52 @ @ u ’U,J 51,62)
0<i<10<;5<2

is a division algebra, where Ug,, and Ug,, are symbols
satisfying
2 _ 5. _ .
Uy, = o1 kug, = ugmloml(k),
3 _ _
Uy, =02 and kuo,, =ug,,00,(k).

Proceeding in a similar manner as in Example 14, we
get a STBC with codewords as in (20), where k;;

R R TR R R Y VR o R LN
(5) \/_\/—, with ff]] € 8 — PSK C F. Thus, we have
an STBC over the 8-PSK signal set for 6 transmit antennas.
Example 16: Let S be the 8-PSK signal set, and n
12, i.e., we want STBC for 12 transmit antennas. Then, let
F Q(ws, w3, g, x1,x2) (|z;] = 1), where zg, x; and
o are transcendental elements independent over F'. Then
K = F(\/To,/Z1, {x2) (ng = 2,n1 = 2,ny = 3) is a
Galois extension of F(xg,x1,22) with Galois group G =
(0,021, 00y) Where o, @ \/To — —\/To, Oz, © /T1 —
T1 and Oy - \?’/E — u&{”/@. Let g, 61 and d» (|61| =1)
be independent transcendental elements over K. Then, from
Theorem 9,

D= (K(61,0,),G,¢) = €D ul, ul, ul, K(61,0)
0<h<1
0<:i<1
0<5<2
is a division algebra, where Ugy, s Uoy, and Ug,, are symbols
satisfying
2 _ . 2 _ .
U’Umo = 60, U’Uml = 51,
3 _ _
ey = o2 and kug, =u,, 0z, (k).

Proceeding in a similar manner as in Example 14, we

. 000z, (1)
et a STBC with codewords as —L | "0 ©0%zo
g VIZ | 0a,(10)
where 77h is as given in (21) with kp =
(a,b,c)

Za OZb ch 0 \/Ioa\/Ilb\S/I ‘ with

h,i,j
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S ool (@l @) )] ool (@) @) ) = 0 (23)
005 yls—1
> {l@pyewine] - [@yreii ] b {{@oeen] - @) en ) 24)
204e0eyls—1
Z w:loo(m—io)z whl(h—h) ::;22@;72*3'5—2)wails;ll(j;fl*js—l) —0. (25)

Ts—1

(") e 8 — PSK < F. Thus, we have an STBC

over the 8-PSK signal set for 12 transmit antennas.

C. Rates beyond n symbols per channel use

Till now, we have constructed rate-n, full-rank STBCs using
division algebras. Recall that the division algebras we used are
the ones with center a transcendental field over Q. Consider the
case of the STBCs from cyclic division algebras. The division
algebras we considered are of the form (K(d),o,d) where
K(0) is a cyclic extension of F'(d), with § a transcendental
element over F. Recall that F' is a field extension of Q such
that it contains the signal set S. Now the codeword matrices
with this division algebra will be of the form (11) with f;, ;
coming from F'(§), since the center is F'(d). And an element
of F(§) will be of the form a(d)/b(d), where a(d) and b(9)
are polynomials in §. So, each entry in (11) is of the form
a(0)/b(d). But since, two different pairs of (a(d),b(d)) can
give rise to the same a(d)/b(d), we assume that the entries
of (11) are of the form a(d) only. Thus, if f,, ;; come from
the signal set .S, then our codeword matrices are of the form
(11), with f5, j = ", fo.,;,10', where the subscript [ can range
from O to any positive integer. With this, our STBC constructed
from the division algebra (K (), o, ) can have arbitrary rate.
For instance, the STBC constructed in Example 7, will have
the codewords of the form as below:

20 Joa0! + 30, [T 8 (3 faud' = 3, f3,l5l\/j)}
> fou8 30 f30'VG X0 foud =3, frad'VT |

In a similar way, STBCs constructed from other division
algebras, as in Section V-B, can have arbitrary rate. But
note that in the case of non-cyclic division algebras, each
entry of the codeword matrix is a polynomial in more than
one transcendental element. Though, we have arbitrary-rate
STBCs, for the purpose of clarity, we concentrate only on the
rate-n STBCs constructed till the previous subsection.

D. Mutual Information

In this section, we show that, under certain conditions, our
designs arising from the division algebras we have discussed
so far achieve capacity, i.e., the STBCs from these division
algebras are information lossless.

