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The shortcomings and advantages of the generalized self-consistent field (GSCF) ap-

proach, which includes the electron-hole order parameter ∆
(+)
q and the average spin s

within the one-dimensional repulsive Hubbard model, are analyzed by comparison of the
ground state properties with the corresponding Bethe-ansatz results in an entire parame-
ter space of interaction strength U/t ≥ 0, magnetic field h ≥ 0 and electron concentration
0 ≤ n ≤ 1. The GSCF spectral characteristics are derived and criteria are found for the
stability of incommensurate magnetic phase with the wave number 0 < q < π. The GSCF
theory displays a simple relationship for the double occupancy D(+) in terms of n, s and

∆
(+)
q , where D(+) underestimates electron correlations at weak and intermediate ranges

and overestimates correlations at large interaction strengths. Beyond some critical U/t
and n 6= 1 the GSCF D(+) for spatially homogeneous state vanishes, while the exact D
for all n at h = 0 decreases gradually as U/t increases. At n 6= 1 the GSCF chemical po-
tential µ(+) overestimates electron correlations everywhere and variation µ(+) versus n
displays electron instability toward the phase separation in the vicinity of n = 1. Exactly
at n = 1 the GSCF µ(+) versus U/t always underestimates electron correlation and as
U/t →∞ at h = 0 we have µ(+) → 0, while the Bethe-ansatz result gives µ → 2t. In the
limiting cases U/t → 0 and U/t →∞ for all h ≥ 0 and 0 ≤ n ≤ 1 the GSCF ground state
energy is exact, which is necessary for formulation of converging perturbation procedure
about mean field solution in the entire parameter space.
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1. Motivation

There are still open questions and unresolved problems with regards to the un-
derstanding of the metallic ferro- and antiferromagnetism even for the minimal
Hubbard model with few adjustable parameters. This model received renewed at-
tention with the discovery of self-organized stripes in the high-Tc superconduc-
tors (HTSC).1–2 It is also a prototypical model for the studies of non-Fermi liquid
behavior in quasi-one dimensional metals;3 the phase-separated states in doped
cuprates and lanthanum-based manganites;4 unusual ferromagnetism in half metal-
lic magnets;5,6 the magnetism of organic and inorganic quasi-one dimensional mag-
netic conductors, insulators and superconductors.7–10

Much progress has been achieved in the understanding of many body elec-
tron correlations in infinite and finite 2d lattices, using mean-field,11–14 slave
bosons,15random phase approximations (RPA),16 exact diagonalization and quan-
tum Monte-Carlo (QMC) calculations.17–20 Among the different methods, surpris-
ingly insufficient attention was given to the detailed analysis of standard mean field
approximation, which often allows to formulate a problem in physically transparent
way and get analytical solution in any spatial dimension (d).21,22 However, non-
perturbed mean field scheme is difficult to justify since there is no small parameter,
and its predictions are sometimes washed out in more accurate calculations.23

For evaluation of mean field theory and development of more accurate RPA-type
perturbation techniques by including the fluctuations about mean field solution it
is necessary systematic numerical studies of mean field ground state properties.24 It
is the lack of the exact solution in the thermodynamic limit in 2d case that puts the
test of the most general linear mean field theory, using the Bethe-ansatz theory,25–33

on a firmer basis in the extreme conditions of one dimensionality.14,34,35

Due to strong quantum disorder the universal mean-field scheme with continu-
ous broken symmetry is traditionally considered inadequate for strongly correlated
systems in 1d case. It is certainly true for long-range characteristics, while short-
range correlations can address some ground state properties quantitatively correct
in wide range of U > 0 and U < 0 Hubbard model even in 1d case.13,29,36

In the present paper we compare the Bethe-ansatz and generalized self-consistent
field (GSCF) ground state properties in the entire parameter space of U/t, magnetic
field h and electron concentration n. Our developed GSCF approach is a straight-
forward extension of existing mean-field solutions for general U/t, n and h.36,37–38

Many authors have discussed the opportunity of the phase separation instability
within the s-d, Hubbard and t-J models.4,39,40–42 The recent interest to the phase
separation in the HTSC materials1–3 made us undertake a detailed examination of
this feature within the GSCF approximation. We show that the GSCF chemical po-
tential within a certain range of parameters, U/t and n displays electron instability,
while the Bethe-ansatz gives stable monotonous solution everywhere.

The GSCF U/t-n phase diagram shows the tendency toward the spin sat-
uration, ferro-, antiferro- and spiral (incommensurate) ordering as in higher



June 27, 2003 0:25 WSPC/INSTRUCTION FILE Repulsijmpb11

Exact and Self-consistent Results in One-dimensional Repulsive Hubbard Model 3

dimensions,11,19,36,43 although the exact ground state for 1d system at h = 0 is
a singlet.44 However, in contrast to the 2d case 38 the GSCF paramagnetic in the
1d case energetically unstable at all n 6= 1 no matter how small U/t is.

Exactly at half-filling we studied the electron-hole (exciton) BCS-like pairing and
magnetic crossover from itinerant into Bose-Einstein condensation regime driven by
U/t and h.45 In the Mott-Hubbard insulator, the quasi-particle energy gap under-
goes transformation in the momentum space and the GSCF theory predict on the
way to the saturated phase a certain distinction between the magnetic ordering with
well-developed (localized) moments and weak band-like (itinerant) magnetism.

