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Intr oduction

Riemannian foliations occupy an important placein geometry An excellert survey
is A. Hae’iger's Bourbaki seminar [6], and the book of P. Molino [13] is the standard
referencefor riemannian foliations. In one of the appendicesto this book, E. Ghys
proposesthe problem of developing a theory of equicortin uous foliated spacesparallel-
ing that of riemannian foliations; he usesthe suggestie term \qualitativ e riemannian
foliations" for such foliated spaces.

In our previous paper [1], we discussedthe structure of equicortinuous foliated
spacesand, more generally, of equicortin uous pseudogroupsof local homeomorphisms
of topological spaces. This concept was ditcult to dewelop becauseof the nature of
pseudogroupsand the failure of having an in nitesimal characterization of local isome-
tries, asonedoeshave in the riemannian case. Theseditculties giveriseto two versions
of equicortinuity: a weaker version seemsto be more natural, but a stronger version
is more useful to generalizetopological properties of riemannian foliations. Another
relevant property for this purposeis quasi-e®ectieness,which is a generalization to
pseudogroupsof e®ectivenessfor group actions. In the caseof locally connectedfo-
liated spaces,quasi-e®ectienessis equivalent to the quasi-analyticity introduced by
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Hae®iger [4]. For instance, the following well-known topological properties of riemann-
ian foliations were generalizedto strongly equicortin uous quasi-e®ectie compact foli-
ated spaces[1]; let us remark that we also assumethat all foliated spacesare locally
compact and polish:

2 |Leaveswithout holonomy are quasi-isometricto one another (our original mo-
tivation).

2 Leaf closuresde ne a partition of the space. Sothe foliated spaceis transitiv e
(there is a denseleaf) if and only if it is minimal (all leavesare dense).

2 The holonomy pseudogrouphas a closure de ned by using the compact-open
topology on small enoughopen subsets.

In this paper, we shaw, in fact, that there are few ways of constructing nice equicon-
tinuous foliated spacesbeyond riemannian foliations. The de nition of riemannian
foliation usedhereis slightly more generalthan usual: a foliation is called riemannian
when its holonomy pseudogroupis given by local isometries of someriemannian man-
ifold (a riemannian pseudogroup);thus leafwise smoothnessis not required. Our main
result is the following purely topological characterization of riemannian foliations with
denseleaves on compact manifolds.

Theorem. Let (X;F) be a transitive compact foliated space. Then F is a riemannian
foliation if and only if X is locally connected and "nite dimensional, F is strongly
equicontinuous and quasi-analytic, and the closure of its holonomy pseudgroup is
guasi-analytic.

This theorem is a direct consequencef the corresponding result for pseudogroups,
whoseproof usesthe material developedin [1] aswell asthe local version of the solution
of Hilb ert 5th problem due to R. Jacoly [9].

An earlier result in this direction was that of M. Kellum [10, 11] who proved this
property for certain pseudogroupsof uniformly Lipschitz di®eomorphismsof riemann-
ian manifolds. Also, R. Sadsteder work [17] can be interpreted as giving a charac-
terization of riemannian pseudogroupsof one-dimensionalmanifolds. Another similar
result, proved by C. Tarquini [19], states that equicortin uous transversely conformal
foliations are riemannian; note that, in the caseof denseleaves,this result of Tarquini
follows easily from our main theorem.

1. Local groups and local actions

The concept of local group and allied notions is developed in Jacoby [9]. Some of
these notions are recalled in this section, for easeof reference.

Deniton  1.1. A local group is a quintuple (G;e;¢ % D) satisfying the following
conditions:
(1) (G;D) is atopological space;
(2) ¢is a function from a subsetof G £ G to G;
(3) %is a function from a subsetof G to G;
(4) there is a subsetO of G sud that
(8) O is an open neighborhood of e in G,
(b) O£ O is a subsetof the domain of ¢
(c) O is a subsetof the domain of ©,
(d) for all a;b;c2 O, if a¢band b¢c 2 O, then (a ¢tb) ¢c = (a¢h) ¢c.
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(e) foralla2 0,a%2 O, ate= eta= aanda’ta= ac¢a’= e,
(f) themap ¢: O£ O! G is continuous,
(@) the map °: O! G is cortinuous;

(5) the setfeg is closedin G.