1) Mutual information of STBCs from Brauer division alge-
bras: We show that the type-I STBCs from Brauer division al-
gebras are not information lossless. Recall from Subsection V-
A.1, that in Brauer division algebras, i.e., (K, o,w;), o takes
Z; 10 Ti+1 mod n- Thus, the LHS of (17) is

n—1 n—1

* xi+j mod n
§ Li+j mod n (IiJrj/ mod n) - § -

i—0 i—0 Tit+j’ mod n

where we assume |z;| = 1. Since the z;’s are independent
transcendental elements over F, the above expression will not
be equal to zero and hence the type-I STBCs from Brauer
division algebras are not information lossless.

The type-II STBCs from Brauer division algebras are in-
formation lossless if |[t| = 1. This condition that |[t| = 1
can be met, by choosing x1, o, ..., x,—1 arbitrarily and then
choosing x( such that t = zo+w,x1+-- -—&-wﬁ_lxn_l lies on
unit circle. Figure 4 shows the capacities of both the type-II
and type-II STBCs constructed from Brauer division algebras.
It can be seen from the figure that the information loss in
type-I STBCs is less than the loss due to the Alamouti code.

2) Mutual information of STBCs from tensor-product di-
vision algebras: In the following theorem, we show that the
STBC:s constructed in Subsection V-B are information lossless.

Theorem 10: Let K, F,x;,0; be as in Theorem 9 with
|x;| = 16;] = 1 for all 0 < i < s — 1. Then, the STBC arising

from the division algebra D = (K (0o, d1,...,0s-1), G, @) is
information lossless.

Proof: It is sufficient to prove (23) for
(Jo,J1y---sds—1) #  (9bs3%,---57%_1). Since, each of

o;’s act as identity on x; if i # j, and 0;(z}) = 2wy, LHS
of (23) can be written as in (24). Since |x;| = 1 for all i, the
above expression can be written as

Z [w:&(ié*jo)} [w:’:;}l(i;fl—js—l)} '
10 yeeyls—1

Expanding the above sum with respect to each variable, we
obtain (25). Since (jo, j1s---,Js—1) # (J§sJ1s---»Jh_1), ONE
of the sums in (25) becomes zero and hence the entire sum
becomes zero. [ ]
From the above theorem, it follows that the designs of Exam-
ples 14, 15 and 16 achieve capacity.

Theorem 11: Let D;, i = 0,1,2,...,8 — 1 be s number
of crossed-product division algebras.Let each of the STBCs
arising from these division algebras be information lossless.
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Then the STBC arising from the division algebra D = Dy ®F
D1®p---®pDs_1 is also information lossless if |¢;(.,.)| = 1
for all i = 0,1,2,...,s — 1, where ¢; is a cocycle for the
division algebra D;.

Proof: Can be proved in a similar manner as in Theo-
rem 10. |

VI. DECODING AND SIMULATION RESULTS

Maximum Likelihood (ML) decoding of our STBCs in gen-
eral involves exhaustive search which increases exponentially
with the number of transmit antennas. In [36], sphere decoder
was proposed, which uses the algorithm to find the closest
lattice point to a given point [35]. This algorithm uses the fact
that the column rank of the generator matrix of the lattice,
is at least the number of dimensions in the lattice. Damen et
al. in [37], have shown that sphere decoder can be applied
for multiple antenna systems if perfect CSI is known at the
receiver. If f is the transmitted vector from n antennas, we

have
XZ\/EHf—I—W
n

where x is the received r x 1 vector (r receive antennas), H
is the n X r channel matrix and w is the AWGN. Then, the
lattice representation of the system model is given by

(26)

x = \/gH’f' +w 27)
where
X' = [Re(x")Im(x")",
£ = [Re(ET) T
;L Re(H) —Im(H)
= [ Im(H) TRe(H } ’
w = [Re(w)! Zm(w)T]T.

Since, the channel matrix H is of full rank almost surely, the
equivalent channel matrix, H’, is also of full rank. Hence,
the sphere decoder can be applied whenever f is from a
constellation which is a subset of a lattice. Hence, SD achieves
ML performance with a significantly reduced complexity
which is roughly cubic in n at high SNRs [38]. Though PSK
constellations are not a subset of any lattice, we can still
use the sphere decoder, known as complex sphere decoder,
as shown by Hochwald and Brink in [34]. The algorithm for
the case of a PSK constellation searches through the phase
angles of the constellation points instead of the lattice point
coordinates and since the phase angles of the constellation
points are integer multiples of 27 /M (for M-PSK), the search
is over a finite set. The complexity of complex sphere decoder
is less than the complexity of the sphere decoder for lattice
constellations. This is because we search for n points in the
case of complex sphere decoder, while we search for 2n points
in the case of lattice sphere decoder.
In our case, the equivalent channel model is

