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The generalized self-consistent field (GSCF') theory for the one-dimensional repulsive Hubbard
model at half-filling is examined in the presence of magnetic field h in wide range of interaction
strength U/¢. The evolution of the energy gap in the presence of magnetc field describes a
magnetic crossover from itinerant magnetism of weakly bound electron-hole pairs with kr = 7/2
to the localized magnetic regime, with the Bose condensation of local electron-hole pairs (kr = 0).
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Bethe-ansatz

§1. Introduction

The Bethe-ansatz formalism and solutions for some
ground-state and thermodynamic properties in the pres-
ence of magnetic field for the one-dimensional (1d)
Hubard model have been known for more than few
decades.!) The recent numerical calculations of ground-
state in entire parameter space of electron concentration
n, interaction strength U/t and magnetic field h give
solid ground for testing and interpretation of approxi-
mate solutions.? ) In this paper we apply the GSCF ap-
proach along with the exact results and study electron-
hole (exciton) BCS-like pairing, which at half-filling (n =
1) describes magnetic crossover driven by U/t and h from
itinerant state into Bose-Einstein condensation regime
and correspondingly find certain distinction between the
magnetic ordering with well-developed magnetic moment
(localized) and the band-like (itinerant) magnetism. This
magnetic crossover closely resembles the analogies to the
BCS-Bose condensation for superconducting crossover in
the attractive model.%5)

§2. Energy gap

Below we examine within the GSCF approach the evo-
lution of the energy gap in the momentum space for
various U/t and h at half-filling (n = 1). From the
quasi-particle energy spectrum one can find that until
2sU + h > 4t the Fermi-impulse remains equal to 7. But
at 2sU + h < 4t the location of the maximal energy of
quasi-particles in the occupied band moves and thus

2sU + h > 4t
2sU + h < 4t.
(2.1)

ko — T if
F = arccos (—(2sU + h)/4t) if
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The energy gap is

B o \/(23U +h—4t)2+ A2 if 25U +h >4t

g = NG if 25U +h < 4,

(2.2)
where s is the average longitudinal spin, t is the elec-
tron hopping constant between the neighboring sites and
Agﬂ = —(2U/N1att)Eexp(—iqrj)(cj}cjl) is antiferro-
magnetic (AF) order parameter.

Earlier we studied in an entire range of coupling
strength and electron concentration the crossover from
the itinerant BCS state into the Bose condensation
regime within the attractive Hubbard model at arbi-
trary filling (0 < n < 1) in the absence of magnetic
field (h = 0).>) Now we see an analogous crossover for
U > 0 case at half-filling and h # 0. At n = 1 due to the
electron-hole symmetry, the value ¢ minimizing the en-
ergy is ¢ = w. The Fermi-impulse increases from kr < 7
to kp = 7 driven by U/t and h. Such a weak singular
behavior of the energy gap at U > 0 case gives rise to
the crossover from itinerant into the localized magnetic
regime.®) In fact the Hubbard model with n = 1 and
U > 0 can be reinterpreted in terms of electron-hole,
using the electron-hole transformation.®1%) The trans-
formed Hubbard model is also equivalent to the two-
orbital model of spinless fermions.'>12) It is easy to check
that under the electron-hole transformation the Hubbard
model (U > 0) at » = 1 in the presence of h becomes
equivalent to U < 0 one for electron-hole concentration
n = 1 — 2s, where the renormalized chemical potential
B = —h/2 and the BCS order parameter for U < 0
A7 = AW (where AS”) = —(2|U|/Niate) ().

Note that at the crossover h = h + 2sU approaches
the limit h — 4t with kp = 7, in contrast the chemical
potential of electron-hole pairs, i = p+mn|U|/2 decreases
and approaches to —2¢ with the corresponding momen-
tum kp = 0. At the transition the chemical potential [,
driven by the coupling strength or magnetic field, inter-
sects the bottom of the conduction band —2¢ and leads
to the transition of electron-hole pairs from the band-like
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Fig.1. The GSCF ground state energy gap E‘é:g /t (the thin solid

curves) and the order parameter As{” /t (the thin dashed curves)
versus U/t for n = 1 and various h/t (figures labeling the curves).
The thick solid curve and the circles correspond the spin (mag-
netic) crossover. The triangles mark the longitudinal spin satu-
ration.

(itinerant) behavior into the localized magnetic regime.%)

It is easy to show that hcross < hsat, 1-€ Rcross never
exceeds the critical field for the longitudinal spin satura-
tion hgat. Thus the spin crossover always occurs in the
phase of non-zero transverse spin (S, # 0) with non-
saturated longitudinal spin (s < 1/2). Analogously, at
given h < 4t we have the critical interaction strength
Ucross = (4t — h)/2s. At given U < 4t the critical mag-
netic field hgross for spin crossover is determined from
(2.1),

Roross = 4t — 2sU. (2.3)

83. Results

The formula (2.2) is illustrated in Figs. 1. At h = 0 the
energy gap Egap is identical to the order parameter A£r+)
and both increase with U/t. However in applied mag-
netic field, the energy gap becomes distinct from the or-
der parameter, when Eé:g (U)/t intersects the boundary
of magnetic crossover (bold curve). Apparently N )
(Fig. 1) is non-monotonous and vanishes at magnetic sat-
uration Ug,g, while the ga%) monotonously increases with
U/t. The variation of Eé;"p (U)/t is linear above Ugyt and
is identical to the exact gap.