Jacolby employs the notation G for the quintuple (G;e;¢ %D), but hereit will be
simply denoted by G.

The collection of all setsO satisfying condition (4) will be denotedby 2 G. This is
a neighborhood baseof e 2 G; all of these neighborhoods are symmetric with respect
to the inverseoperation (3). Let ©(G;n) denote the collection of subsetsA of G suct
that the product of any collection of - n elemeris of A is de ned, and the set A" of
such products is contained in someO 2 2 G.

If G is alocal group, then H is a subgroupof G if H 2 ©(G;2),e2 H, H= H and
H¢H =H.

If G is alocal group, then H ¥ G is a sub-local group of G in caseH is itself a local
group with respect to the induced operations and topology.

If G is alocal group, then * G denotesthe set of all pairs (H;U) of subsetsof G so
that (1) e2 H; (2) U22G; (3) foralla;b2 U\ H,a¢h2 H; (4) forallc2 U\ H,
2 H.

Jacoby [9, Theorem 26] provesthat H ¥ G is a sub-local group if and only if there
exists U such that (H;U) 2 " G.

Let G be a local group and let | G denote the pairs (H;U) sothat (1) e 2 H; (2)
U22G\ ©G;6); (3) for all a;b2 US\ H, a¢tb2 H; (4) for all c2 U\ H, "2 H;
(5) U%r H is open. Given suc a pair (H;U) 2 | G, there is a (completely regular,
hausdor® topological spaceG=(U;H) and a corntinuous open surjection

T:U%2!1 G=(U;H)

such that T(a) = T(b) if and only if a°¢b2 H (cf. [9, Theorem 29]).

If (H;V) is another pair in | G, then the spacesG=(H;U) and G=(H;V) are locally
homeomorphicin an obvious way. Thus the conceptof cosetspaceof H is well de ned
in this sense,as a germ of a topological space. The notation G=H will be usedin
this sense;and to say that G=H has certain topological property will meanthat some
G=(H; U) hassuc property.

Let ¢ G be the set of pairs (H;U) sud that (H;U) 2! G and, for alla2 H\ U*
and b2 U? KP¢(acth) 2 H. A subsetH % G is called a normal sub-local group of
G if there exists U such that (H;U) 2 ¢ G. If (H;U) 2 ¢ G then the quotient space
G=(H;U) admits the structure of a local group (see[9, Theorem 35] for the pertinent
details) and the natural projection T : U?2 ! G=(H;U) is a local homomorphism. As
before, another suc pair (H;V) producesa locally isomorphic quotient local group.

Let us recall the main results of Jacoby [9] on the structure of locally compact local
groups becausethey will be neededin the sequel.

Theorem 1.2 (Jacoby [9, Theorem 96]). Any locally compact local group without small
sulgroupsis a local Lie group.

In the above result, a local group without small subgroupsis a local group where
someneighborhood of the identity elemen cortains no nontrivial subgroup.

Theorem 1.3 (Jacoby [9, Theorems97{103]). Any locally compact second countable
local group G can be approximated by local Lie groups. More precisely, givenV 2 2 G\
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©(G; 2), there existsU 2 @ G with U %2V and ther? existsa sequene of compact normal
sutgroupsF, ¥2U suchthat (1) Fn+y %2 Fn, (2) ,Fn = feg, (3) (Fn;U) 2 ¢ G, and
(4) G=(F,; V) is a local lie group.

Theorem 1.4 (Jacoby [9, Theorem 107]). Any nite dimensional metrizable locally
compact local group is locally isomorphic to the direct product of a Lie group and a
compact zem-dimensional topological group.

An immediate consequencef Theorem 1.4 is that any locally euclideanlocal group
is a local Lie group, which is the local version of Hilbert 5th problem obtained by
Jacoby.