X = —HDf +w.
\/_

H

Since, the rank of the matrix H is min(nr,n?) and the
matrix ® is invertible, the rank of the matrix H is also the
min(nr,n?). Now, since the rate of our STBCs is n, we
can use the sphere decoder efficiently if min(nr,n?) > n?,
which implies that the number of receive antennas is at least
the number of transmit antennas. However, if the number of
receive antennas is less than the number of transmit antennas,
we can use the generalized sphere decoder proposed in [39],
which involves more computational complexity. However, we
can still use the sphere decoder if we decrease the rate of our
STBC. If the number of receive antennas is r, then the rate of
our STBC has to be r for efficient use of sphere decoder.

A. Simulation results

In this section, we present simulation results for 2,3 and 4
transmit antennas with 2, 3 and 4 receive antennas respectively,
over 4-QAM and 16-QAM signal sets. Figure 5 shows the
plots for 2 transmit and 2 receive antennas. We used the STBC
of Example 7, with § = €5/, This value of § is chosen
arbitrarily. It can be seen from the figure that with our code,
we gain by about 3 dB over the uncoded case at 10~* BER
(bit error rate) and by about 0.75 dB, at 10~6 BER, over the
STBC of [26](named as Bj 4), which is known to be one of
the best codes. By choosing § to maximize the coding gain,
we can further improve the performance of our STBC.

Figure 6 shows the plots for 3 transmit and 3 receive
antennas. The STBC we used is from Example 9. We gain
by about 4 dB over the uncoded case at 10~* BER.

Figure 7 shows the plots for 4 transmit and 4 receive
antennas. We used the following STBC (obtained with F' =
Q(5) and K = F(w1g)):

go,o 0913 0g22 6933
C = i go1 910 0923 6932
\/Z go,2 91,1 92,0 593,3
go,3  g1,2 92,1 g3,0
where g;; = S0 o fia(jiwie) and f;; € S C F fori,j =

0,1,2,3 and § = €5/ (chosen arbitrarily). We gain by about
5 dB, at 10~° BER, over the uncoded and by about 0.8 dB,
at 1079 BER, over the STBC of [25], which is claimed to
maximize the mutual information.

Figure 8 shows the performance of the STBCs obtained us-
ing the division algebras of Section V-B. The division algebra
construction-1 curve is for the STBC of Example 14, with
71 = eV2 2o = V3 and §; = /Y7, 55 = ¢/V7. These val-
ues are chosen arbitrarily. The division algebra construction-2
curve is for the same STBC with 21 = V2, 25 = ¢/V3 and
51 = V02 5, = ¢iV026 The values of z; and zo are
chosen arbitrarily, while the values of d; and do are chosen
to be close to the value of ¢ in STBC used in Figure 7. We
can see that the STBC, where the parameters 1, z2,d1 and do
are chosen arbitrarily, performs better than the STBC of [25]
by about 0.25 dB, but is poorer than the STBC constructed
from cyclic division algebra by about 0.5dB. However, the
STBC, for which the z1, 2o are chosen arbitrarily and 1, o
are chosen close to d, performs better than the STBC of [25] by
about 0.9 dB, and better than the STBC from cyclic division



algebra by about 0.1dB. We could perform even better by
choosing a better 1, x2,d; and Js.

From these simulation results and [34], it can be seen that
at 10~ BER our code for 2 transmit and 2 receive antennas
is approximately 3 dB away from the capacity of the channel
with 4-QAM symbols as input and less than 0.5 dB away
from the capacity of the channel with 16-QAM symbols as
the input. On the other hand at 10~ BER, our 3 transmit and
4 transmit codes are about less than 0.5 dB away from the
capacity of the channel with QAM symbols as input.

In Figure 9, we also plot to the block error probabilities of
our codes for 2 transmit and 4 antennas and compare them
with outage probability. It can be seen that the gap between
the block error rates of our codes and outage probability is
decreasing with increasing size of the input QAM constella-
tion.

