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Abstract—We discuss a technique provided by Ernvall-
Hytónen for verifying the Belfiore-Solé conjecture for unimodular
lattices, a conjecture that arises in the theory of wiretap lattice
codes for the Gaussian channel. We provide an alternative proof
of a key lemma of Ernvall-Hytónen that avoids dependence on
a machine for verification, and as a further example of the
technique, we verify the Belfiore-Solé conjecture for unimodular
lattices in dimension 34 that arise from certain binary [34, 17, 6]
codes, which includes some with trivial automorphism group.

I. INTRODUCTION

In [1], Oggier and Belfiore consider the problem of wiretap
code design for the Gaussian channel, using coset coding
using lattices. Assuming that Eve’s channel is more degraded
than Bob’s channel, they analyze the probability of both users
making a correct decision, and determine conditions under
which Eve’s probability of correct decoding is minimized.
They express these conditions in terms of the properties of
the lattices they use, encoded in a function they define called
the secrecy function. Given a unimodular lattice Λ in Rn, they
define the secrecy function ΞΛ(y) by

ΞΛ(y) =
ΘZn(ıy)

ΘΛ(ıy)
, y > 0. (1)

Here, ΘΛ(z) is the theta series of the lattice Λ in terms of the
complex variable z (with imaginary part positive), defined by

ΘΛ(z) =
∑
x∈Λ

q||x||
2

, q = eıπz, Im(z) > 0. (2)

The maximal achievable value of the secrecy function is called
the secrecy gain.

In the paper [2], Belfiore and Solé further study the secrecy
function of unimodular lattices. They observe, as do the
authors in [1], that for a given lattice Λe used for coset coding,
the value of y at which ΞΛe(ıy) obtains its maximum yields
the value of the signal-to-noise ratio in Eve’s channel that
causes maximum confusion to Eve, as compared to using the
standard lattice Zn. Thus, it is vitally important to know at
what value of y the secrecy function attains its maximum.
The authors in [2] study some examples of lattices and make
the following conjecture that is the motivation for this paper:

Conjecture 1. (Belfiore-Solé [2]) The secrecy function of a
unimodular lattice attains its maximum at y = 1.

All attempts to prove the Belfiore-Solé conjecture so far
([3], [4], [5]) have been based on a lovely technique of
Ernvall-Hytónen ([3]). Her technique furnishes a condition on
a certain polynomial that when true, is sufficient to show that
the Belfiore-Solé conjecture holds for any given unimodular
lattice. What is necessary for applying this condition is knowl-
edge of the theta series of the lattice, but once the theta series
is known, the ratio of infinite theta series is replaced by a
single polynomial of degree at most bn8 c.

The goal of this short note is to give an alternative proof of
a key result that goes into Ernvall-Hytónen’s technique—this
alternative proof uses purely analytical methods and avoids
the machine dependency of the original paper—and to then
illustrate the technique on lattices of length 34 built via
Construction A from certain self-dual [34, 17, 6] codes (these
include some codes having trivial automorphism group). We
find that all such lattices satisfy the Belfiore-Solé conjecture,
a fact that was previously unknown.

II. THE TECHNIQUE OF ERNVALL-HYTÓNEN

Ernvall-Hytónen begins with the known result that the theta
series of a unimodular lattice is a polynomial

∑
arϑ

n−8r
3 ∆r

8

for r running from 0 to bn8 c in two other (algebraically

independent) modular forms ϑ3 and ∆8 =
ϑ4

2ϑ
4
4

16
. Here, ϑ2,

ϑ3 and ϑ4 are special functions on the upper half plane (i.e., z
such that Im(z) > 0), defined via the following infinite series
in the variable q = eıπz:

ϑ2(z) =

∞∑
n=−∞

q(n+ 1
2 )2 , (3)

ϑ3(z) =

∞∑
n=−∞

qn
2

, (4)

ϑ4(z) =

∞∑
n=−∞

(−1)nqn
2

, (5)

Using the absolute convergence for all three series for |q| < 1
and rewriting them by combining terms indexed by +n and
−n, it is easy to see that none of the three series sums to zero
when z is specialized to ıy, y > 0.

The theta series of Zn is in fact just ϑn3 . Writing the theta
series of Λ as

∑
arϑ

n−8r
3 ∆r

8 and writing ∆8 in terms of ϑ2



and ϑ4 as above, we find that the secrecy function ΞΛ(y)
(where z is now constrained to be of the form ıy, y > 0) is
given by the multiplicative inverse of a polynomial expression

p(ζ) of degree at most bn8 c, where ζ =
ϑ4

2(ıy)ϑ4
4(ıy)

ϑ8
3(ıy)

. The

quantity ζ, as a function of y, satisfies the multiplicative sym-
metry ζ(1/y) = ζ(y): this follows from analogous symmetry
properties of the modular forms ϑ2, ϑ3, and ϑ4. Ernvall-
Hytónen then uses the symmetry of ζ to prove that ζ(y) has a

unique maximum at y = 1, and this maximum is
1

4
. It follows

from this that ζ(y) takes on values in the range [0, 1
4 ] for y > 0.