All local groups appearing in this paper will be assumed,or proved, to be locally
compact and secondcourtable.

De nition 1.5. A local group G is a local transformation group on a subspaceX %Y
if there is givena cortinuousmap G£ X ! Y, written (g;x) 7! gx, suc that

2 ex=xforall x2 X; and
2 g1(gx) = (19)X, provided both sidesare de ned.

This mapGE£ X ! Y is calledalocal action of G on X %Y.

The typical example of local action is the following. Let H be a sub-local group
of G. If (H;U)2 ! Gand T :U?! G=(H;U) is the natural projection, then U is a
sub-local group of G and the map (u; T(g)) 7! T(u ¢g) de nes a local action of U on
the open subspaceT (U) of G=(H; U).

If G isalocal group acting on X %Y and the action is locally transitiveat x 2 X in
the sensethat there is a neighborhood V 2 2 G sudc that Vx includes a neighborhood
of x in X, then there is a sub-local group H of G and an open subsetU % G sud that
(H;U) 2 | G and the orbit map g 2 G 7! gx 2 X induces a local homeomorphism
G=(H;U)! X at x, which is equivariant with respect to the action of U.

Theorem 1.6. Let G be a locally compact, sefarable and metrizable local group. Sup-
posethat there is a local action of G on a nite dimensional subspce X %Y and that
the action is locally transitive at somex 2 X . Fix some(H;U) 2 | G sothat the orbit
map g 7! gx induces a local homeomorphism G=(H;U) ! X at x. Then there existsa
connected normal sulgroup K of G suchthat K 2H, (K;U) 2 | G and G=(K;U) is
“nite dimensional.

Proof. This is a local version of [15, Theorem 6.2.2], whose proof shaws the following
assertionthat will be usednow.

Claim 1. Let A be a locally compact, sefarable and metrizable topological group, and
let B be a closal sulgroup of A suchthat A=B is of nite dimension and connected.
Let N, be a seguen@ of compact normal sulgroups so that N, = feg and every
A=N, is a Lie group. Then there is someindex ny suchthat the connected component
of the identity of N, is contained in B.

The following obsenation is also needed.

Claim 2. Let A be alocal group, let (B;V) 2 | A, letT : Al A=(B;V) denotethe
natural projection, and let C be a compact sulgroup of A contained in V2\ V®. Then
B\ C is a compact sulgroup of C, amap C=(B\ C)! A=(B;V) is well de ned by
the assignmenta(B \ C) 7! T(a), and this map is an emledding.
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This assertioncan be proved asfollows. On the onehand, B\ C is compactbecause
B is closedand C compact. On the other hand, B\ C is a subgroup of C becauseC
is a subgroup,C % V8 anda¢h2 B anda’2 B for all a;b2 V® since(B;V) 2 ! A.
The map C=(B\ C) ! A=(B;V) is well de'ned and injective becauseC % V2 and
T(a) = T(b) if and only if a¢k’2 B for a;b2 V2. This injection is continuous because
it isinduced by the inclusionC | V2. Thusthis map is an embedding sinceC=(B\ C)
is compact and A=(B;V) is Hausdor®.

Now, with the notation of the statemernt of this theorem, let F, be a sequence
of compact normal subgroups of G as provided by Jacoby's theorem [9] (quoted as
Theorem 1.3). It may be assumedthat (F,;U) 2 ¢ G and F,, ¥2U?\ U® for all n. If
K is the identit y componert of eat F,, then the natural quotient map G=(K,;U) !
G=(Fn;U) has zero dimensional b ers, becausethey are locally homeomorphicto the
zero-dimensionalgroup F,=K,,. Becauseeath G=(F,;U) is alocal Lie group, it is nite
dimensional, and thus G=(K ,,; U) is also "nite dimensional (see[8, Ch. VII, x4]).