VII. DISCUSSION

The contributions of this paper are

o Using crossed-product algebras, we have constructed
arbitrary rate STBCs over apriori specified arbitrary finite
subsets of the complex field C. In particular, when the
crossed-product algebras are division algebras, we get
full-rank STBCs.

o We have shown that Alamouti code and the quasi-
orthogonal design of [20] are special cases of our con-
structions.

o We have also shown that our constructions give STBCs
with rank and coding gain same as that of the STBCs
obtained using field extensions [11].

o We have given a sufficient condition for our STBCs under
which they are information lossless.

o We have identified two classes of division algebras that
are crossed-product algebras and constructed rate-n, full-
rank STBCs from these crossed-product division alge-
bras. These STBCs include the STBCs of [11], [12] as
special cases.

e We have proved that the STBCs obtained from the
crossed-product division algebras in this paper, are in-
formation lossless.

o« We have presented simulation results to show that we
perform better than the best known codes and can do
even better if the best codes from division algebras are
used. Also, the simulation results show that we are about
1 dB away from the capacity of the channel with QAM
as the input [34].

The following are some possible directions for further

research in this area:

e We have seen in Section III, that we can construct the
Alamouti code and 4 x 4 quasi-orthogonal design of [20]
using crossed-product algebras. It would be interesting
to see if we can construct orthogonal designs other than
Alamouti code and other quasi-orthogonal designs like

A B

—-B* A

« It would be interesting to see if there exits a closed form
expression for coding gain of the STBCs arising from
non-cyclic division algebras.

, using crossed-product algebras.

IEEE TRANSACTIONS ON INFORMATION THEORY, XXX

« We have shown that we can use the sphere decoder to
decode our codes, but as the number of transmit anten-
nas increase, this decoding involves more complexity. It
would be interesting to see if there exist any simpler
decoding algorithms though suboptimal.

APPENDIX I
TENSOR PRODUCTS: DEFINITION AND SOME PROPERTIES

To define tensor product of two algebras, we will first define
tensor product of two vector spaces. Since any algebra is a
vector space, we will extend the definition of tensor product
of two spaces to tensor product of two algebras [31, Chap 9].

Definition 4: Let V' and W be two F-vector spaces. A
tensor product of V' and W is an F-vector space V @p W,
together with a bilinear mapping V x W — V @ W denoted
by (v,w) — v ®p w such that

1) V ®p W is generated as an F-space by {v ®p w|v €

Viwe W},
2) (Universality) if ¥ : V x W +— P is a bilinear map,
where P is another F'-space, then there is an F'-linear
map £ : V@p W — P such that k(v ®@p w) = ¢ (v, w).
The following sequence of theorems lists some of the useful
properties of tensor products.

Theorem 12: [31] Let V and W be two F-vector spaces.

Then,

1) The homomorphism « in the definition of tensor product
V @r W is unique.
2) HV@pW and V @5 W are tensor products of V' and
W, then there is a unique isomorphism ¢ : V@p W —
V &% W such that ¢(v @ w) = v ®@p w forall v € V
and w e W.
From the above theorem, since any two tensor products of two
vector spaces are isomorphic to each other, we can write “a
tensor product” of two vector spaces as “the tensor product”
of two vector spaces. The following theorem guarantees us the
existence of the tensor product of two vector spaces.

Theorem 13: [31] The tensor product of two F-vector
spaces V' and W exists.

Now, since F'-algebras are F'-vector spaces, we can define
tensor product of two F-algebras as the the tensor product
of the corresponding vector spaces with a suitably defined
multiplication. The following theorem assures us of such a
multiplication.

Theorem 14: [31] If A and B are F'-algebras, then there
is a multiplication operation on A ® p B that satisfies

(1 QrF y1)(2 OF Y2) = 122 QF Y1Y2.

This multiplication is associative and 14 ®@r 1p = lag . B-
Theorem 15: [31] Let K be a field containing F' and A be
an F'-algebra. Then, A @ p K is a K-algebra satisfying

(x@pk)(y@rk') =2y @p kK

for all z,y € A and k,k’ € K. The scalar operations by
elements of K on A ®p K is defined by

zk=2(1®F k)
forall r € AQpr K and k € K.
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TABLE I