For comparison in Fig. 2 we present the results of
energy gap FEgap versus h/t for various U/t. The En-
ergy gap decreases with h/t at large U/t and is non-
monotonic function of h at intermediate at weak cou-
pling. The GSCF approach is exact for all h > hgat (U),
where hgat (U) = V162 + U2 — U. Above the saturation
Eé;fg (h)/t increases with h/t linearly, while Ag{")(h) =0
at h > hsat (U).

We also calculate the expectation value of square local
spin components, after averaging over all the lattice sites
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Fig.2. The GSCF ground state energy gap Eé:g /t (the thin solid
curves) and the order parameter AS,+)/t (the thin dashed curves)
versus h/t for n = 1 and various U/t (figures labeling the curves).
The thick solid curve and the circles correspond the spin (mag-
netic) crossover. The triangles mark the longitudinal spin satu-
ration.

and taking the square root we obtain the root-mean-
square local spin®

Srmsl = % (n- 2D(+))1/2 : (3.1)

where D) is the expectation value for the concentration
of doubly occupied sites

1 §:< + >
= —- C,+C;Ci|Cj .
Nlatt - 31751 J1C5T

D) (3.2)

Evidently for n = 1 the maximal value of symg is
1/2 and the minimal value is 273/2 a~ 0.35355 (at
U/t = h/t = 0, D) = 1/4). In Fig. 3 the GSCF
longitudinal spin s and the r.m.s. local spin both rela-
tively close follow the exact result. The GSCF results
for s and symg) versus U/t increase monotonously and in-
tersect (at h # 0) the corresponding bold curves for the
boundary of the magnetic crossover. The system is in the
regime of itinerant magnetism or localized magnetism be-
low or above these curves respectively. The upper bold
curve describes the magnetic crossover for the r.m.s. lo-
cal spin and in a wide range of U/t this curve is located
in close vicinity to the saturation limit with syms; = 1/2.
The magnetic crossover reflects the changes in the local
(short-range) characteristics such as the r.m.s. local spin
(magnetic moment) rather than long range magnetic or-
dering (magnetization). At h = 0 the r.m.s. local spin
never intersects the bold curve and therefore there is no
magnetic crossover from localized to itinerant magnetism
in the absence of magnetic field no matter how strong
is the interaction strength U/t. Naturally, at arbitrary
given U < Ugy or h < hgat below spin saturation the
r.m.s. local spin s;mg is always greater than the longitu-
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Fig.3. The ground state root-mean-square local spin symg and

longitudinal spin s for n = 1 as a function of U/t at various h/t
(figures labeling the curves) in the Bethe-ansatz (the thin solid
curves) and the GSCF (the dashed curves) approaches. At h =0
for both exact and GSCF s = 0 independently of U/t. The thick
solid curves mark the spin crossover.

dinal spin s (see Fig. 3). At spin saturation (U > Usas
or h > hsat) Srmsl and s are equal.

The boundary for a crossover from itinerant to local-
ized magnetism on a curve 1 — 2s versus U/t fully re-
produces the GSCF boundary phase diagram n versus
|U|, obtained for the attractive Hubbard model.) The
phase with n = 0 (U < 0) corresponds to saturated phase
s=1/2 (U < 0), while n =1 (U < 0) is equivalent to
non-magnetic phase s =0 (U > 0).

The GSCF theory at n = 1 and h # 0 displays the spin
charge separation, where antiferromagnetic order param-
eter Ag{*’ is different from the electron-hole excitation
gap .

In conclusion, the GSCF theory provides a qualitative
and quantitative description of the main ground-state
properties for the Hubbard model in the presence of mag-
netic field.®) The GSCF theory displays an exact map-
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ping and equivalency between U > 0 and U < 0 Hubbard
models in entire space of n and s for bipartite lattices in
1d case.5 10 The GSCF theory (U > 0) at n = 1 in the
presence of h # 0 displays the spin charge separation
between the spin and charge excitations, where antifer-
romagnetic order parameter AS,H is distinct from the
electron-hole excitation gap Eé:g . This in turn gives rise
to a smooth magnetic crossover of bound electron-hole
pairs (excitons) from an itinerant magnetism with rela-
tively small band-like moment (s;ms1 = 1/2) to a local-
ized magnetsm of Bose condensated electron-hole pairs
with well developed local moment.

The overall picture of magnetic crossover is found in-
dependent on the details of the electronic structure and
the results are similar to the simple case of constant den-
sity of states. The work currently in progress is aimed to
apply the GSCF approach for studies magnetic crossover
within the Hubbrd model in higher dimensions.
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