Finally, we show that the GSCF variational energy for arbitrary h ≥ 0 and
0 ≤ n ≤ 1 is exact in both limiting cases U/t → 0 and U/t → ∞. This substantial
input allows to formulate more accurate and rigorous perturbation procedure about
mean field solution, which can establish the relationship for general U/t, h and n

between the converging perturbation theory and variational principle.24

The paper is organized as follows. After the introduction, we present the GSCF
formalism in section 2. In sections 3 and 4 we study ground-state properties, spectral
characteristics, and phase diagram by incorporating various magnetic structures. In
section 5 we provide the detailed description of the magnetic crossover from the
itinerant into localized magnetism. The concluding summary constitutes Section 6.
In Appendixes we examine the GSCF quasi-particle spectrum at weak interaction
limit and derive the Bethe-ansatz ground state properties.

2. GSCF formalism

2.1. Decoupling scheme

We consider the repulsive Hubbard Hamiltonian (U > 0) with magnetic field (h ≥ 0)

Hh = −t
∑

〈i, j〉, σ

c+
iσcjσ + U

∑

i

c+
i↑c

+
i↓ci↓ci↑ − h

2

∑

i

(
c+
i↑ci↑ − c+

i↓ci↓
)

. (1)

According to the Wick theorem (see, e. g. Ref. 46, p. 362-363) the following
single-particle decoupling is assumed for interaction term in (1)

c+
j↑c

+
j↓cj↓cj↑ ≈ 〈c+

j↑cj↑〉c+
j↓cj↓ + 〈c+

j↓cj↓〉c+
j↑cj↑ − 〈c+

j↑cj↑〉〈c+
j↓cj↓〉

− 〈c+
j↑cj↓〉c+

j↓cj↑ − 〈c+
j↓cj↑〉c+

j↑cj↓ + 〈c+
j↑cj↓〉〈c+

j↓cj↑〉. (2)

The approximation (2) takes into account the effect of electron-electron and
electron-hole interaction in a linear approximation as an average single-particle
(mean field) terms. The average local electron numbers nc

jσ ≡ 〈c+
jσcjσ〉 or corre-

sponding concentration of electrons and average spin are

n ≡ 〈n̂〉 ≡ 1
Nlatt

∑

j

〈
c+
j↑cj↑ + c+

j↓cj↓
〉

,

s ≡ 〈Ŝz〉 ≡ 1
2Nlatt

∑

j

〈
c+
j↑cj↑ − c+

j↓cj↓
〉

. (3)
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The introduced local electron-hole order parameter ∆(+)
j ≡ 〈c+

j↑cj↓〉 is connected

with ∆(+)
q ≡ −(2U/Nlatt)

∑
k〈c+

k↑ck+q↓〉

∆(+)
j = −∆(+)

q

2U
exp i(q · rj). (4)

The average ∆(−)
j ≡ 〈cj↑cj↓〉 in (2) for U > 0 is neglected. Here and below the

superscripts “(±)” signify solutions for U > 0 and U < 0 respectively.
We consider the homogeneous spatial distribution of electron density and put

nc
σ = nc

jσ independently of the lattice site. The solution with the total momentum
of the center of mass q 6= 0 for the electron-hole pair corresponds to the spatially
inhomogeneous spiral spin density waves (see section 3.1). We call this approach
developed for arbitrary U ≥ 0, h ≥ 0 and all 0 ≤ n ≤ 1 as generalized self-consistent
field (GSCF) approximation.

In the GSCF approach according to (2) the concentration of double occupied
sites D(+) can be reduced to a simple expression

D(+) ≡ 1
Nlatt

∑

j

〈c+
j↑c

+
j↓cj↓cj↑〉 = D0 − (∆(+)

q )2

4U2
, (5)

valid for arbitrary U/t, n and s. Here D0 ≡ n2/4− s2 is the limiting value of D(+)

for all U/t, n and s while ∆(+)
q = 0. The magnitude D(+) in (5) depends on q and

decreases in expense of the density of bound electron-hole pairs (∆(+)
q )2/4U2.

2.2. Canonical transformation

Using the standard Bogoliubov canonical transformation to the new Fermi quasi-
particle operators

α+
kq+ = wkqc+

k↑ + ykqc+
k+q↓,

α+
kq− = ykqc+

k↑ − wkqc+
k+q↓ (6)

(w2
kq + y2

kq = 1) the single-particle (quadratic) Hamiltonian H
(+)
GSCF in the GSCF

approach (2) is diagonalized and the average energy E
(+)
h ≡ 〈H(+)

GSCF〉 is reduced to

E
(+)
h =

1
Nlatt

∑

k,λ

E(+)
kλ (q)n(+)

kqλ − UD(+), (7)

where n
(+)
kqλ are the occupation numbers of the quasi-particle states

n
(+)
kqλ ≡ 〈α+

kqλαkqλ〉 = 1 (if k ∈ KF) or 0 (if k /∈ KF), (8)

and KF is the Fermi region (do not mix n
(+)
kqλ with the electron occupation number

nc
kσ ≡ 〈c+

kσckσ〉). Indexes λ = ± in (7) denote the two quasi-particle states and
differ from electron spin states σ. The two quasi-particle sub-bands in (7) are

E(+)
kλ (q) =

εk + εk+q + nU

2
− λE

(+)
k (q), (9)
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where the dispersion relation for electrons is

εk = −2t cos (k ·R) (10)

with R ≡ rj+1 − rj . The energy difference between these sub-bands is

2E
(+)
k (q) =

√
(εk − εk+q − 2Us− h)2 +

(
∆(+)

q

)2

. (11)

2.3. Self-consistent equations

In equilibrium the minimization of energy E
(+)
h with respect to s, ∆(+)

q and q in 1d
case gives the following system of nonlinear self-consistent equations

2s +
1

2Nlatt

∑

k

εk − εk+q − 2sU − h

E
(+)
k (q)

(
n

(+)
kq+ − n

(+)
kq−

)
= 0, (12)

∆(+)
q

(
1− U

2Nlatt

∑

k

n
(+)
kq+ − n

(+)
kq−

E
(+)
k (q)

)
= 0, (13)

∑

k

sin(k + q)

(
n

(+)
kq+ + n

(+)
kq− +

(εk − εk+q − 2Us− h)(n(+)
kq+ − n

(+)
kq−)

2E(+)
k (q)

)

= 0. (14)

We must add also the normalization condition to assure the conservation of the
number of quasi-particles

1
Nlatt

∑

k

(
n

(+)
kq+ + n

(+)
kq−

)
= n = nc

↑ + nc
↓. (15)

We consider n ≤ 1, while n ≥ 1 can be treated similarly due to electron-hole
symmetry.