Thus, to show that ΞΛ(y) takes on its maximum at y = 1,
Ernvall-Hytónen observes that because ΞΛ(y) = p(ζ)−1, and
because ζ(y) takes on values in [0, 1

4 ], it suffices to show that
p(ζ) is a decreasing function of ζ for ζ in the interval [0, 1

4 ].
For, if this were to happen, then p(ζ)−1 would be an increasing
function of ζ for ζ in the interval [0, 1

4 ], and it would hence
have its maximum when ζ = 1

4 . But because ζ when viewed
as a function of y has a unique maximum of 1

4 , and this occurs
when y = 1, one would find that ζ = 1

4 precisely when y = 1.
One would hence have shown that ΞΛ(y) attains its maximum
at y = 1.

To apply this technique to any one particular lattice, we only
need to consider its theta series, compute the polynomial p(ζ),
and show that p decreases in the interval [0, 1

4 ] to be able to
conclude that this lattice satisfies the Belfiore-Solé conjecture.

III. ALTERNATIVE PROOF OF A KEY LEMMA OF
ERNVALL-HYTÓNEN

The key to this technique is the result that ζ(y) attains
its unique maximum at y = 1. Ernvall-Hytónen’s proof
involves the manipulation of infinite products and careful
considerations of certain infinite series. At a key point in her
proof, she needs to consider the solution of a sixth degree
polynomial equation, two real roots of which she determines
by machine calculations. More critically, she has to resort to
the machine to be able to say that there are no further real
roots—a necessary ingredient of her arguments. Although this
is sound, it is preferable to have a proof that can be checked
without recourse to a machine, and we furnish such a proof
below. Note that this proof does not invoke the multiplicative
symmetry of ζ(y) either.

Lemma 1. ([3]) The function ζ(y) defined above for y > 0
has a unique maximum at y = 1, where its value is 1

4 .

Proof: It is sufficient to show that
√

1
ζ =

ϑ4
3

ϑ2
4ϑ

2
2

has a
unique minimum at y = 1 (note that none of ϑ2, ϑ3 or ϑ4 are
zero for z = ıy, y > 0, as already observed in the previous
section). By e.g. [6, Chap. 4], ϑ4

3 = ϑ4
2 + ϑ4

4. Thus, we need
to show that (ϑ4

ϑ2
)2 + (ϑ2

ϑ4
)2 has a unique minimum at y =

1. Putting x = ϑ4

ϑ2
, we notice by calculus that x2 + ( 1

x )2

has minima precisely at x = ±1. Thus, at any minimum of
(ϑ4

ϑ2
)2 + (ϑ2

ϑ4
)2, we must have ϑ4 = ϑ2, since we may ignore

x = −1 as both ϑ4 and ϑ2 are positive.

We thus wish to find y such that ϑ4(ıy) = ϑ2(ıy). Invoking
another identity, from e.g, [6, Chap. 4], we have ϑ2(− 1

z ) =
( zı )

1/2ϑ4(z) (where the square root is the principal value).
Putting z = ıy, we need to solve ϑ2( ıy ) =

√
yϑ2(ıy). Clearly

y = 1 is a solution, and we need to show that it is the only
solution.

We invoke the power series representation of ϑ2 (Equation
(3)). Invoking absolute convergence for |q| < 1, we
may group the terms with indices +n and −n and write
ϑ2(ıy) = 2q1/4(1 + q2 + q6 + q12 + · · · ). Now let us
specifically use q for e−

π
y and p for e−πy . First consider

the case y > 1, we wish to show that ϑ2( ıy ) 6= √yϑ2(ıy).
Since q > p > 0 when y > 1, it is enough to show that√
yp1/4

q1/4
< 1 when y > 1, since then, ϑ2( ıy ) − √yϑ2(ıy) =

2q1/4
(

(1 + q2 + · · · )−
√
yp1/4

q1/4
(1 + p2 + · · · )

)
, and each

term in the series on the left will be greater than the
corresponding term in the series on the right. Similarly, if we
consider the case y < 1, then p > q > 0, and it is enough to
show that

√
yp1/4

q1/4
> 1 when y < 1

It is sufficient to show that the fourth power y2e−πy

e
−π
y

is
greater than 1 for y < 1 and less than 1 for y > 1. But
this is an easy calculus exercise: the function is 1 at y = 1,
and the derivative of the function is negative for all y > 0.

The fact that the value of ζ at 1 is 1
4 is easy to see: At

y = 1, we have already seen that ϑ2(ı) = ϑ4(ı). Thus, ζ(ı) =

( ϑ2(ı
ϑ3(ı) )8. The identity ϑ2(z)4 + ϑ4(z)4 = ϑ3(z)4 now shows

that ( ϑ2(ı
ϑ3(ı) )4 = 1

2 . The result follows immediately.

IV. UNIMODULAR LATTICES IN DIMENSION 34 AND THE
BELFIORE-SOLÉ CONJECTURE

We give an example of the use of Ernvall-Hytónen’s
technique by showing that unimodular lattices in dimension
34 that arise from certain binary [34, 17, 6] self-dual codes
(which includes some with trivial automorphism group) via
Construction A satisfy the Belfiore-Solé conjecture. The key to
this is the classification of the weight enumerator polynomial
in [7]. All such codes have weight enumerators W (x, y) given
by x34 + (34 − 4β)x28y6 + (255 + 4β)x26y8 + (1921 +
20β)x24y10 + (8466− 20β)x22y12 + · · · (see [7, Section 3]),
where β is an integer, or by x34 + 6x28y6 + 411x26y8 +
1165x24y10 + 10886x22y12 + · · · . We show the calculations
here for the first case, where codes are known to exist for
β = 0, 1, . . . , 7. Codes with trivial group have values 2, 3
and 4 for β, as reported in [7]. (The positive resolution of
the Belfiore-Solé conjecture for these lattices has not been
reported before in the literature, as far as we are aware.)

Recall, e.g. [6, Chap. 7], that Construction A starts with a
binary code C of length n and dimension k produces a lattice
Λ(C) of dimension n as follows:

First, note that C is the image of a map {0, 1}k 7−→ {0, 1}n .
Now consider the lattice Zn ∈ Rn, and reduce it mod 2:

ρ : Zn 7−→ (Z/2Z)n = {0, 1}n . (6)



Then the lattice Λ(C) is defined to be

Λ(C) =
1√
2
ρ−1(C) =

⋃
ci∈C

1√
2

(2Zn + ci). (7)

By Gleason’s theorem (see [6, Chapter 7] for instance),
the weight enumerator polynomial of a binary self dual code
may be written as a polynomial in ψ2 = x2 + y2 and
ξ8 = x2y2(x2 − y2)2. Invoking the homogeneity of W (x, y)
in x and y, we may write W (x, y) = x34 + (34−4β)x28y6 +
(255+4β)x26y8+(1921+20β)x24y10+(8466−20β)x22y12+
· · · = a0ψ

17
2 + a1ψ

13
2 ξ8 + a2ψ

9
2ξ

2
8 + a3ψ

5
2ξ

3
8 + a4ψ2ξ

4
8 .

Equating powers of xiy34−i on both sides, we find a0 =
1, a1 = −17, a2 = 51, a3 = (34 − 4β) − 34 = −4β, and
a4 = (255 + 4β)− 289 = −34 + 4β.

The theta series of the lattice formed by Construction A is
given by ΘΛ = W (ϑ3(2z), ϑ2(2z)) (see e.g., [6, Chapter 7]).
Write A for ϑ3(z)2, B for ϑ2(z)2, and C for ϑ4(z)2. Under
the map x 7→ ϑ3(2z) and y 7→ ϑ2(2z), we find upon using the
identities ϑ3(z)2 +ϑ4(z)2 = 2ϑ3(2z)2 and ϑ3(z)2−ϑ4(z)2 =
2ϑ2(2z)2 ([6, Chapter 5]) that ψ2 maps to A. Using these
same identities along with one we have considered earlier:
ϑ2(z)4 + ϑ4(z)4 = ϑ3(z)4 we find that ξ8 maps to B2C2

4 .
We thus find on writing the theta series of Z34 as A17, and

that of Λ as a0A
17 + a1A

13B2C2

4 + · · · that Ξ(Λ) is given by

1

p(x)
=

1

1− 17x
4 + 51x2

42 − 4βx3

43 + (−34+4β)x4

44

where we have written x for B2C2

A4 = ζ, ζ as considered
earlier. We need to show that p(x) is decreasing in [0, 1

4 ].
The derivative of p(x) is

p′(x) = −17

4
+

51 · 2x
42

− 4β · 3x2

43
+

(−34 + 4β) · 4x3

44

This is a cubic, and for a given value of β, can be solved
analytically using Cardano’s method for instance, without
recourse to machine computation. But for values of β from
0 through 7, we can argue for our purposes as follows: Since
the coefficient of x3 is negative, p′(x) is clearly positive for
large negative values of x. Also, p′(0) − 17

4 < 0. Thus p′(x)
has one real root at least between −∞ and 0. Recall that the
discriminant of the cubic ax3 + bx2 + cx + d is given by
the formula 18abcd − 4b3d + b2c2 − 4ac3 − 27a2d2. Since
the discriminant of p′(x) for each of the values of β in the
range 0 through 7 is negative, the field generated by the roots
contains an imaginary quadratic subfield, and hence cannot
be real. Thus the other two roots must be complex, and this
negative root must be the only real solution. Since in each of
these cases, p′(0) = − 17

4 and since p′ does not cross the x-axis
anywhere in [0, 1

4 ], p′ must be negative everywhere on [0, 1
4 ].

This establishes our result and shows that the Belfiore-Solé
conjecture holds for these lattices.
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