COMPARISON OF VARIOUS KNOWN STBCS (ONLY SQUARE)

per

C

STBC or No. of . . . .
the design transmit antenna%ank Rate Capacity 5111%1;2: (s);:)t (finite | Decoding
ODs [7], [16] power of 2 full <1 achieves only forn =2,r= | C single-symbol
1 decodable
LDC [27] arbitrary full <1 achieves 90% of the possible | Z[j sphere decodable
Damen et al. [26] 2 full 2 achieves for any r Z[j sphere decodable
DAST [22] arbitrary full 1 away from capacity Z[j sphere decodable
Sethuraman et al. | arbitrary full arbitrary away from capacity any subfield of | sphere decodable
[11], [12] C
TAST [24] arbitrary full <n close to capacity depends on con- | sphere decodable
stituent code
Galliou et al. [25] arbitrary full n claim to maximize mutual | Z[j] sphere decodable
information
Belfiore et al. [28] 2, 3 and 4 full n away from capacity 73] sphere decodable
Proposed in this pa- | arbitrary full arbitrary achieve capacity any subfield of | sphere decodable
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TABLE II
COCYCLE ¢ FOR THE CROSS-PRODUCT ALGEBRA IN EXAMPLE 13

0i,0; oo | o1 o2 | 03 | 04 | o5
[ ¢(oio)) [[oo [ o1 [ o2 [ o3 [ o4 ]

) 1 1 1 1 1 1
o1 1 [ 1 1 0 0
o2 1 1 1 0 1 0
o3 1 1 0 0 0 0
o4 1 § 1 0 [ 52
o5 1 4 o o 02 | 62
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Fig. 1. Embedding of a crossed-product algebra into the set of n X n matrices over K.

21



22 IEEE TRANSACTIONS ON INFORMATION THEORY, XXX

Comparison of capacities (2-Tx and 2-Rx) for various values of |t| and |§|
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Fig. 2. Comparison of capacities for various values of |¢| and ||. The plain solid curve is the capacity of the channel too. Also, R¢ 7# Ry in the cases
where |t| # 1 or |§] # 1
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Fig. 3.

Comparison of capacities (4—-Tx and 4-Rx) for various values of |t|
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Comparison of capacities for various values of |¢|. The plain solid curve is the capacity of the channel too.

25

30

23



24 IEEE TRANSACTIONS ON INFORMATION THEORY, XXX

Comparision of capacities of type-I and type—Il STBCs from Brauer division algebras

35 T T T T T -
2-Tx, 2-Rx, Alamouti P
—— 2-TX, 2-Rx, type-I %
— 2-Tx, 2-RXx, type-ll P 7 |
30| | —— 4-Tx, 4-Rx, type-I ; A
— — 4-Tx, 4-Rx, type-I| 4 4
/ +

Capacity in bits per channel use

0 I I I I I
0 5 10 15 20 25 30

SNR

Fig. 4. Comparison of capacities of type-I and type-II STBCs from Brauer division algebras. The plain solid curve is the capacity of the channel for
2-transmit and 2-receive antennas. And the plain dashed curve is the capacity of the channel for 4-transmit and 4-receive antennas.
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2-transmit and 2-receive, 4 and 8 bits per channel use
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Fig. 5. Comparison of STBCs with 2 transmit and 2 receive antennas
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Three transmit and three receive antennas, 6 bits per channel use
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Fig. 6. Comparison of STBCs with 3 transmit and 3 receive antennas



SHASHIDHAR VUMMINTALA et al.: INFORMATION-LOSSLESS SPACE-TIME BLOCK CODES FROM CROSSED-PRODUCT ALGEBRAS

10

BER

10

10

10

10

Fig. 7. Comparison of STBCs with 4 transmit and 4 receive antennas

4-transmit and 4-receive, 8 and 16 bits per channel use
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4-transmit and 4-receive, 8 bits per channel use
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Fig. 8. Comparison of STBCs with 4 transmit and 4 receive antennas
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Fig. 9. Comparison of block error probabilities and outage probabilities
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Table Captions

1) Comparison of various known STBCs (only square)
2) Cocycle ¢ for the cross-product algebra in Example 13
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Figure Captions
Embedding of a crossed-product algebra into the set of n X n matrices over K.
Comparison of capacities for various values of |¢| and |d|. The plain solid curve is the capacity of the channel too. Also,
Rt # Ry in the cases where [¢| # 1 or || # 1
Comparison of capacities for various values of |¢|. The plain solid curve is the capacity of the channel too.
Comparison of capacities of type-I and type-II STBCs from Brauer division algebras. The plain solid curve is the
capacity of the channel for 2-transmit and 2-receive antennas. And the plain dashed curve is the capacity of the channel
for 4-transmit and 4-receive antennas.
Comparison of STBCs with 2 transmit and 2 receive antennas
Comparison of STBCs with 3 transmit and 3 receive antennas
Comparison of STBCs with 4 transmit and 4 receive antennas
Comparison of STBCs with 4 transmit and 4 receive antennas
Comparison of block error probabilities and outage probabilities