By Claim 2, K ;1\ H isacompactsubgroupof K 1, and there is a canonicalembedding
Ki=(K1\ H)! G=(H;U). Moreover K;=(K1\ H) is connectedsincesois K;. Then
the dimension of K;=(K;\ H) is lessor equal than the dimension of G=(H;U) by
[8, Theorem IIl 1], and thus K;=(K 1\ H) is of nite dimension. On the other hand,
ead canonical embedding K;=(K1\ Fy) ! G=(F,;U), given by Claim 2, realizes
K1=(K 1\ Fp) asacompactsubgroup of the local Lie group G=(F,; U) becauseK 1\ F,
is a normal subgroupof K;. Soewery K,;=(K1\ F,) is a Lie group. Then, by Claim 1
with A = K4, B = K;\ H and N, = K1\ F,, there is someindex ng sudc that
the identity componert K of F = K1\ Fy, is contained in K1\ H. This F is a
normal subgroup of G, and thus K is a connectednormal subgroup of G. Furthermore
(K;U);(F;U) 2 ¢ G, and

dim G=(K;U) = dim G=(F;U) - dimG=(K1;U) + dimK1=(K1\ Fp,)

by [8, Theorem |1l 4]. So G=(K;U) is of nite dimension as desired. o

2. Equicontinuous  pseudogr oups

A pseudgroup of local transformations of a topological spaceZ is a collection H
of homeomorphismsbetweenopen subsetsof Z that corntains the identity on Z and is
closedunder composition (wherever de ned), inversion, restriction and combination of
maps. Sucth a pseudogroupH is generated by a setE 2 H if every element of H can
be obtained from E by using the above pseudogroupoperations; the setsof generators
will be assumedto be symmetric for simplicity (hi ' 2 E if h 2 E). The orbit of an
elemen x 2 Z is the set H(x) of elements h(x), for all h 2 H whosedomain cortains
X. Theseorbits are the equivalenceclassesof an equivalencerelation on Z.

Pseudogroupsof local transformations are natural generalizationsof group actions
on topological spaceqeac group action generatesa pseudogroup). Another important
example of a di®eren nature is the holonomy pseudogroupof a foliated spacede ned
by a regular covering by °ow boxes|[2, 4, 5, 7].

The study of pseudogroupscan be simpli ed by using certain equivalencerelation
introduced by Hae®iger [4, 5]. For instance, any pseudogroupof local transformations
is equivalert to its restriction to any open subsetthat meets all orbits; indeed, the
whole of this equivalencerelation is generated by this very basic type of examples.
This concept of pseudogroupequivalenceis very important in the study of foliated
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spacesbecausethe equivalence class of the holonony pseudogroupdepends only on
ead foliated space;it is independert of the choice of a regular covering by °ow boxes.

For a pseudogroupH of local transformations of a locally compact spaceZ , Haeiger
intro duced also the concept of compact generation: H is compactly geneated if there
is a relatively compact open set U in Z meeting ead orbit of H, and sud that the
restriction G of H to U is generatedby a nite symmetric collection E % G so that
eac g 2 E is the restriction of an elemen § of H de ned on someneighborhood of the
closure of the sourceof g. This notion is invariant by equivalencesand the relatively
compact open set U meeting ead orbit can be chosenarbitrarily . If E satis es the
above conditions, it is called a systemof compact geneation of H on U.

The concept of strong and weak equicortinuity was introduced in [1] for pseu-
dogroupsof local transformations of spaceswhosetopology is induced by the following
type of structure. Let f(Z;;dij)gi>; be afamily of metric spacessud that fZigi», is a
covering of a set Z, ead intersection Z; \ Z; is openin (Z;;d;) and (Z;;d;), and for
all " > 0 there is some#(") > 0 sothat the following property holds: for all i;j 2 |
andz 2 Z;\ Z;, there is someopen neighborhood U;j ., of z in Z; \ Z; (with respect
to the topology induced by d; and d;) sud that

di(xy) < ") =) dxy)<”

for all " > O and all x;y 2 Ujj ... Such a family is called a cover of Z by quasi-lacally
equal metric spaces. Two such families are called quasi-lacally equal when their union
alsois a cover of Z by quasi-locally equal metric spaces.This is an equivalencerelation
whose equivalence classesare called quasi-lacal metrics on Z. For ead quasi-local
metric Q on Z, the pair (Z; Q) is called a quasi-lacal metric space. Such a Q inducesa
topology on Z sothat, for eadh f (Z;;d)gi2; 2 Q, the family of open balls of all metric
spaces(Z;; di) form a baseof open sets. Any topological conceptor property of (Z; Q)
refersto this underlying topology. It was also obsened in [1] that (Z; Q) is a locally
compact polish spaceif and only if it is hausdor®,paracompact, separableand locally
compact.