3. Spin (magnetic) structure

3.1. Local moment and lattice moment

The spin operators

ŝjx ≡ 1
2

(
c+
j↑cj↓ + c+

j↓cj↑
)

, ŝjy ≡ 1
2i

(
c+
j↑cj↓ − c+

j↓cj↑
)

,

ŝjz ≡ 1
2

(
c+
j↑cj↑ − c+

j↓cj↓
)

(16)

satisfy the usual commutation relations. Averaging over all lattice sites j gives the
lattice spin components Ŝx, Ŝy, Ŝz. There are direct relationships between the ex-
pectation values for the local spin components 〈ŝjx〉, 〈ŝjy〉, 〈ŝjz〉 and the parameters
nc
↑, nc

↓, ∆(+)
j . Namely,

〈ŝjx〉 = Re∆(+)
j , 〈ŝjy〉 = Im∆(+)

j , 〈ŝjz〉 = s =
1
2
(nc
↑ − nc

↓), (17)
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where the transverse local spin sj⊥ = |∆(+)
j | components are modulated by a wave

number q (see (4))

〈ŝjx〉 = −∆(+)
q

2U
cos(qj), 〈ŝjy〉 = −∆(+)

q

2U
sin(qj). (18)

Taking into account (18), for the average transverse lattice spin S⊥ ≡ (〈Ŝx〉2 +
〈Ŝy〉2)1/2 we get

S⊥ = 0 if q 6= 0, (19)

S⊥ =
|∆(+)

0 |
2U

if q = 0. (20)

The expectation value of the lattice spin component along the magnetic field is
a longitudinal magnetization s. The solution with q 6= 0 describes a spatially inho-
mogeneous state, while at h = 0 the uniform state with q = 0 may be conditionally
called as the ”transverse ferromagnetic” one (s = 0, S⊥ = n/2). This state has the
same energy as that of the fully polarized ferromagnetic state (s = n/2, S⊥ = 0, q

is arbitrary) at the same U/t and n in the presence of infinitesimal magnetic field
h → 0 (sections 3.3 and 4.5). A ”transverse spiral incommensurate” phase with
0 < q < π exists only at n 6= 1 (see below) as in higher dimensions.37,38,36 The spin
of conduction electron feels the spatially varying effective spins of other electrons
(18) similar to the spiral phase in the Kondo model.52

3.2. Limiting cases

The limiting ground-state energy at U → 0 is35

E
(+)
h = −4t

π
sin

(nπ

2

)
cos(sπ)− hs, (21)

s =

{ 1
π

arcsin
h

4t sin(nπ/2)
n/2

for 0 ≤ h ≤ hsat,

for hsat < h,
(22)

where hsat (or hc2 in 35) is the critical field for the longitudinal spin saturation50 at
U/t → 0

hsat = 2t(1− cos nπ). (23)

At weak interaction limit we have also

lim
U/t→+0

∆(+)
q = 0, lim

U/t→+0
q = nπ, (24)

independently of h/t. The GSCF relation for the wave number q = πn at U/t ¿
1 is consistent with the exact result for the lattice momentum q in two-particle
correlation function.36,56,57

At large U/t À 1 limit from the GSCF approach we find

lim
U/t→∞

s = 0, lim
U/t→∞

S⊥ =
n

2
, (25)
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at h = 0 and correspondingly

lim
U/t→∞

s =
n

2
, lim

U/t→∞
S⊥ = 0 (26)

at h 6= 0. For the GSCF approach q is zero (at n 6= 1) in (25) or becomes arbitrary
(at arbitrary n) in (26).

In the exact theory at h = 0 the transverse spin never becomes saturated no
matter how strong is U/t or how small is n 6= 0. Also at low density limit the
problem is simplified significantly in any dimension47 and for an empty band we
find that the GSCF ground state properties coincide with corresponding Bethe-
ansatz results for general U/t and h. Indeed, at n → 0 both results are the same:
E(+) → 0, D(+) → 0 and µ(+) → −2t− h/2, independently of U/t.35,48

3.3. Order parameter ∆(+)
q

The order parameter ∆(+)
q and the average spin s both are continuous functions of

U/t, n, and h (figure 1). From equation (5) we obtain a simple relationship between
|∆(+)

q | and D(+):

|∆(+)
q | = 2U

√
D0 −D(+), (27)

valid in the entire space of U/t, n and s values.
The order parameter |∆(+)

q | does not have corresponding analogue in the ex-
act theory. However we can compare |∆(+)

q | with analogous parameter |∆(+)
ex | ≡

2U
√

D0 −D, using the Bethe-ansatz result for D (C.1) (Appendix C).
In figure 1 at h = 0 we have s = 0, while |∆(+)

q |/2U increases monotonously
with U/t and becomes saturated (if n < 1) as U exceeds some Uhomog (marked by
rhombuses). At h = 0 and n = 1 we have |∆(+)

q |/2U → 1/2 at U/t →∞. At h > 0
the spin s increases with U/t and becomes saturated (s = n/2) as U exceeds Usat

(marked by downward-pointing triangles), while |∆(+)
q |/2U vanishes at U ≥ Usat.

The GSCF results (dashed curves) qualitatively agree with the exact ones (solid
curves) at large U/t and strong field h. Our calculations show that the total spin

Stot ≡ (s2 + S2
⊥)1/2 (28)

monotonously increases with U/t and h as in the exact theory.
In general, the behavior of wave number q versus U/t and n (figures 2 and 3) in

1d case qualitatively resembles the corresponding one obtained for a square lattice.36

In fact, the parameter q linearly increases with electron concentration in some range
of U/t and exactly at n = 1 it is independent of U/t (figure 3). However, at h = 0
and n < 1 the GSCF ground state is an incommensutrate phase, while paramagnetic
phase is a more stable mean field solution in higher dimensions.38,17 As in higher
dimensions, there is a GSCF uniform solution S⊥ = |∆(+)

0 |/2U with q = 0, and
maximum transverse magnetization (25) is stable at h = 0 and larger U ≥ Uhomog

(figure 2 and 3). Also the GSCF solution (26) in the presence of magnetic field
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Fig. 1. The ground-state longitudinal (s) and the local transverse (|∆(+)
q |/2U) spin components

as a function of U/t for various n (figures label the curves) and h in the GSCF approach (dashed
curves) along with the one-dimensional Bethe-ansatz result for n = 1 and n = 0.6 (solid curves).
The triangles and rhombuses mark the longitudinal and transverse spin saturation correspondingly.

becomes fully saturated (s = n/2) and degenerate (|∆(+)
q |/2U = 0 with q arbitrary)

at U ≥ Usat (on the right of triangles in figures 1 and 2) or n < nsat (on the left of
the triangles in figure 3).

Even though at h 6= 0 there is no true long-range order in 1d case, by compar-
ison of the GSCF quasi-particle spectrum, ground-state properties and the phase
diagram to the exact results we can estimate the short range electron correlations
(sections 4.1–4.5).

4. Ground-state properties

4.1. Quasi-particle spectrum

In the common case of 0 ≤ n < 1 the situation min {E(+)
k− (q)} < max {E(+)

k+ (q)} may
occur. But we never found the case when the Fermi-energy was higher than the
minimum of the upper band, i. e. the corresponding upper band is always empty
for all U/t, h and n 6= 1. The corresponding energy gap (see (9)) at n = 1 for the
quasi particle-hole excitations is E

(+)
gap = 2 min{E(+)

k (π)} (figure 4).
At all n there is a correlation in the position of the minimum energy difference

(11) between the two sub-bands and the wave number q shown by rhombuses in
figure 5. As figure 4 and figure 5 make it apparent, at arbitrary U electron-hole
correlations remove the Kramers degeneracy, so that the quasi-particles near half-
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Fig. 2. The GSCF optimized wave number q of local transverse spin modulation as a function of
U/t for various n (figures label the curves) and h/t. The triangles and rhombuses mean the same
as in figure 1.

Fig. 3. q as a function of n for various U/t (figures label the curves) and h/t. The triangles and
rhombuses mean the same as in figure 1.

filling fill the ”anomalous” large region in the momentum space (k ∈ KF). In both
figures the occupied Fermi region is shown by thick curves.

Although in many cases there are only two Fermi-impulses (kF1, kF2) corre-
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Fig. 4. The GSCF quasi-particle energy spectrum (9) for n = 1, h/t = 1. The critical interaction
strength for the longitudinal spin saturation Usat/t = 7.5. The thick curves correspond to the
occupied parts of the single quasi-particle states in the momentum space. In the represented

cases s = 0.13, 0.31, 0.50; |∆(+)
π |/t = 0.73, 3.25, 0.05; D(+) = 0.20, 0.04, 0; h + 2Us − 4t =

−2.48, 10−4, 7 correspondingly. The rhombuses note q in (9).

sponding to the same Fermi energy EF, in some cases we found at h 6= 0 also more
than the two Fermi-impulses (kF1, kF2, kF3, kF4, . . .). In general the occupied part
of the k-space within the first Brillouin zone happens to be closed or open, sym-
metric or non-symmetric with respect to the origin of the k-space (figure 5). Thus
it is more convenient to simply introduce the width of the occupied part in the
momentum space (k ∈ KF)

WFermi ≡ (kF2 − kF1) + (kF4 − kF3) + · · · . (29)

At n ≤ 1 the width of the occupied region in the lower band WFermi = nπ

according to (15) and is independent from U/t and h/t. This result is consistent
with the Luttinger theorem.55,56

In the limit U/t → 0 and n ≤ 1 the quasi-particles n
(+)
kq+ occupy Fermi region in

the k-space between the Fermi-points kF1 ≤ k ≤ kF2 symmetric with respect to k0

(see Appendix A), where k0 = 0 at n = 1. Below we compare the GSCF and exact
ground state properties in the entire space of U/t, h ≥ 0 and 0 ≤ n ≤ 1.
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Fig. 5. The GSCF quasi-particle energy spectrum (9) for n = 0.8, h/t = 0 and U/t = 1.0, 4.0, 8.0.

The notation is the same as for figure 4. In the represented cases s = 0; |∆(+)
π |/t = 0.00, 1.94, 5.97;

D(+) = 0.16, 0.10, 0.02, correspondingly. The Fermi regions are open and non-symmetric with
respect to k = 0.

4.2. Total energy

First we calculated the ground state energy in the GSCF approach and in the exact
theory (see Appendix B).

In figure 6 both results are shown as functions of U/t for various h and n.
The total energy increases (algebraically) with U/t (figure 6). The GSCF energy
calculated by means of (7) coincides with the Bethe-ansatz result in the limiting
cases U/t → 0 and U/t →∞ for all h and n and these results agree with each other
quite well in the entire range of U/t, h ≥ 0 and 0 ≤ n ≤ 1.

4.3. Chemical potential

In figures 7 and 8 the Bethe-ansatz results (Appendix B) of µ versus U/t and n at
given h/t (the solid curves) are compared with the GSCF ones (the dashed curves).
The exact µ is a monotonous and smooth function of U/t, n and h except the sharp
kinks at the critical interaction strengths Usat (triangles in figure 8) or at the critical
electron concentrations nsat (triangles in figure 8).

In contrast the GSCF µ(+) is non-monotonous in some range of U/t , n and h

(figures 7 and 8). The variation of µ(+) versus U/t in figure 7 shows monotonous
behavior for all n 6= 1 and as in exact theory µ(+) at weak interaction increases
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Fig. 6. The ground state energy E
(+)
h as a function of U/t for various n and h/t. The notation

is the same as for figure 1. The solid triangles mean the same as in figure 1.

Fig. 7. The ground state chemical potential µ(+) as a function of U/t for various n and h/t. The
notation is the same as for figure 1.

with U/t ¿ 1 linearly. Also, except n = 1 case, the numerical agreement between
µ(+) and µ becomes more accurate with increasing U/t. For n 6= 1 the GSCF result
for µ(+) everywhere slightly overestimates electron correlations (figure 7). But µ(+)

at n = 1 is non-monotonous in intermediate region of U/t and as U/t → ∞ and
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Fig. 8. µ(+) as a function of n for various U/t and h/t. The notation is the same as for figure 1.

h = 0 we find µ(+) → 0, while µ → 2t is finite. Thus at n = 1 and large U/t, µ(+)

underestimates electron correlations and differs significantly from the exact result
(figure 7). Analogous non-monotonous behavior µ(+) versus n also takes place at
intermediate U/t near n = 1 (figure 8).

The non-monotonous behavior of µ(+) versus n, observed within the universal
GSCF theory in 1d case (figure 7), is a signature of electron instability known
also in higher dimensions.4,36,39,20,40–42 This instability from incommensurate state
into the phase-separated phase in the Hubbard model is similar to observed in
the doped manganites by treating with the Kondo lattice (s-d model).4 There are
also considerable amount of experimental data pointing on a presence of a stable
phase separation regime in doped cuprates,1,3 which also contain quasi-hole rich
ferromagnetic and quasi-hole free antiferromagnetic separated phases.39

While both antiferromagnetic and ferromagnetic states at least correspond to a
local minima in an energy, a spiral phase near n = 1 is absolutely unstable. The most
energetically favorable state corresponds to ferromagnetic metallic states embedded
into the matrix of antiferromagnetic dielectric.4,39,40–42 Within the GSCF theory
the magnetic field noticeably shrinks the region of electron instability phase with
negative compressibility κ

(+)
ch ≡ ∂µ/∂n < 0 and shifts the maximum to the right,

closer to n = 1 (figure 8). Notice that the electron instability at h = 0 in figure 8
takes place in the spiral phase far from transverse spin saturation (rhombuses). Such
behavior is also in agree with the experimental observation that the manganites
are being in separated phase only if the magnetic moment is unsaturated.4 Thus
according to the GSCF theory the phase separation in ferro- and antiferromagnetic
states can be strongly suppressed by applied magnetic field.
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4.4. Double occupancy

Fig. 9. The ground state concentration of doubly occupied sites D(+) as a function of U/t for
various n and h/t. The notation is the same as for figure 1.

The exact D (Appendix C) and GSCF D(+) (5) are compared35,50 in figure 9
and we see that the GSCF approach becomes ineffective at weak and intermediate
interaction U/t. Though D and D(+) at U/t → 0 both are the same, D(+) (the
dashed curves in figure 9) barely change at weak and intermediate interaction,
while the exact D (the solid curves) shows a strict linear dependence.

At large U/t the parameter D(+) overestimates electron correlations and de-
creases more rapidly than D in the exact theory. At h = 0 the exact result gradu-
ally approaches to the zero as U/t increases, while D(+) vanishes beyond the criti-
cal value Uhomog/t (rhombuses) at the transition to the ”transverse ferromagnetic”
phase (q = 0) at n 6= 1. At h 6= 0, as in the exact theory, D(+) vanishes at U ≥ Usat.
Also D and D(+) both at fixed n are monotonous functions of U/t and h. However,
in contrast to exact D a variation of D(+) versus n in general is non-monotonic.

4.5. Phase diagram

The Bethe-ansatz ground state at h = 0 is a singlet irrespective of n,25,44 while the
GSCF theory at large U/t shows the tendency toward the Nagaoka-like transverse
ferromagnetism (spatial homogeneous phase) for all n 6= 1 and h = 0 (section 3.3).

In the spiral phase the longitudinal spin is non-saturated (s < n/2). However, at
sufficiently large U ≥ Usat, the system at h 6= 0 in figure 1 undergoes a transition into
s = n/2 and sj⊥ = |∆(+)

q |/2U = 0 with q arbitrary (degeneracy)(see section 3.1).



June 27, 2003 0:25 WSPC/INSTRUCTION FILE Repulsijmpb11

Exact and Self-consistent Results in One-dimensional Repulsive Hubbard Model 15

Fig. 10. The phase diagram in the U -n plan for various h/t (figures label the curves) in the Bethe-
ansatz (the solid curves) and GSCF (the thin dashed curves) approaches. On the right of these

curves we have the saturated ”longitudinal ferromagnetic” phase with s = n/2, ∆
(+)
q = 0 (q is

arbitrary) at the corresponding h/t > 0, on the left we have the ”transverse spiral incommensurate”

phase with q 6= 0, s < n/2, ∆
(+)
q 6= 0. The thick dashed curve corresponds to the boundary

between the ”transverse spiral incommensurate” phase with s = 0 and the spatially homogeneous

”transverse ferromagnetic” phase (on the right of the curve) with the GSCF ∆
(+)
q = Un, q = 0

and s = 0. At infinitesimal h/t the thin dashed curve coincides with the thick dashed one.

In the presence of infinitesimal magnetic field this degeneracy results in a sharp
transition (spin reorientation) from saturated transverse sj⊥ = n/2 (s = 0) into
fully polarized longitudinal s = n/2 (sj⊥ = 0) phase.

The U -n phase diagram at given h/t is shown in figure 10. The thick dotted
curve (h = 0) divides the entire U -n plane on two parts with q > 0 (the left upper
part) and q = 0 (the right lower part).

From self-consistent equations (12)–(14) and (15) at h = 0 and q → 0 we find in
U -n plane the equation of the phase boundary curve Uhomog versus n between the
spiral and homogeneous (ferromagnetic) phases

Uhomog = 2πt

(
1

sin(nπ)
− cos(nπ)

nπ

)
. (30)

Below the curve Uhomog versus n we have the homogeneous (transverse ferro-
magnetic) state (at h = 0) or saturated longitudinal spin state (at h 6= 0). The
spatial homogeneity at h = 0 prevails at large U/t and small n, while the spiral
phase dominates at weak interaction and in close vicinity of n = 1.

In contrast to the exact theory the GSCF phase diagram at h = 0 consists
exclusively of spatially ordered magnetic phases and is similar to 2d case at n 6=
1,36 where incommensurate phase in 2d case eventually loses its stability to the
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paramagnetic phase at U/t ≤ 1 38. It is interesting that the GSCF phase diagram
for the Hubbard model is similar to that for 1d Kondo model at h = 0.53,54 In fact
the equation (30) is close to the corresponding boundary between ferromagnetic and
spiral phases in 1d Kondo model with renormalized parameter Jc = 2Uhomogπn.52,53

In the Bethe-ansatz approach the critical magnetic field hsat of phase transition
is given by the formula (U ≥ 0) 32,35,50

hsat = U
(
−n +

γ

2

)
− Uγ

π
arctan

(
1

γ tan nπ

)
− 4θt cosnπ

π
, (31)

where γ =
√

16t2 + U2/U , θ = arctan(4t sin nπ/U). Particularly, at U → 0 we have
(23) and at U/t →∞ we have hsat → 0 for all n.

From (31) we can see that the exact hsat decreases with U/t for all n and increases
with n for all U/t. At n < 1 in the GSCF approach hsat = 0 at sufficiently large
but finite U/t value, which implies that the longitudinal spin saturation may occur
at infinitesimal h → 0, due to the degeneracy mentioned above in this section.

5. Spin crossover at half-filling

5.1. Longitudinal spin saturation

The lower branch (λ = 1) of the two quasi-particle energy sub-bands (9) at n = 1
for arbitrary h and U 6= 0 are separated by the finite energy gap 2 min{E(+)

k (π)}
(see section 4.1)

At sufficiently large U/t and h > 0 we have the state of saturated longitudi-
nal spin (26) (see also section 4.5). From (9) we obtain the quasi-particles energy
spectrum with ∆(+)

π = 0

E(+)
kλ (π) =

U − λ|4t cos k + U + h|
2

(32)

(λ = ±1). The maximal energy of quasi-particles in the occupied band occurs at
k = ±π (or kF2 = −kF1 = π).

The GSCF critical magnetic field coincides with the exact one at n = 1,
hsat = −U +

√
16t2 + U2.29,58 Particularly, if h ≥ 4t the longitudinal spin is always

saturated independently of U/t. Above hsat or Usat, the energy gap E
(+)
gap = U+h−4t

increases linearly with h and U/t.

5.2. Transverse local spin

At h < hsat or U < Usat the spin s is unsaturated (s < n/2) and the transverse
local spin S⊥ = |∆(+)

q |/2U is not zero.
The evolution of the energy gap in the momentum space with U/t and h is

examined below within the GSCF approach. From (9) we find that until 2sU+h ≥ 4t

the GSCF minimum energy gap occurs at momentum k0 = π. For opposite extreme
2sU + h < 4t the location of the minimum energy gap of quasi-particles occurs at
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k0 = 0 and in general k0 changes according to

k0 =
{

π

arccos (−(2sU + h)/4t)
if
if

2sU + h ≥ 4t

2sU + h < 4t,
(33)

and corresponding energy gap is

E(+)
gap =

{√
(2sU + h− 4t)2 + (∆(+)

π )2

|∆(+)
π |

if
if

2sU + h ≥ 4t

2sU + h < 4t
(34)

(figure 11). In particular, at h = 0, s = 0 the two sub-bands are separated by ∆(+)
π

at k0 = π/2. This result implicitly assumes that k0 and q = WFermi at n = 1 and
h = 0 are both unrenormalized by U/t as in the exact theory.36,55–57

It is also from (33) clear that k0 within the GSCF approach is renormalized
by U/t, whenever h 6= 0. Earlier we studied the crossover from the itinerant BCS
state into the Bose condensation regime within the attractive Hubbard model with
h = 0.34 Now we notice analogous crossover for U > 0 case at n = 1 and h 6= 0. The
momentum k0 at h 6= 0 increases from k0 < π to k0 = π driven by U/t. Such a weak
singular behavior of the energy gap gives rise to the crossover from itinerant into
the localized magnetic regime.45 The critical magnetic field hcross for spin crossover
is determined from (33)

hcross = 4t− 2sU. (35)

It can be shown that hcross ≤ hsat. Thus the spin crossover always occurs in
the phase of non-zero transverse spin (S⊥ 6= 0) with non-saturated longitudinal
spin (s < 1/2). Analogously, at given h ≤ 4t from (33) (or from (35)) we have the
critical interaction strength Ucross = (4t− h)/2s. The formula (34) is illustrated in
figure 11. We see that E

(+)
gap coincides with ∆(+)

π only at U ≤ Ucross (on the left of
the circles in figure 11).

At h = 0 the gap Egap is identical to the order parameter ∆(+)
π and both in-

crease with U/t. However, at h 6= 0 the energy gap becomes distinct from ∆(+)
π ,

when E
(+)
gap/t versus U/t intersects the boundary of magnetic crossover (bold curve).

Apparently ∆(+)
π /t versus U/t in figure 11 is non-monotonous and vanishes at mag-

netic saturation Usat while E
(+)
gap/t monotonously increases with U/t. The curve

E
(+)
gap/t versus U/t is linear above Usat and identical to the exact gap.

The exact gap increases with U/t and h,35 while the GSCF gap increases with
U/t and is a non-monotonous function of h.45 Although the GSCF theory overes-
timates the exact gap everywhere, it still correctly displays the separation between
the spin (∆(+)

π ) and charge (E(+)
gap) degrees of freedom for hcross ≤ h ≤ hsat.

6. Summary

In the present paper we analyze the quasi-particle spectrum, the ground-state prop-
erties and the phase diagram for general U/t, n and h by employing the Bethe-ansatz
and the GSCF approaches. The analytical GSCF theory under the extreme condi-
tions of one dimensionality still captures the most relevant features of electron
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Fig. 11. The GSCF ground state energy gap E
(+)
gap/t (the thin dashed curves) and the order

parameter ∆
(+)
π /t (the thin dash-dotted curves) versus U/t for n = 1 and various h/t (figures

label the curves). The thick solid curve and the circles correspond the spin (magnetic) crossover.
The triangles mark the longitudinal spin saturation. The circles mark the spin crossover.

correlations and shows in certain range of parameters also quantitative agreement
with the exact result.

The GSCF ground-state properties with magnetic field always become closer to
the corresponding exact results. In certain range of parameters the GSCF approach
gives stable long-range ferro-, antiferro- and spiral phases with S⊥ 6= 0 even at h = 0,
while the exact solution is non-magnetic (singlet) with short-range correlations.29,36

In contrast to the exact theory, the GSCF chemical potential µ(+) in some range
of U/t and n is non-monotonous, which indicates the instability of the GSCF solu-
tion with uniform electron distribution.36,20,39–42 By comparison with the Bethe-
ansatz solution we find that in wide range of parameters µ(+) versus U overestimates
electron correlations at n 6= 1 and underestimates correlations at n = 1. The largest
absolute deviation occurs for n = 1 at large U/t and h = 0. In fact as U/t → ∞,
the Bethe-ansatz gives µ → 2t, while µ(+) → 0.

The GSCF theory provides a simple relationship for the double occupancy D(+)

in terms of parameters n, s and ∆(+)
q . The GSCF D(+) underestimates electron

correlations at weak interaction and overestimates at large U/t. At h = 0 the GSCF
D(+) vanishes at large U/t, while exact D decreases gradually as U/t increases.

Exactly at n = 1 and h 6= 0 the GSCF theory even in 1d case displays the
spin-charge separation, where antiferromagnetic order parameter ∆(+)

π differs from
the electron-hole excitation gap E

(+)
gap . This in turn gives rise to a smooth magnetic

crossover from the itinerant weak band-like moment to the localized magnetism of
Bose condensed electron-hole pairs with well developed moment.
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The GSCF variational ground state energy is exact in limiting cases U/t → 0
and U/t → ∞ for arbitrary h ≥ 0 and all 0 ≤ n ≤ 1. By choosing single-particle
mean field Hamiltonian as a zero order approximation we can construct a nontriv-
ial perturbation expansion procedure, which converges for arbitrary perturbation
parameter.24 We find that a variational calculation gives us the first two terms of
the expansion series, in which the perturbation potential is equal to the deviation
between the Hubbard and GSCF Hamiltonian. Corresponding second order correc-
tions to the ground state energy vanish at small and large U/t limits and provide
good numerical agreement with the Bethe-ansatz result in wide range of parameters.
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Appendix A. The GSCF wave number at weak interaction

We consider the GSCF approach at weak interaction limit for U → +0 at h = 0
and 0 ≤ n ≤ 1. In this limit: ∆(+)

q → 0, s = 0. The formula (11) reduces simply to

E
(+)
k (q) =

|εk − εk+q|
2

(A.1)

and from (9) we have

E(+)
k + (q) = εk+q, E(+)

k− (q) = εk, (if εk > εk+q), (A.2)

E(+)
k + (q) = εk, E(+)

k− (q) = εk+q, (if εk < εk+q). (A.3)

In the ground state the quasi-particle states {k,−} are all empty, and the states
{k, +} are partially (if n < 1) or entirely (if n = 1) occupied in momentum space
at kF1 ≤ k ≤ kF2 with kF2 − kF1 = 2nπ. In order to satisfy the equation (12), kF1

and kF2 must be disposed symmetrically with respect to the point of intersection
k0 of the functions εk and εk+q:

εk0 = εk0+q, k0 =
kF1 + kF2

2
. (A.4)

Hence we obtain kF1 = k0 − nπ, kF2 = k0 + nπ. Besides, we must have

E(+)
kF1+q +(q) = E(+)

kF2 +(q) = E(+)
k0 +(q) = EF, (A.5)

where EF is the Fermi energy, or εkF1+q = εkF2 = εk0 . From (A.5) we obtain the
final result for q:

q = nπ. (A.6)

Note, that the equation (13) is satisfied, since ∆(+)
q → 0. It is not difficult to see

that the equation (14) is also satisfied. The relationship (A.6) is in agreement with
the Luttinger theorem for the corresponding lattice momentum in the spin-spin
correlation function.36,55–57

Appendix B. Ground state energy and chemical potential in the
exact theory

The Bethe-ansatz technique 25 (see also 34,35,50) gives an exact expression for the
ground state energy of the Hubbard model in one dimension:

E = −2t

∫ Q

−Q

dkρ(k) cos k, (B.1)

where 0 ≤ n ≤ 1, 0 ≤ s ≤ n/2, ρ(k) is determined from the set of coupled Fredholm
integral equations

ρ (k) =
1
2π

+
U cos k

4tπ

∫ B

−B

dλσ (λ) f1 (k, λ) , (B.2)
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σ (λ) =
U

4tπ

∫ Q

−Q

dkρ (k) f1 (k, λ)− U

2tπ

∫ B

−B

dλ′σ (λ′) f2 (λ, λ′) , (B.3)

f1 (k, λ) ≡ 1
(U/4t)2 + (λ− sin k)2

, (B.4)

f2 (λ, λ′) ≡ 1
(U/2t)2 + (λ− λ′)2

, (B.5)

with normalization conditions determining Q and B

∫ Q

−Q

ρ(k)dk = n, (B.6)

∫ B

−B

σ(λ)dλ =
n

2
− s . (B.7)

In the exact theory from µ = ∂E/∂n and (B.1)– (B.7) we have for the chemical
potential

µ = −2t

∫ Q

−Q

dkρn (k) cos k − 4tQnρ (Q) cos Q, (B.8)

where ρn (k) ≡ ∂ρ (k)/∂n and σn (λ) ≡ ∂σ (λ)/∂n satisfy the integral equations

ρn (k) =
U cos k

4tπ

∫ B

−B

dλσn (λ)f1 (k, λ)

+
U cos k

4tπ
[f1 (k, B) + f1 (k,−B)] σ (B)Bn , (B.9)

σn (λ) =
U

4tπ

∫ Q

−Q

dkρn (k)f1 (k, λ)− U

2tπ

∫ B

−B

dλ′σn (λ′)f2 (λ, λ′)

+
U

4tπ
[f1 (Q,λ) + f1 (−Q,λ)] ρ (Q) Qn

− U

2tπ
[f2 (λ,B) + f2 (λ,−B)] σ (B) Bn , (B.10)

and Qn ≡ ∂Q/∂n, Bn ≡ ∂B/∂n are determined from the relations
∫ Q

−Q

ρn (k) dk + 2ρ (Q)Qn = 1, (B.11)

∫ B

−B

σn (λ)dλ + 2σ (B)Bn =
1
2

. (B.12)

Eqs. (B.8)–(B.12) with (B.2)–(B.7) determine µ as a function of U/t, n and s.
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Appendix C. Double occupancy in the exact theory

In the exact theory from D = ∂E/∂U and (B.1)– (B.7) we have34,35,50

D = −2
∫ Q

−Q

dkρU (k) cos k − 4ρ (Q) QU cos Q , (C.1)

where ρU (k) ≡ t∂ρ (k)/∂U and σU (λ) ≡ t∂σ (λ)/∂U satisfy the integral equations

ρU (k) =
U cos k

4tπ

∫ B

−B

dλσU (λ) f1 (k, λ)

+
cos k

2π

∫ B

−B

dλσ (λ)
[
f1 (k, λ) /2− (U/4t)2 f1 (k, λ)2

]

+
U cos k

4tπ
[f1 (k,B) + f1 (k,−B)] σ (B) BU , (C.2)

σU (λ) =
U

4tπ

∫ Q

−Q

dkρU (k) f1 (k, λ)− U

2tπ

∫ B

−B

dλ′σU (λ′) f2 (λ, λ′)

+
U

2Uπ

∫ Q

−Q

dkρ (k)
[
f1 (k, λ) /2− (U/4t)2 f1 (k, λ)2

]

− U

Uπ

∫ B

−B

dλ′σ (λ′)
[
f2 (λ, λ′) /2− (U/2t)2 f2 (λ, λ′)2

]

+
U

4tπ
[f1 (Q,λ) + f1 (−Q,λ)] ρ (Q) QU

− U

2tπ
[f2 (λ,B) + f2 (λ,−B)] σ (B)BU , (C.3)

and QU ≡ t∂Q/∂U , BU = t∂B/∂U are determined from
∫ Q

−Q

ρU (k)dk + 2ρ (Q)QU = 0, (C.4)

∫ B

−B

σU (λ)dλ + 2σ (B)BU = 0. (C.5)

The functions f1(k, λ) and f2(λ, λ′) are defined by (B.4), (B.5).
Substituting the solution of the integral Bethe-ansatz equations (B.1)–(B.7) into

(C.2)–(C.5) and resolving these equations we obtain D as a function of U/t, n and
s.


