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1 Introduction

Recall that a (linear) code is just a k-subspace C' of k™, where k is some finite
field. The elements of C' are referred to as codewords, and the dimension of
the code, dim(C'), is just the dimension of C' as a k-space. The length of the
code is the dimension of the ambient space k"; that is, the length of C' is
n. The minimum distance, d(a,b) between two codewords a = (aq,...,a,)
and b = (by,...,b,) is defined by d(a,b) = |{i | a; # b;}|, and the minimum
distance of the code, d(C), is defined by d(C') = min{d(a,b) | a,b € C,a # b}.
The weight, w(a), of a codeword a = (ay,...,a,) is defined by w(a) =
[{i | a; # 0}|. The linearity of the code ensures that d(C) is also equal to
min{w(a) | a € C,a # 0}.
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A major goal in coding theory is to construct codes whose minimum
distance and dimension are large relative to their length. Goppa Codes were
introduced by Goppa in [3] (in a form dual to the one we consider here), and
are effective at achieving this goal. One starts with a smooth geometrically
irreducible projective curve X/k (and thus, a function field F/k), and a
divisor £ = P, + --- + P,, where the P, are prime divisors of degree 1.
One fixes a divisor G such that the support of £ and G are disjoint (this
guarantees that any f € £(G) is automatically in each valuation ring Op,).
One then considers the evaluation map ev : L(G) — k™ given by [ —
(f(P1),...,f(P,)), where by f(P;), we mean the residue of f with respect
to the valuation at P,. Since ev is k-linear, the image is a k-subspace of k";
this is the Goppa code associated to the curve X/k and the divisors F and
G.

We provide in this paper an analogous construction of codes using division
algebras D defined over the function field F'/k. The structure of such a D
is of course well-understood from class field theory; we exploit this structure
in our construction. Places of the field F'/k are now replaced by maximal
orders, selected to form a sheaf of maximal orders over X. By work of various
authors (see [9], [11], and [12]), one has an analogous definition of divisors
in this situation, as well as a definition of the spaces £(G) for any division
algebra divisor (G, and a noncommutative Riemann-Roch Theorem.

Our code is actually an [-code, where [ is a finite extension of k that arises
naturally as the residue of D. The function field [F' is a maximal subfield of
our division algebra; we prove that under certain conditions our [-code is the
same as the commutative Goppa code obtained by restricting our division
algebra divisors in a suitable manner to [F'.

2 Maximal Orders and Divisors

As mentioned in the introduction, we will use maximal orders in our con-
struction of codes. We recall here the basic properties of maximal orders over
discrete valuation rings. A good reference for maximal orders is Reiner’s book
[5]. Let A be an integral domain with quotient field F* and let S be an F-
central simple algebra. A subring B of S with B D A is an A-order if B is
a finitely-generated A-module and if BF = S. If B is maximal with respect
to inclusion among all A-orders in S, then B is said to be a maximal order
over A.



If A is a discrete valuation ring with quotient field F', then the following
properties hold for maximal A-orders in an F-central simple algebra S:

1. Maximal A-orders exist and are unique up to conjugation.

2. If B is a maximal A-order in S, then the Jacobson radical J(B) is the
unique maximal ideal of B, and every ideal of B is a power of J(B).

3. There is a b € B with J(B) = Bb = bB.

4. The residue ring B = B/J(B) is simple and finite dimensional over
A=A/J(A).

Proofs of these properties can be found in [5, Theorems 18.3, 18.7].

In this paper we need to make use of value functions. If A is a discrete
valuation ring and if B is a maximal A-order in S, then we can define a
function w : S — {0} — Z in the following way: For b € B, we set w(b) =n
if BbB = J(B)". More generally, if s € S, write s = ba™! with b € B and
a € A, and set w(s) = w(b) — w(«). It is not hard to see that w is well
defined and that w satisfies the following properties:

1. w(s +t) > min{w(s),w(t)};
2. w(st) > w(s) +w(t), and w(st) = w(s) +w(t) if s € Z(S);

3. B={seS|w(s) >0} u{0} and J(B) ={s€ S |w(s)>0}uU{0}.

Moreover, w is uniquely determined by B. We call w the value function
on S corresponding to B. We will denote by ['g the value group of B; that
is, I'p = im(wp) = Z. We refer the reader to [6, Sec. 2] for more information
about value functions.