The strongest version of equicortinuity was de ned in [1] as follows. Let H be
a pseudogroupof local homeomorphismsof a quasi-local metric space(Z;Q). Then
H is called strongly equicontinuous if there exists somef (Z;;di)gi2; 2 Q and some
symmetric set S of generatorsof H that is closedunder compositions such that, for
every " > 0, there is some#(") > 0 sothat

di(x;y) < H") =) dj(h(x);h(y)) <"
forallh2S,i;j 21 andxy2 Zi\ hi{(Z;\ imh).

The condition on S to be closedunder compositions is precisely what distinguishes
strong and weak equicortinuity [1, Lemma 8.3]. A typical choice of S is the set of all
possiblecompositesof somesymmetric set of generators. In fact, givenany S satisfying
the condition of strong equicortin uity, it is obviously possibleto 'nd a symmetric set of
generatorskE given by restrictions of elemens of S, and then the set of all composites
of elemerts of E also satis es the condition of strong equicortin uity.

A pseudogroupH acting on a spaceZ will be called strongly equicontinuous when it
is strongly equicortin uouswith respectto somequasi-local metric inducing the topology
of Z. This notion is invariant by equivalencesof pseudogroupsacting on locally compact
polish spaceg[1, Lemma 8.8].

A key property of strong equicortinuity is the following.
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Prop osition 2.1 ([1, Proposition 8.9]). Let H be a compactly generted and strongly
equicontinuous pseudgroup acting on a locally compact polish quasi-lccal metric space
(Z;Q), and let U be any relatively compact open subsetof (Z; Q) that meets every H -
orbit. Supmsethat f(Z;i;di)gi2; 2 Q satis es the condition of strong equicontinuity.

Let E be any systemof compact geneation of H on U, and let § be an extension of
each g 2 E with domg % dom@. Also, let f Z%;,, be any shrinking of Z;gi2,. Then
there is a "nite family V of open subsetsof (Z; Q) whoseunion contains U and such
that, foranyV 2 V, x 2 U\ V, andh 2 H with x 2 domh and h(x) 2 U, the domain
of i = §, £¢¢¢+8; contains V for any composite h = g, +¢¢¢+g; de ned around x with

The following terminology was introduced in [1] to study strongly equicortin uous
pseudogroups. A pseudogroupH of local transformations of a spaceZ is said to be
guasi-e®etive if it is generatedby somesymmetric set S that is closed under com-
positions, and such that any transformation in S is the identity on its domain if it
is the identity on some non-empty open subset of its domain. The family S can be
assumedto be also closedunder restrictions to open sets, and thus every map in H
is a combination of mapsin S in this case. Moreover, if H is strongly equicortinu-
ous and quasi-e®ectie, then S can be chosento satisfy the conditions of both strong
equicortin uity and quasi-e®ectieness.The notion of quasi-e®ectienessis invariant by
equivalencesof pseudogroupsacting on locally compact polish spaces[1, Lemma 9.5].
Moreover this property is equivalent to quasi-analyticity for pseudogroupsacting on
locally connectedand locally compact polish spaceq1, Lemma 9.6]; recall that a pseu-
dogroupH is called quasi-analytic if every h 2 H is the identit y around somex 2 domh
whene\er h is the identit y on someopen set whoseclosure contains x [4].

Prop osition 2.2 ([1, Proposition 9.9]). Let H be a compactly geneated, strongly
egquicontinuous and quasi-e®etive pseudgroup of local homeomorphisms of a locally
compact polish space Z. