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Abstract. Matrices A and B in Mn(C) are said to be mutu-
ally orthogonal if AB∗ + BA∗ = 0, where ∗ denotes the conjugate
transpose. We study cardinalities of certain R-linearly indepen-
dent families of matrices arising from matrix embeddings of a di-
vision algebra of index m with center a number field Z, satisfying
the property that matrices from different families are mutually or-
thogonal. The question is of importance in the context of coding
for certain wireless channels, where the cardinalities of such sets is
connected to the maximum code rate consistent with low decoding
complexity. It follows from our results that the maximum code
rate for the codes we consider is severely limited.

1. Introduction

This paper deals with a question that arises from certain coding
and decoding issues in wireless communication. Let D be a division
algebra of index m, and center a number field Z. Suppose that we have
an embedding φ : D → Mn(C) for some n. Thus, φ is a (necessarily
injective) ring homomorphism, which by definition takes 1D to the
identity matrix. We will work exclusively with the embedded forms
φ(D) and φ(Z), and by abuse of notation, will continue to write D
and Z respectively for φ(D) and φ(Z). We will call two matrices A
and B in Mn(C) mutually orthogonal if AB∗ + BA∗ = 0, where ∗

denotes the conjugate transpose. Suppose Γ1, Γ2, Γ3, and Γ4 are four
(nonempty) families of matrices in D such that any two matrices from
distinct families are mutually orthogonal and such that the matrices
in Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4 are R-linearly independent. Assume that |Γ1| =
|Γ2| = |Γ3| = |Γ4| = k. The question we study is the following: What
is the maximum value of k? Under the assumption that Z = Z∗, which
arises quite naturally in the application to wireless communication,
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we show that this maximum is md/2, where d is the degree of the
minimal polynomial of α as a matrix in Mn(C), α a generator of Z
over Q. Here, m is necessarily even, and we identify Q with its image
φ : q 7→ diag(q, . . . , q) in Mn(C). We give examples to show that this
maximum is actually attained.

Our main theorem is the following:

Theorem 1. With notation and assumptions as above:

(1) The index m of D is even.
(2) We have k ≤ mt

2
, where t is the maximum number of R-linearly

independent Hermitian matrices in Z. Further, t ≤ d, where d
is the degree of the minimal polynomial (as a matrix in Mn(C))
of any α ∈ Z such that Z = Q(α). Thus, k ≤ md

2
.

(3) md ≤ n, so k ≤ n
2
.

We begin our considerations in the next section, but we first describe
briefly how this question arises. In the field of multiple-antenna com-
munication, division algebras embedded in Mn(C) form natural can-
didates for constructing space-time block codes, which for our purpose
are matrices X(s) arising from the embedded division algebra, whose
entries depend linearly on a 2l-tuple s = (s1, . . . , sl, s

∗
1, . . . , s

∗
l ), l ≤ n2.

Here, the si take values in a finite subset S of the nonzero complex
numbers. The l-tuple (s1, . . . , sl) carries the message to be transmit-
ted, and the matrix size n signifies both the number of antennas used
as also the number of uses of the transmission channel in one block
of transmission. (See [8], [9] for instance. Note that these references
mainly focus on the situation where X(s) depends only on s1, . . . , sl,,
but we can just as easily allow the more general case where X(s) also
depends on the complex conjugates s∗i .) Writing each si as a2i−1+βa2i,
where a2i−1 and a2i are real and β is non-real, the code matrices can
be written in the form

(1) X = X(a1, . . . , a2l) =
2l∑
i=1

aiAi,

where the Ai are fixed n × n complex matrices. The message is now
carried by the real 2l-tuple (a1, a2, . . . ), where the ai come from the
set R(S) defined as {x ∈ C | x + βy ∈ S, for some y ∈ C} unioned
with {y ∈ C | x + βy ∈ S, for some x ∈ C}. Note that the Ai must
be R-linearly independent, else, we could write some Ai as an R-linear
combination of the remaining Aj in the right side of Equation 1, and as
a result, we would effectively be transmitting fewer than 2l real symbols
and hence less information in each matrix X.
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Typically, the division algebra D from which the matrices X(s) arise
is taken to be an Z-central division algebra, where Z is one of Q, Q(ı),
or Q(ω), where ω is a primitive 3rd root of unity, and S is taken to
be a subset of the nonzero elements of Z. When Z = Q(ı), β above is
taken to be ı, and when Z = Q(ω), β above is taken to be ω. In such
situations, and under the assumption that X(s) ∈ D for all s ∈ Z, as
is the situation in practice, it is easy to see that the Ai themselves are
also in D. (Of course, when Z = Q, there are no imaginary parts to
the si, instead, for uniformity of notation, we will tacitly assume that
in this case, s is really a 2l-tuple (a1, . . . , a2l), with 2l ≤ 2n2.)

When some standard lattice-based decoding procedures are employed,
the decoding process has worst-case decoding complexity of the order
O(|R(S|)2l), which, especially when the code is “full-rate” (i.e, l = n2),
is prohibitively high. It is of interest to reduce the exponent of |R(S)|
in the complexity, by enabling the ai to be decoded in parallel groups.
If this can be accomplished, and if say k is the maximum size of the
groups, then the decoding complexity drops to |R(S|)k. Suppose that
the symbols a1, . . . , a2l can be decoded in parallel in groups Γ1, . . . ,
Γg, with Γi (after reindexing a1, . . . , a2l) containing the symbols ai,1,
ai,2, . . . . We may rewrite Equation 1 as

(2) X =

g∑
i=1

∑
u

ai,uAi,u

where the Ai are correspondingly partitioned and reindexed. An anal-
ysis of the decoding process shows that decoding can occur in such
parallel groups if and only if each of the corresponding matrices Ai,u,
u = 1, 2, . . . , attached to the symbols ai,u in Γi is mutually orthogonal
to each of the matrices Aj,v, v = 1, 2, . . . , attached to the symbols aj,v
in Γj, for all 1 ≤ i < j ≤ g ([2], see also [1], [5], [6], [7], [10]). Further,
as [2] shows, the maximum number of groups g possible is 4. Note that
since the decoding complexity is determined by the size of the largest
group Γi, we may assume that all groups have the same cardinality:
this ensures that the decoding complexity is as low as possible for a
given choice of 2l =

∑
i |Γi|. (Hence, 2l = 4k.) We are thus led to the

central question of this paper: what is the maximum possible value of
the cardinality of these sets Γ1, . . . ,Γ4?

A high value of |Γi| is desirable, since the higher the value of |Γi|,
the higher the amount of information sent by the code matrix X(s).
In this context, see also Remark 20 at the end of the paper.
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2. Commuting spaces inside division algebras

Throughout the paper, if X and Y are two subsets of a ring, we will
say X and Y commute pairwise if xy = yx for all x ∈ X and y ∈ Y .
We will say X is commutative if the elements of X commute with one
another.

We will start with a result that is purely about division algebras:

Proposition 2. Let E be a division algebra with center F and index
m. Let V and W be two distinct F -linear subspaces of E that commute
pairwise. Then at most one of dimF (V ), dimF (W ) can be greater than
m.

Proof. The result is of course true if V and W are the same space, for
then, the commutativity condition shows that F and V must generate
a subfield of E, whose dimension over F is necessarily bounded by m.
So assume that V and W are distinct as in the statement. Not that it
is sufficient to prove the theorem for F [V ] and F [W ], the F -algebras
generated by V and W respectively.

Let F1 be the center of F [V ]. If F [V ] is commutative, then F [V ] =
F1 is a field extension of F , and is hence of dimension at most m,
proving the theorem for this case. Thus, we may assume that F [V ]
is noncommutative, with center F1. If ∆ is the centralizer in E of F1,
then ∆ ∼= F [V ]⊗F1B, where B is F1-central, and is the centralizer in ∆
of F [V ], which is also the centralizer in E of F [V ]. (This is standard,
see [3, Theorem III.5.1, Chapter III], or [4, Theorem 4.7, Chapter 4]
for instance.) Thus, F [W ] is contained in B. We may further expand
F [W ] to B (since any element of F [V ] commutes with any element of
B) and prove our theorem for F [V ] and B.

Once again, if B is commutative (i.e., the centralizer of F [V ] in E is
F1 itself: this follows from the Double Centralizer Theorem, [3, The-
orem III.5.1, Chapter III]), then as in the beginning of the previous
paragraph, the theorem is proved. So we assume that B is noncom-
mutative. Now, if F [V ] as an F1 division algebra has index m1 and
B as an F1 division algebra has index m2, then the F -dimensions of
F [V ] and B are m2

1t and m2
2t respectively, where t = [F1 : F ]. Suppose

that both m2
1t and m2

2t are greater than m. If say m1 ≥ m2, then
m1m2t ≥ m2

2t > m by assumption. Now, if K is a maximal subfield
of F [V ] and L a maximal subfield of B, then K ⊗F1 L is a subfield of
∆ and of E. Since the F1-dimensions of K and L are m1 and m2, we
find K ⊗F1 L has F -dimension m1m2t > m. This contradicts the fact
that any subfield of E must have have F -dimension bounded above by
ind(E) = m. This proves our lemma. �
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3. Division algebras embedded in Mn(C).

We will retain the notation introduced in Section 1. We will prove
here two results about the division algebras D of index m with center
Z a number field, embedded in Mn(C). If S and T are subrings of
Mn(C), we will write ST for the set {Σsiti, si ∈ S, ti ∈ T}. If S and T
commute, this is a subring of Mn(C).

Proposition 3. With D and Z as above, let α be any element in Z
such that Z = Q(α). If the minimal polynomial of α (as a matrix) has
degree d, then [CZ : C] = d, and any Z-linearly independent subset of
D stays CZ-linearly independent in CD(= CZD). CD is hence a free
CZ module of rank m2.

Proof. CZ = C[α], and it is clear from this that [CZ : C] = d. If
the minimal polynomial of α (as a matrix) is g(t) ∈ C[t], , then g(t)
divides the minimal polynomial of α (as a field element) over Q, and
therefore splits in C[t] into d distinct linear factors (t − αi). So, from
CZ = C[α] ∼= C[t]/g(t) we find that CZ is a direct product of the d
factors C[t]/(t− αi) ∼= C. Each of these factors is a Z-algebra: α acts
as multiplication by t modulo (t−αi), in other words, as multiplication
of C by αi.

Now CD = (CZ)D, and CZ and D commute in (CZ)D, so CD is a
homomorphic image of CZ ⊗Z D, via x⊗ d mapping to xd for x ∈ CZ
and d ∈ D. Thus, CD is a homomorphic image of (C× · · · ×C)⊗Z D,
(d factors) with the C in the i-th slot a Z algebra as described above.
In other words, CD is a homomorphic image of (C⊗ZD)×· · ·× (C⊗Z
D) We claim that this homomorphism is actually injective. Since C
is a simple Z algebra, each C ⊗Z D is simple. Thus, the kernel of
the homomorphism is some ideal that has zeros in some slots and the
corresponding factor C ⊗Z D in the other slots. But note that if the
kernel has C ⊗Z D in the i-th slot, this means in particular that the
element (0, . . . , 1, 0, . . . ) ⊗ 1 (where the 1 on the left in the i-th slot),
goes to zero in CD. Note that CZ embeds in CZ ⊗Z D via x 7→ x⊗ 1.
The element (0, . . . , 1, 0, . . . ) ⊗ 1 is an element in the image of this
embedding, and if it is the image of x ∈ CZ, we find x goes to zero
under the composition CZ ↪→ CZ ⊗Z D → CD. But the composition,
which sends x to x⊗ 1 to x · 1 = x, is an injection—a contradiction.

Thus, CD ∼= CZ⊗ZD. It follows that for any Z-linearly independent
subset {di, i = 1, . . . , l} of D, the set {1 ⊗ di, i = 1, . . . , l} stays CZ-
linearly independent in the tensor product. Since D is a free Z-module
of dimension m2, the theorem follows.

�
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Remark 4. We find therefore that the R-dimension of CD is 2m2d.

Thus, a trivial upper bound for the size k of the Γi is
m2d

2
.

Our second result relates the minimum matrix size n to the index of
D: this is thus one half of Theorem 1, Part 3.

Proposition 5. (Theorem 1, Part 3)With D, Z and n as in the be-
ginning of the section, and with d as in the statement of Proposition 3,
we have n ≥ md.

Proof. We have seen in the proof of Proposition 3 that CD ∼= CZ ⊗Z
D ∼= (C⊗ZD)×· · ·×(C⊗ZD) (d factors). Each C⊗ZD is simple with
center C, and of dimension m2 over C, and is therefore isomorphic to

Mm(C). Thus, Mn(C) contains md orthogonal idempotents e
(k)
i,i , where

e
(k)
i,i is the (i, i) matrix unit from the k-th slot in the ring direct sum

(C ⊗Z D) × · · · × (C ⊗Z D). The set
∑

i,k e
(k)
i,i Mn(C) is a right ideal,

and is actually a direct sum ⊕i,ke(k)i,i Mn(C), as can be seen from the

orthogonality of the idempotents. Now each e
(k)
i,i Mn(C) is itself a right

ideal, and is hence a direct sum of minimal right ideals of Mn(C),
each of dimension n over C. It follows that dimC(Mn(C)) = n2 ≥
dimC(

∑
i,k e

(k)
i,i Mn(C)) ≥ n ·md, so n ≥ md. �

4. Mutually orthogonal famllies

In this section we set up some preliminary results needed on matrices
in mutually orthogonal families. First, we will say that two subsets
X and Y of Mn(C) are mutually orthogonal if x and y are mutually
orthogonal for all x ∈ X and y ∈ Y . Recall that all our code matrices
are assumed invertible.

The following lemmas Lemma 6 through 9 are elementary and ap-
peared in [2], but we will sketch their proofs for completeness:

Lemma 6. If A1, . . . , An are pairwise mutually orthogonal invertible
matrices in Mn(C), then they are R-linearly independent.

Proof. Assume that r1A1 + · · · + rnAn = 0. For each i, multiplying
this equation on the right by A∗

i , and multiplying the conjugate trans-
pose form of this equation on the left by Ai, and then adding, we find
2riAiA

∗
i = 0. Since the Ai are invertible, we find ri = 0. �

Lemma 7. If matrices A and B are mutually orthogonal, so are MA
and MB for any matrix M . If M is invertible, then A and B are mu-
tually orthogonal if and only if MA and MB are mutually orthogonal.
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Proof. This is a simple computation. �

Lemma 8. If A and B are mutually orthogonal and A is invertible,
then A−1B is skew-Hermitian.

Proof. By Lemma 7 above, A−1A = In (the n×n identity matrix) and
A−1B are mutually orthogonal. Writing down the mutual orthogonality
condition for these two matrices, we find that A−1B is skew-Hermitian.

�

Lemma 9. The g invertible matrices A1 = In (the n × n identity
matrix), A2, . . ., Ag in Mn(C) are mutually orthogonal if and only if
Ai is skew-Hermitian for i ≥ 2 and A2, . . . , Ag pairwise anticommute.

Proof. Assume that A1 = In, A2, . . ., Ag in Mn(C) are mutually or-
thogonal. Since In and Ai are mutually orthogonal for i ≥ 2, we find
that Ai is skew-Hermitian for i ≥ 2. In particular, for i, j ≥ 2, i 6= j,
we may replace A∗

i by −Ai and A∗
j by −Aj in the orthogonality relation

to obtain the anticommuting relation AiAj + AjAi = 0. Conversely,
assume that Ai is skew-Hermitian for i ≥ 2 and A2, . . . , Ag pairwise
anticommute. We clearly have InA

∗
i + AiIn = 0 for i ≥ 2. Using the

skew-Hermitian relation to replace the second factor in each summand
of AiAj +AjAi by the negative of its conjugate transpose, we find that
the Ai, for i = 2, . . . , g are mutually orthogonal. �

Now let Γ1, Γ2, Γ3, Γ4 be four families of matrices from D as in the
statement of Theorem 1. For the rest of the paper, we will focus on
the internal algebra structure of D, and will refer to the elements in
Γ1, Γ2, etc. by small letters, and will use 1 and In interchangeably for
the n× n identity matrix.

Since we are only interested in the cardinality of these sets, we may
pick some w ∈ Γ1 (say) and multiply all matrices on the left by w−1.
By Lemma 7 the families w−1Γ1, w

−1Γ2, w
−1Γ3, and w−1Γ4 will be

mutually orthogonal and since we are only multiplying through by w−1,
the matrices in w−1Γ1 ∪w−1Γ2 ∪w−1Γ3 ∪w−1Γ4 will remain R-linearly
independent. We may thus replace our original families with these new
families, and we may assume that 1 ∈ Γ1.

Now pick some x ∈ Γ2, y ∈ Γ3, and z ∈ Γ4. Then by the lemmas
above, 1, x, y, and z are R-linearly independent, and x, y, and z are
skew-Hermitian and anticommute pairwise. The anticommutativity
shows that x and y each commutes with x2 and y2, so x and y generate
a quaternion algebra Qx,y over the field Zx,y := Z(x2, y2). The skew
commuting relations between x and z and between y and z, show that
z commutes with both x2 and y2, and thus, with the field Zx,y. As is
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standard (we have seen this already in the proof of Proposition 2 ),
we may write the centralizer of Zx,y in D as Qx,y ⊗Zx,y Bx,y for some
Zx,y-central division algebra Bx,y. Hence, we may write z as

∑
i qi⊗ si

for qi ∈ Qx,y and si a Zx,y-basis of Bx,y. We have the following:

Lemma 10. z = xyt for some t ∈ Bx,y, and t is Hermitian.

Proof. The proof of this lemma is a calculation: we write z =
∑

i qi⊗si
as described above, and write each qi as Zx,y linear combinations of 1,
x, y and xy. Thus, we write z =

∑
i(ri,0+ri,1x+ri,2y+ri,3xy)⊗si). We

use the fact that zx+xz = 0 to find that all ri,0 and ri,1 are zero. Next,
the relation zy + yz = 0 shows that all ri,2 are zero as well. It follows
that z = xy ⊗ t = xyt, where t =

∑
i ri,3si. Since z is skew-Hermitian,

we find (xyt)∗ = −xyt. On the other had, t commutes with both x and
y, so we find (xyt)∗ = (txy)∗ = y∗x∗t∗ = yxt∗ = −xyt∗, where the last
but one equality is because x and y are skew-Hermitian, and the last
equality is because x and y anticommute. We thus find t = t∗. �

Remark 11. Note that in the considerations above, if we had chosen to
focus on the quaternion algebra generated by x and z over Z[x2, z2],
we would have found y = xzu, where u commutes with x and z and is
Hermitian. Similarly, by focusing on the quaternion algebra generated
by y and z over Z[y2, z2], we would have found x = yzv where v
commutes with y and z and is Hermitian. This symmetry will be
useful below.

Notation 12. We now fix 1 ∈ Γ1, x ∈ Γ2, y ∈ Γ3 and z ∈ Γ4. We list
Γ2 as {x1 := x, x2, . . . , xk}, and similarly Γ3 as {y1 := y, y2, . . . , yk}
and Γ4 as {z1 := z, z2, . . . , zk}. Next, we write xi = x1ai, yi = y1bi
and zi = z1ci, i = 1, . . . , k, for appropriate ai, bi and ci in D. We
write A for {1, a2, . . . , ak}, B for {1, b2, . . . , bk}, and C for the set
{1, c2, . . . , ck}.

We have the following:

Proposition 13. The sets A, B, and C commute pairwise. Moreover,
each ai commutes with y and z, each bj commutes with x and z, and
each cl commutes with x and y.

Proof. We will prove first that for each j and l, bj and cl commute
with each other and that each bj commutes with x and z and each cl
commutes with x and y.

We first apply the considerations of Lemma 10 above to the mutually
orthogonal 4-tuple 1, x, y, and z = z1, and then to 1, x, y, and zl.
Doing so, we find z(= z1) = (xy)t1, where t1 commutes with x and y.
Similarly, we find zl = (xy)tl, where tl commutes with x and y. Thus,
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zl = zt−1
1 tl, so we find cl = t−1

1 tl. We thus find cl commutes with x
and y, since both t1 and tl do. By symmetric arguments applied to the
mutually orthogonal 4-tuple 1, x, y = y1, z and then to 1, x, y = yj, z
(see Remark 11 above), we find bj commutes with x and z.

By considering the mutually orthogonal 4-tuple 1, x, yj, zl we find
from Lemma 9 that yj and zl skew-commute. Thus we find (ybj)(zcl)+
(zcl)(ybj) = 0. In the first summand bj commutes with z and in the
second summand, cl commutes with y. Moroever, by considering the
mutually orthogonal 4-tuple 4-tuple 1, x, y, z, we find that y and z
skew-commute. Our equation thus becomes (yz)(bjcl− clbj) = 0, so on
canceling yz, we find that bi and cj commute.

The proofs for any of the pairs ai and bj as well as for any of the
pairs ai and cj are similar, invoking symmetry.

�

Remark 14. Of course, since each cl commutes with x and with each
ai, each cl commutes with the various xai, i = 2, . . . , k, and hence each
cl commutes with all members of Γ2. By the same arguments, each cl
commutes with all members of Γ3. Similarly, the members of A and
Γ3 commute pairwise, as do the members of A and Γ4. The mem-
bers of B and Γ2 commute pairwise, as do the members of B and Γ4.
Furthermore, by considering the mutually orthogonal families z−1Γ1,
z−1Γ2, z

−1Γ3, z
−1Γ4 (so 1 ∈ z−1Γ4), as also the mutually orthogonal

families y−1Γ1, y
−1Γ2, y

−1Γ3, y
−1Γ4 (so 1 ∈ y−1Γ3), and repeating the

arguments above, we can see that the members of Γ1 and A commute
pairwise, as do the members of Γ1 and B, as do the members of Γ1 and
C.

Remark 15. Note that since the elements of the family, say Γ2 are R-
linearly independent, the elements of the family A must be R-linearly
independent, since the elements of Γ2 are just elements of A multiplied
by x1 on the left. The same holds for the families B and C. Also note
that the families A, B, and C need not be distinct. In Example 19
ahead, for instance, A = B = C.

We also have:

Lemma 16. for any ai ∈ A, and with x1 = x as in Notation 12, we
have xaix

−1 = a∗i .

Proof. The proof of this follows from the fact that xai is skew-symmetric,
as is x. Write simply a for ai. Then (xa)∗ = a∗x∗ = −a∗x. On the
other hand, (xa)∗ = −xa. We thus have xa = a∗x. The result now
follows. �
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5. Proof of Theorem 1.

In what follows, A0 ⊆ A will be a maximal set of Z-linearly in-
dependent elements in A, and similarly, B0 ⊆ B and C0 ⊆ C will
be (respectively) maximal sets of Z-linearly independent elements in
B and C. (Note that Z-linearly independent elements in D remain
CZ-linearly and hence RZ- and R-linearly independent (Proposition
3), but R-linearly independent elements in D need not be Z-linearly
independent.)

Proof of Theorem 1. We first show that t ≤ d (this is one part of the
statement of Part 2 of of Theorem 1). As we have seen (Proposi-
tion 3), CZ is a d-dimension C space, and hence a 2d-dimensional R
space. Since Z∗ = Z, CZ is sent to itself under conjugate transposition.
Writing CZ+ and CZ− for the set of Hermitian and skew-Hermitian
matrices respectively in CZ, it is clear that CZ ∼= CZ+ ⊕ CZ− as R
spaces, via the mapping that sends M to (M+M∗

2
, M−M∗

2
). Moreover,

multiplication by the scalar matrix ı furnishes an isomorphism between
CZ+ and CZ−. Thus, the dimension of CZ+ as an R-space is also d.
Since t is the dimension of the R-vector space R〈Z+〉 generated by Z+,
and since R〈Z+〉 ⊆ CZ+, we find that t ≤ d.