Suppose that X is a smooth geometrically irreducible projective curve
defined over a field k, and let F' be the function field of X. Let S be a
central simple F-algebra, and suppose that we have a maximal Op-order Bp
in S for each P € X. Let wp be the value function on S corresponding to
Bp. Note that wp depends on both the point P and the choice of maximal
order Bp. Let ep be the index [Z : wp(F*)]. We will call ep the ramification
indez of S/F with respect to P.

We will be working with sheaves of maximal orders on X. We call a
sheaf A of rings on X a sheaf of maximal orders in S if A(U) is a maximal
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O(U)-order in S for every proper open subset U of X. Let S be the constant
sheaf S(U) = S on X. We recall that any sheaf of maximal orders on X
is isomorphic to a subsheaf of S. Here is a sketch of the argument. Let
¢ be the generic point of X. If A is a sheaf of Ox-maximal orders in 5,
then the structure maps ¢y @ A(U) — A extend by bilinearity to a map
O : A(U) ®owy O¢ — A¢. Now O = F, and for every proper open set U,
A(U) is a maximal O(U) order, so the map A(U) ®owy F' — S induced by
the inclusion A(U) C S is an isomorphism. For every proper open set U, we
thus have a map 6}, : S — A¢. 6}, is an injection as S is simple. Since any
z € A¢ is in @y (A(V)) for some open V, we find z € 0y (A(V) ®o) O¢).
We may assume V' C U. The structure map ¢ : A(U) — A(V) induces
an isomorphism A(U) ®ow) O¢ = A(V) @ovy O¢ (as each side is isomorphic
to S), so we find z € Oy(A(U) ®ow) O¢) as well. Thus, A¢ = 5. We
thus have injective maps ¢y : A(U) — A; = S for each proper open set
U C X. Using the sheaf property of A(X) and the fact that the structure
map ¢y @ A(X) — A¢ factors through A(U) for every proper open set U, it
is easy to see that ¢y is injective as well. Since ¢ = @y ¢y for open sets
V C U, we have an injective sheaf map from A to the constant sheaf S.

Lemma 1 Suppose for every P € X that there is a mazimal Op-order Bp
in S, and let wp be the value function on S corresponding to Bp. Then, for
each s € S, we have wp(s) > 0 for all but finitely many P if and only if there
is a sheaf A of maximal Ox-orders on X such that for each P € X, the stalk
Ap is equal to Bp.

Proof:  Suppose there is a sheaf A C S of maximal orders such that
Ap = Bp for each P € X. Let s € S. If U is any proper open subset
of X, we may write s = ba~! with b € A(U) and « € O(U). There is a
nonempty open subset V of U such that ™' € O(V), so s € A(V). Thus,
for each P € V we have wp(s) > 0. Since the complement of V' in X is finite,
wp(s) > 0 for all but finitely many P.

Conversely, suppose that we have a maximal Op-order Bp for each P €
X, and that if wp is the value function associated to Bp, then, for any s € S,
we have wp(s) > 0 for all but finitely many P. We define a sheaf A on X by

AU)= () Br

pPeU

for all open subsets U of X with structure maps being the obvious inclusions.
It is proved in [7, Ex. 3.4] that A(U) is a maximal O(U)-order for each proper

4



open subset U, and so A C S is a sheaf of maximal orders on X. Moreover,
n [7, Ex. 3.4], it is shown that A(U)Op = Bp if P € U. This shows that
Ap = Bp for each P. 1

We now describe the divisor group on S and state a generalization of
the Riemann-Roch theorem. If S is a central simple F-algebra, let A be a
sheaf of maximal Ox-orders on X. For each P let wp be the value func-
tion on S corresponding to the maximal Op-order Ap. The divisor group
div(S) is the free abelian group on the set {Ap},. . While this group de-
pends on the choice of sheaf A, we will not deal with more than one sheaf
of maximal orders at a time, so we will not need to worry about this de-
pendence. For E = Y ,npAp, we define deg(E) = Y ,np[Ap : k] and
supp(E) = {Ap | np # 0}. Each s € S defines a divisor (s) =) _pwp(s)Ap
We point out that this sum is finite by Lemma 1. Unlike the case of fields
where principal divisors have degree 0, we see in the next lemma that the
degree of a principal divisor (s) is non-positive, and can be negative. In the
proof below we need to work with elements of div(F') and of div(S). When
we talk about an element E € div(F'), we will write degp(E) for the degree
of F as an F-divisor.

Lemma 2 Let s € S. Then deg((s)) < 0. Moreover, deg((s)) = 0 if and
only if s € S* and sAps™' = Ap for every P € X.

Proof: Let vp be the normalized valuation on F' with valuation ring Op.
Then wp|p = epvp, where ep is the ramification index at P of S over F.
Moreover, by [6, Prop. 2.6], if n = deg(S), then wp(s) < n~lwp(Nrd(s)).
With these facts in mind, we see that

deg((s pr Ap : k]
zzpjwps Ap: Op]-[Op : k]
<3 “wp(Ned(s)[Ap - Op) dosp(P)
-3 ~ep[Rp : Oplup(Nrd(s)) dese (P)

=Y nwp(Nrd(s)) degy(P) = ndeg,((Nrd(s)))

= 0.



The second to last equality holds since [S : F] = ep[Ap : Op| for all P € X
by [5, Theorems 13.3, 18.2, Corollary 17.5].

For the second statement, we note that the inequalities above show that
deg((s)) < 0 if and only if wp(s) < n~'wp(Nrd(s)) for some P. However, if
s € S*, then wp(s) = n~'wp(Nrd(s)) if and only if sAps~' = Ap by [6, Prop.
2.6]. Therefore, if s € S*, then deg((s)) = 0 if and only if sAps™ = Ap
for every P € X. To finish the argument, given that deg((s)) = 0, we
show that s must be in S*. Pick a point P € X, and set J(Ap) = mpAp,
where TpApTpt = Ap. We have s = 7u for some u with wp(u) = 0, and
where n = wp(s). If wp(s) = n~lwp(Nrd(s)), then 0 = wp(Nrd(u)), which
forces u € A}, C S* by the argument immediately preceding [6, Prop. 2.6].
Therefore, s = mpu € S*. 1

Example. Let p be an odd prime, let k£ be a finite field of characteristic p,
let a € k* — k*2, and let D be the quaternion algebra

p=(j):

Let 1,4, 4,k be the standard quaternion basis for D. The field k(t) is the
function field of P!, so points are in 1-1 correspondence with irreducible
polynomials over k, except for the point P, at infinity which corresponds to
the dvr k[t™"]-1). If a point P corresponds to p(t) # t, then we can choose

Ap = <g—;> Let Fy be the point corresponding to t. There are unique

maximal orders over Op, and Op_, which can be shown to be <%> and
0

<?9”:1 ), respectively. Construct a sheaf A as in the proof of Lemma 1. (The

[e's}

condition wp(d) > 0 almost everywhere is easily verified: every d € D* is of

the form b/« for some b € (,‘%) and some « € k[t] —{0}. Then d € Ap

for all P such that P # P, and a' € Op.) With this sheaf, we verify
that the divisor of 1 + j is equal to — P, so (1 + j) has negative degree.
By Proposition 9 ahead (with x = j), we find that 1 and j form a strongly
orthogonal basis for D/k(t)(v/a), so wp(l + j) = min(wp (1), wp(y)) for all
P € X. Since t is a unit in Op for all P except those that correspond to t
or 1/t, and since j~' = t71j, we find that j conjugates Ap to itself for all
such P. By [6, Prop. 2.6], wp(j) = 0 for all such P. As for Py and P,
the maximal orders at these points are valuation rings, and wp,(j) = 1, and
wp,, (j) = —1. Thus, (14 j) = —Px as claimed.
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We define a map ¢g : div(F) — div(S) by ¢5(>_pnpP) =) p(npepAp).
The main property of this map that we need is given in the following lemma.

Lemma 3 If £ € div(F), then deg(¢pg(E)) =[S : F]degp(E).

Proof: If E =) ,npP, then we have
deg(pg(E anep deg(Ap) = anep [Ap : K]
= anep AP . Op][@p . ]{]]
P
= np[S: F]deg(P) = [ : F]deg(E).
P

If E,E are divisors on S, we write £ > E' if E — E' = ) npAp with
each np > 0. Let L(E) = {s € S| (s)+ E > 0}, a k-subspace of S. As a
consequence of Lemma 2, we point out that if deg(E) < 0, then L(E) = 0.
To see this, if f € L(FE) is nonzero, then (f) + E > 0, so deg((f) + E) =
deg((f))+deg(E) < deg(E) < 0, a contradiction to the condition (f)+E > 0.
Let C be a canonical divisor on F, and set K = ¢4(C) + > plep — 1)Ap €
div(S). We now state the generalization of the Riemann-Roch theorem to
this setting.

Theorem 4 (Riemann-Roch) Let g = maxpeqiv(s){deg(E)+1—dim(L(E))}.
Then g exists, and for all divisors E, we have dim(L(FE)) = deg(F) + 1 —
g+ dim(K — E).

A proof of this theorem can be found in [12, Satz 12] or [11, Theorem
3.17]. We would like to thank J.-L Colliot-Thélene for telling us about Witt’s
paper. Analogous to the commutative case, we have deg(K) = 29 — 2. By
the definition of K and Lemma 3, if gz is the genus of F', we see that

g=[5: Fllgr — 1)+ 1+ 5 3 (ep — 1) deg(Ar)

In the next section, in order to construct sheaves of maximal orders, we
will use the fact that if U is a proper open subset of X, then (., Op is a
Dedekind domain of F'. This is a standard result, but we give a proof here
for the convenience of the reader.



Lemma 5 If U is a proper open subset of X, then (\pe; Op is a Dedekind
domain of F.

Proof: Let X —U = {Q1,...,Qn}, let E = > . n;Q; € div(F), and
let E; = E — @;, where the n; are positive integers. If we choose the n;
large enough, then by the Riemann-Roch theorem, dim(L(FE)) is larger than
each dim(L(FE;)) since deg(F) > deg(FE;) for each i. Each of these are finite-
dimensional k-vector spaces, so L(E) properly contains the union | J, £(E;).
Choose © € L(E) such that x ¢ L(E;) for each i. Then (z)+ E > 0 but
(z) + E; # 0 for each i. This forces vp,(z) = —n; for each ¢, and vp(x) > 0
for each P € U. Consequently, the valuation rings of F' that contain x are
precisely the Op for P € U. Note that x ¢ k, so F' is algebraic over k(z).
A valuation ring of F'/k contains x if and only if it contains k[x], so we see
that the integral closure of k[z] in F is [)p., Op. However, since k[z] is a
Dedekind domain of k(x), the ring (., Op is a Dedekind domain of F' by
[5, Theorem 4.4]. n

3 The Construction of the Code

Let F'/k be a function field in one variable over the finite field k. One has
the following sequence from class field theory (see the discussion in [5, pages
277-278] for instance)

0 — Br(F) — @pBr(Fp) — Q/Z — 0, (1)

where the sum in the middle term is over all the places of the field F. For any
D € Br(F), D ®p Fp is trivial almost everywhere; thus the second map in
the sequence above, which is simply the sum of the various restriction maps,
is well-defined. It is well-known that for each P, there is a canonical map
Inv : Br(Fp) — Q/Z which is an isomorphism, and the third map above is
just the sum of the Inv maps for each P. The map Inv can be explicitly
described as follows: any division algebra D/Fp of degree r is isomorphic
to the cyclic algebra (W/Fp, o, "), where W is the unique unramified field
extension of Fp of degree r, 7 is a uniformizer for Fp, o is a generator of the
Galois group of the cyclic field extension W/Fp chosen so as to induce the
Frobenius automorphism at the residue level, and 1 < i < r with ged(i,r) =
1. With this isomorphism at hand, Inv(D) is defined to be i/r. (See the



discussion in [5, pages 263-266] for the description of division algebras over
local fields.)

D is said to be ramified at a place P if D ®p Fp is not split. Moreover,
if Inv(D ®p Fp) = i/s with ged(i, s) = 1, then s is said to be the local index
of D at P, and ind(D) is simply the least common multiple of the various
local indices (see [5, Theorem 32.19]).

Now let X/k be a smooth geometrically irreducible projective curve, and
F/k the associated function field. Let Py,..., P, be places of F//k of degree
1. Choose integers r,ji,...,Jn such that 1 < j; < r, ged(j;,r) = 1, and
> .:(Ji/r) = 0in Q/Z. Thus, the exact sequence (1) shows that there is a
division algebra D/F ramified at exactly the places P;, and at each P;, D
has local index r. It follows that ind(D) = r as well. Also, the residue field
of Fp, is just k since the P; have degree 1, and if [/k is the unique extension
of k of degree r, then [Fp, is the unique unramified extension of Fp, of degree
r. Thus, by the discussion in the previous paragraph, D ®p Fp, is isomorphic
to (IFp,/Fp,, 04, m), where o; is a generator of Gal({Fp,/Fp,) chosen so as to
induce the Frobenius automorphism on [/k.

We first show that L = [F' is a maximal subfield of D. For any place @) of
L, let P be the corresponding place of F' induced by (). The completion of
L at @ is isomorphic to the compositum [Fp. If P is not one of the selected
P;, then D ®p Fp is already split, so (D®p L)@ Lo = (D ®p Fp) ®p, [ Fp is
split. If P is one of the selected P;, then, as remarked in the last paragraph,
[Fp is a maximal subfield of D ®p Fp, so once again, (D ®@p L) @1 Lg =
(D ®p Fp) ®p, LFp is split. It follows that D ®p L is split everywhere, so by
our exact sequence (1), L splits D. Since [L : F] = r (as k is algebraically
closed in F, this follows from the geometric irreducibility of X/k), L is indeed
a maximal subfield of D/F.

We construct a sheaf of maximal orders A on our curve X as follows:
Let A = [1Og, where the intersection runs across all places @) of F' except
the chosen places P;. As described in Lemma 5, A is a Dedekind domain.
Since [ C D, lA is a free finitely generated A module. Choose a basis
{by =1,bs,...,b.} of D/L, and consider the free A module M = ", (IA)b;.
Then MF = D, and [A C O)(M), where O)(M) ={z € D | M C M}. As
discussed in [5, page 109], O;(M) is an A-order in D, and is hence contained
in a maximal A-order; call this maximal order B. Then, for each place () of F’
(Q ¢ {P,...,P.}), B®aOg is a maximal O order. We set Ag = B®4Og.

As for the places Pi,..., P,, there is a unique maximal order over each
Op, which is in fact a valuation ring. (This follows, for instance, from [5,
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Theorems 12.8 and 11.5]. We set Ap, to be this maximal Op, order.

Now let wg be the value function associated with this choice of maxi-
mal orders and consider the sheaf of rings A given by the assignment U
ﬂQGU Ag. Exactly as in the argument in the proof of Lemma 1, any s € D
can be written as ba ™! for some b € A(U), where U = X —{P,,..., P,}, and
for all but finitely many points Q € U, a~! € Ag. It follows that wg(s) > 0
for all but finitely many points () € U. Since the complement of U con-
tains only finitely many points, Lemma 1 shows that A is indeed a sheaf of
maximal orders, whose stalk at each point ) € X is Ag.

We let P be the D-divisor Ap, +-- -+ Ap,, and we let G be any D-divisor
whose support is disjoint from the P;, and such that £(G) # {0}. The
condition on the supports guarantees that any f € £(G) is automatically in
each Ap,. Since each Ap is just the valuation ring corresponding to the P;-
adic valuation, the factor ring Ap, /J(Ap,), where J(Ap,) is the maximal ideal
of Ap, is just the residue field of D with respect to the P;-adic valuation.
The residue of D is the same as the residue of the completion D ®p Fp,,
which is just [. We thus have, exactly as in the commutative case, a map

ev: L(G) — "
f = (f(Pl)aaf(Pn))a

where we have written f(F;) for the residue of f modulo the maximal ideal

J(Apl) of APi’
By our choice of maximal orders above, the field [ is contained in every
maximal order Ag for @Q ¢ {Py,..., P,}. Since each Ap, is a valuation ring,

and since any valuation on [ must be trivial, [ must be contained in each Ap,
as well. It follows that for any @), wo(z) > 0 for all x € [*. Hence, for any
Q, any x € I*, and any f € L(G),

wo(rf) = we(x) +we(f) = we(f) = —we(G),

so of € L(G). Thus, besides being a k-space, L£(G) is also an [-space.
Moreover, x(P;) is just x for any P;, as the P;-adic valuation is trivial on [.
It follows from this that the map ev above is an [-linear map. (In fact, each
x € [* conjugates each Ag to itself, so by [6, Prop. 2.6 and Lemma 2.2],
wo(a) = 0, and wo(af) = we(x) + wo(f) = wo(f).)

The image of ev is thus an [-subspace of ["; this will be our noncommu-
tative Goppa code associated to D/F and the divisors P and G. We denote
it Cp(P,G).
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We point out that while different choices in our sheaf construction may
lead to different (e.g., non-isomorphic) sheaves, the ring of constants (), x Ag
is uniquely determined up to isomorphism by the division algebra D since k
is finite, by a theorem of Schofield [10, Theorem 1.1]. We are working with a
specific choice of sheaf to see that [ is a subring of the ring of constants. In
fact, it is not hard to see that [ = ﬂQeX Ag, so [ is the full ring of constants
of the sheaf A.

We determine in the next proposition the minimum distance and the
dimension of the code Cp(P, ). The methods are analogous to those used
for commutative Goppa codes (see [3]). Note that since Ap, = [ for each i,
we have deg(Ap,) =r = [l : k]. Therefore, deg(P) = rn.

Proposition 6 dim(Cp(P,G)) = dim(L(G))—dim(L(G=P)), and d(Cp(P,G)) >
n—r~tdeg(G). Moreover, if deg(G) < rn, then dim(Cp(P,G)) = dim L(G)) >
deg(G) 4+ 1 — g, where g is the genus of D.

Proof: The kernel of evis {f € L(G) | vp,(f) > 1,i=1,...,n}, which is
precisely £L(G —P). The result on the dimension immediately follows. As for
the distance, write d for d(Cp(P,G)) and let f € L(G), f # 0, be such that
w(ev(f)) = d. Then f is in the maximal ideal of exactly n — d of the Ap,,
say Ap, ,...,Ap, . It follows that f € L(G—(Ap, +---+Ap,__)). Hence,
L(G - (Ap, +---+Ap__)) # {0} It follows that deg(G — (Ap, + -+
Ap, ) > 0, since L(H) = {0} for a divisor H of negative degree. Thus,
deg(G) —r(n—d) >0, or d >n —r~tdeg(G).

For the second statement, if deg(G) < rn = deg(P), then deg(G — P) <
0, so L(G — P) = {0}. It follows from the paragraph above that ev is
then an injective map. Moreover, by the Riemann-Roch theorem, we have

dim(Cp(P,G)) = dim(L(G)) > deg(G) +1 —g. 1

4 Relation between Cp(P,G) and C1(¢(P), ¥(G))

We continue to use the notation of the previous sections: Pi,..., P, are
rational points on X, and D is a division algebra with center F', the function
field of X/k, such that the local index of D at each P, is equal to the index
r of D, and the local index of D at any point P # P; is 1. Recall that
we have a sheaf A of maximal orders on D, that A is a subsheaf of the
constant sheaf U — D, and that each stalk Ap contains [. Note that since
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l/k is a cyclic Galois extension and [, F' are linearly disjoint over k, the
extension L/F is also cyclic Galois. Let o be a generator of Gal(L/F'). Since
L is a maximal subfield of D, we may write D as a cyclic crossed product
D = (L/F,0,a) = @|_, La’, where 2" = a € F and zbr~! = o(b) for all
b € L. We will make use of this description of D in a number of places below.

If K is a field extension of F, recall the canonical map ¢, : div(F) —
div(K) that satisfies ¢, (P) = > eq/pQ, where the sum is over all K-points
Q) lying over P, and where eqg/p is the ramification index of @ over P. In
terms of valuations, eq/p is the ramification index of K/F relative to the
valuation ring of K corresponding to ). We will refer to this valuation ring
by Ok.q. For our maximal subfield [F' = L of D, we write 1 for ;. We also
view the map ¢ as a map from div(D) to div(L) by sending Ap to ¢(P).
Since L/F is everywhere unramified, eg/p = 1 for every P and every @ lying
over P, and, for each of the points P;, there is a unique point ); lying over
P;. This follows from the fundamental equality [L : F] = > 5 peq/pfo/p,

where fo/p = [Or.g : Opl, and from the fact that the residue field of any
point extending P; is [, an extension of k = Op, of degree [L : F|. As above,
let P =5, Ap, and let G be a divisor with supp(G) N{Ap,,...,Ap,} = @.
In the next lemma we compare our code with a Goppa code constructed from
the algebraic function field L/I. To refer to such a Goppa code we denote it
by Cp(E',G") if E',G" are appropriately chosen divisors on L.

Lemma 7 The space L(¢Y(G)) is canonically isomorphic to L(G) N L, and,
with the identification of L(¢(G)) as a subspace of L(G), the image ev(L(YP(G)))
of L(Y(Q)) under the evaluation map ev : L(G) — 1™ is the Goppa code
CL((P), ¥(G)).

Proof: Let f € L satisty (f) + ¢(G) > 0 in div(L). Given P €
X —A{P,...,P.}, let Q1,...,Q, be the extensions of P to L. Let np be
the coefficient of Ap in G. Thus, np is the coefficient of each Q; in ¥(G).
Consequently, vg,(f) + np > 0 for each i. Let m be a uniformizer for Op.
Then 7 is a uniformizer for each @); since L/F' is everywhere unramified. So,
vg, (7P f) > 0 for all 4, so #"F f lies in all of the valuation rings that extend
Op. But this means that 7”7 f is in the integral closure of Op in L, which
is [Op. (To see this, if B is the integral closure of Op in L, take a basis
li,..., 1. of I/k, and let I{,... I be the dual basis relative to Tr;/,. Then
li,...,l is also an F-basis of L. Suppose that b € B, and write b = Zj lia;
with a; € F. Then bl; = Zj lilaj, so Trpp(bl;) = Zj Tryw(lil})a; = a;.
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But, Trp,r(B) € Op, so each a; € Op. Thus, B =} I’Op = [Op.) Hence,
7P f € Ap. Since 7 is also a uniformizer for Ap and is in its center, we
have wp(m"P f) = wp(f) + np > 0, s0 f € L(G). For P € {Py,...,P,},
[Op, is the unique valuation ring extending Op,, and if say v, denotes this
valuation on L, then (f)+1(G) > 0 implies that v(f) > 0 for each i, which
implies that f € Ap, for each i. Thus, wp,(f) > 0 for each i. Therefore,
L((G)) € LIG)N L.

For the reverse inclusion, take f € L£(G) N L. Then, for P € X —
{Py,...., P}, wp(f) +np > 0. If 7 € Op is a uniformizer for Op and Ap,
then f = 7 "Py for some u € Ap. But this puts v in Ap N L, which is
integral over Op. Thus, u is in every valuation ring of L extending Op; in
other words, vg(f) > —np for every valuation ring of L extending Op. For
P e {P,...,P,}, we have wp,(f) > 0, so f € Ap, N L. As before, Ap, is a
valuation ring, so Ap, N L is the (unique) valuation ring of L that extends
Op,. Thus, vp,(f) > 0 for each i. Thus, we have proven L(¢(G)) = L(G)N L.

Consider ev : L(G) — [, where ev(f) = (f(P1),..., f(P,)). If f €
L(Y(Q)), we claim that f(Q;) = f(F;) for each i, and so ev(L(Y(G))) =
(@), -, Q) | € £(B(G))}. This is C((P), (G)), finishing the
proof of the lemma once we prove the claim. To do this, note that if my o,
is the maximal ideal of O g,, then f(Q;) = f+mpg, € Org, =1 = Ap.
Also, viewing f € D, we have f(P;) = f + J(Ap,). But, Ap, contains Oy ¢,
and J(Ap) N OLg, = mpg,, so f+mpg, = f+ J(Ap). In other words,
f(Qi) = f(F)- n

We say that an L-basis di,...,d, of D is an orthogonal basis with re-
spect to a maximal order Ap € X with associated value function wp, pro-
vided that wp(d_,l;d;) = min{wp(l;d;)} for all [; € L. If, in addition,
wp (D, lid;) = min; {wp(l;) + wp(d;)}, we will call the L-basis dy,...,d, a

strongly orthogonal basis with respect to Ap.
Lemma 8 With D = @,:& Lz as in the beginning of this section,

1. If D is split at P, let dy,...,d, be units in Ap such that di,...,d, is
a basis for Ap over Ap VL. Then di,...,d, is a strongly orthogonal
basis for D with respect to Ap.

2. If P =P, then 1,z,..., 2" is a strongly orthogonal basis for D with
respect to Ap.

Proof: Suppose that dy, ..., d, are units in Ap such that dy,....,d, is a
basis for Ap over Ap N L. Note that wp(d;) = 0 for each i, and that since
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d; € N, we have wp(ed;) = wp(e) for all e € D by the definition of the value
function wp (or by [6, Lemma 2.2]). Suppose that min; {wp(l;d;)} = wp(ly).
Then wp(ly) = t for some t € Z, so if w is a uniformizer for Op, then
wp(r7;) > 0 for all 4, and wp(n ') = 0. These facts hold since 7 € F =
Z(D). Thus, we may assume that wp(l;) > 0 for all i and wp(lx) = 0. Then
> lidy = ZZE d; # 0 since I, # 0, so wp (>, lid;) =0, as desired.