Next, let p1, . . . , pt be a maximal set of R-linearly independent Her-
mitian matrices in Z. Suppose that a1, . . . , al are the members of
A0. As observed above, the matrices in A0, being Z-linearly indepen-
dent, are also CZ and therefore R-linearly independent. It follows then
that the various matrices pjai are all R-linearly independent. For, if
say

∑
i,j ri,jpjai = 0, then

∑
i(
∑

j ri,jpj)ai = 0. Since the ai are CZ
linearly independent, they are RZ linearly independent, so for each i,∑

j ri,jpj = 0. By the choice of the pj, each ri,j must be zero.
The matrices pjai considered above are thus a basis of the R-space

R〈Z+, A0〉 generated by Z+ and A0. We show now that the R-space
R〈Z+, A〉 generated by Z+ and A equals R〈Z+, A0〉. One direction of
the containments is of course clear, we only need to show R〈Z+, A〉 ⊆
R〈Z+, A0〉. So consider any a ∈ A \ A0. Since the elements of A0 are
a maximal Z-linearly independent subset of A, a =

∑
i siai for si ∈ Z.

By Lemma 16, xax−1 = a∗ =
∑

i a
∗
i s

∗
i = s∗i a

∗
i . (The last equality is

because si and ai commute, so their conjugate transposes also commute
with each other.) But xax−1 = x(

∑
i siai)x

−1 =
∑

i[xsix
−1] · [xaix−1].

Invoking Lemma 16 again and the fact that the si are central in D,
this last sum becomes

∑
i sia

∗
i . We thus find

∑
(s∗i − si)a

∗
i = 0, or

transposing, ai(si − s∗i ) = 0. Since s∗i ∈ Z by hypothesis, the Z-linear
independence of the ai shows that si is Hermitian. By choice of the
pj, each si is an R-linear combination of the pj. It follows immediately
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that every element of A lies in the R-space spanned by the (R-linearly
independent) matrices pjai, which is precisely R〈Z+, A0〉.

It follows from the fact that the elements of A are R-linearly in-
dependent (Remark 15) and the fact that A ⊆ R〈Z+, A0〉 which has
R-basis the set consisting of pjai, that |A| ≤ t|A0|. But |A| = |B| = |C|
(as |Γ2| = |Γ3| = |Γ4|), and by the same reasoning, |B| ≤ t|B0| and
|C| ≤ t|C0|. Therefore, |A| is bounded above by t times the minimum
of |A0|, |B0|, and |C0|. We have the following result:

Lemma 17. The minimum of |A0|, |B0|, and |C0| is at most m
2

.

Proof of Lemma 17. Since |A0| is the dimension of the Z-vector space
Z〈A0〉 generated by A0, and similarly for |B0| and |C0|, it suffices to
show that the minimum Z-space dimensions of the three Z-algebras
Z[A0], Z[B0], and Z[C0] generated by A0, B0, and C0 (respectively) is
bounded above by m

2
.

First consider the case where one of the families, say C0, is com-
mutative. The elements of the set C0 commute with both x and
y, as shown in the proof of Proposition 13. Thus, they commute
with the quaternion algebra Qxy generated by x and y over the field
Zxy = Z(x2, y2). As before, we write the centralizer in D of Zxy as
Qxy ⊗Zxy Bxy for some Zxy-central division algebra Bxy. Then, the
algebra Zxy[C0] is contained in Bxy. Now, if [Zxy : Z] = r, then,
the index of the centralizer of Zxy is m

r
, and therefore, the index

of Bxy is m
2r

. Thus, Zxy[C0], being a commutative subfield of Bxy,
has Zxy dimension at most the index of B, and this is m

2r
. Hence,

[Z[C0] : Z] ≤ [Zxy[C0] : Z] = [Zxy[C0] : Zxy][Zxy : Z] ≤ m
2r
r = m

2
.

Thus, in the case where C0 is commutative, we find that the minimum
cardinality of A0, B0, and C0 is at most m

2
. Similar arguments clearly

apply if A0 or B0 is commutative.
Now assume that one of A0, B0, and C0, say C0, is not commutative.

Then Z[C0] is a division algebra of index s ≥ 2 over some center L ⊇
Z. Write r for [L : Z]. Then the centralizer of L has index m

r
, and

decomposes as Z[C0] ⊗L BC0 for some L-central division algebra BC0 .
The index of BC0 is m

rs
, and this index is at most m

2r
as s ≥ 2. Now, A0

and B0 are both contained in BC0 as they each commute with C0, and
A0 and B0 commute pairwise among themselves as well (Proposition
13). If L[A0] = L[B0], then the fact that A0 and B0 commute pairwise
shows that A0 is commutative, and we have already shown above that
|A0| ≤ m

2
in that case. So assume L[A0] 6= L[B0]. Then L[A0] and

L[B0] are two distinct subspaces of BC0 that commute pairwise, so by
Proposition 2, one of [L[A0] : L], [L[B0] : L] is bounded above by the
index of BC0 , which in turn is bounded above by m

2r
. If say [L[A0] : L]
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is bounded above by m
2r

, then [Z[A0] : Z] ≤ [L[A0] : Z] = [L[A0] : L][L :
Z] ≤ m

2r
r = m

2
.

Thus, in all cases, the minimum of |A0|, |B0|, and |C0| is bounded
above by m

2
.

�

We conclude from Lemma 17 and the arguments immediately preced-
ing the lemma that |A| = k ≤ tmin{|A0|, |B0|, |C0|} ≤ mt

2
, as desired.

Since we have already shown that t ≤ d above, we find k ≤ mt
2
≤ md

2
.

We have thus established Part 2 of of Theorem 1 in entirety.
To establish Part 1 of of Theorem 1, note that we have seen that

the skew commuting elements x and y generate a quaternion algebra
Qx,y with center Zx,y = Z[x2, y2]. Thus, [Qx,y : Zx,y] = 4, and the
containment Z ⊆ Zx,y ⊆ Qx,y ⊆ D shows that 4 divides [D : Z] = m2.
It follows that m is even.

Finally, Part 3 of of Theorem 1 follows from Proposition 5: md ≤ n
by that proposition, so indeed k ≤ md

2
≤ n

2
.

We have thus proved Theorem 1. �

We end this section with a couple of examples and a remark:

Example 18. Consider the matrices w1 =

(
1 0
0 1

)
, x1 =

(
ı 0
0 −ı

)
,

y1 =

(
0 −1
1 0

)
, and z1 =

(
0 −ı
−ı 0

)
. These arise from the rep-

resentation of Hamilton’s quaternions
(−1,−1)

Q
in M2(C), and each

of them is mutually orthogonal to the other three. These matrices
are R-linearly independent, and satisfy x21 = −I2, y21 = −I2, and
x1y1 = z1 = −y1x1. Clearly m = 2 here, Z = Q, and d = 1, and the
maximum of k = md

2
is met. (This example is known as the “Alamouti

Code” in the communication engineering literature.)

Example 19. More generally (we thank Nadya Markin for showing us
this generalization) , let Z = Q(α) be a totally real number field of
degree d, and view M2d(C) as M2(C) ⊗C Md(C). Let α1 = α, α2, . . . ,
αd be the various conjugates of α, all real by assumption. We may
embed Z into M2d(C) by sending α to I2 tensored with the matrix
Mα that has α1, . . . , αd along the diagonal. Then, we may embed the

Z-central division algebra
(−1,−1)

Z
∼=

(−1,−1)

Q
⊗Q Z into M2d(C) via

w1⊗ Id, . . . , z1⊗ Id, and with Z embedded as above. The four families
of matrices w1 ⊗M j

α, x1 ⊗M j
α, y1 ⊗M j

α, and z1 ⊗M j
α, j = 1, . . . , d
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are mutually orthogonal, and we have the maximum of k = 2d
2

real
symbols.

Remark 20. A key parameter of the code X(s) described in Section 1

is the code rate, defined as
2l

n
(this has the interpretation that it is the

number of real symbols transmitted “per single use of the transmission
channel”). A “full-rate” code, where l has the maximum possible value

of n2, would have a code rate of:
2n2

n
= 2n; however the worst case

decoding complexity of such a code is very high as we have seen. Our
results in Theorem 1 show that for codes that enable parallel decoding
using 4 mutually orthogonal groups, the maximum code rate drops to

4
n

2
n

= 2, which is a low constant that does not grow at all with n, the

number of antennas. Thus, our results show that there is a significant
tradeoff between faster decodability using mutually orthogonal groups
and the maximum code rate.
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