For the second part, suppose that P = P; is one of the rational points at
which the local index of D is equal to r = ind(D). Let Inv(Dp) = k/r + Z
with ged(k,7) = 1. Then Dp = (IFp/Fp,o,n*) for some uniformizer 7
of Op. Since 2" = 7*u for some unit u € O%, and since wp|rp = rvp if
vp is the normalized valuation on F' with valuation ring Op, we see that
wp(z') = ik. Moreover, L/F is unramified at P, so the value group of
L is rZ. Thus, since ged(r, k) = 1, the values wp(z?) are distinct modulo
the value group of L. If Y, l;z" € D, each term [;z* has distinct value,
sowp (3, ix") = min; wp(l;z') = min; {wp(l;) + wp(z')}; the latter equality
holds since wp is a valuation on D. This shows that 1, z, ..., 2" ! is a strongly
orthogonal basis of D over L with respect to Ap.

Proposition 9 The set {1,x,...,2" "'} is an orthogonal basis with respect
to each Ap for P € X.

Proof: Let P € X. If P = P, then the 2% form a strongly orthogonal
basis with respect to Ap by Lemma 8. Next, suppose that D is split at P.
Recall from the proof of Lemma 7 that (Op is the integral closure of Op in
L. From this, we see that B = [Op is contained in the stalk Ap. By [4,
Prop. 1.3], there are z; € Ap such that Ap = @) Bz with zb = o'(b)z;
for b € L, and z;2; = f(0%,07)z;; for some normalized cocycle f with
values in B. Since D is split at P, the maximal order Ap is Azumaya over
Op. Thus, J(Ap) = mpAp = @;;&mszi, where mp is the maximal ideal
of Op. However, by [4, Prop. 3.1], J(Ap) = @gz_ollizi, where I; is the
product of the maximal ideals M of B for which f(o’,07") ¢ M. Since
mpB is the product of all the maximal ideals of B, unique factorization
of ideals in B forces f(c',07") ¢ M for every maximal ideal M of B, so
f(o%,07") € B* for each i. Then, from the cocycle condition, we see that

o' (flo™07)f(o",07"*) = f(o',07")f(1,07) € B*, so all cocycle values
are in fact in B*. Consequently, the residue ring A is equal to the crossed
product (B/Op, o, f) = ®/—; Bz, so the 7 are linearly independent over B.

Therefore, the z; form a strongly orthogonal basis with respect to Ap by
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Lemma 8. Note also that wp(z;) = 0 for each i from this description of the
residue ring A. To see that the powers of x form an orthogonal basis with
respect to Ap, write ' = a;2; with o; € L. We have

wp <Z lixi> = wp (Z liaizi> = miin {wp(Li;z)} = miin {wp(lixi)} ;

(2

since zg, ..., 2,_1 is an orthogonal basis of D with respect to Ap. Thus, the
x' form an orthogonal basis. 1

Theorem 10 If G is a divisor on D with deg(G) < rn and supp(G) N
{Apl, ce ,Apn} = @, then ,C(G) g L.

Proof: Let f =Y, l;z" € L(G), sowg(f)+wo(G) > 0for all Q. However,
wo(f) = min;{wg(lLiz")} < wg(ly) by Proposition 9, so Iy € L(G). Let
fr=>"" liat = f— 1y € L(G). Then wp,(f') > 0 for all j. Since wp,(f") =
minso{wp, (I;) +iwp, ()}, again by Proposition 9, each wp, (I;) +iwp, (z) > 0.
But iwp,(x) # 01in FAPj/FAijL for each i # 0, so in fact wp, (I;) +iwp,(x) > 0
for each i. Consequently, wp,(f") > 0 for each j. The coefficient of Ap, in
(f") + G is then at least 1. The degree of Ap, is r since the residue ring of
Ap, is [. This, together with (f') + G > 0, forces deg((f’) + G) > rn, while
deg((f') + G) = deg((f)) + deg(G) < deg(G) < rn, a contradiction unless
f'=0. Therefore, f =1y € L. 1

Corollary 11 Let G be a divisor on D with supp(G) N {Ap,,...,Ap,} = &,
and suppose that deg(G) < rn = deg(P). If ¢ is the natural map ¢ :
div(F') — div(L), then the code Cp(P,G) is equal to the code CL(¢(P), ¥v(G)).

Proof:  We have seen in Lemma 7 that CL(¢¥(P),¥(G)) is equal to the
subcode ev(L(G) N L) of Cp(P,G). Since L(G) C L, this image is equal to
OD(Pv G) |
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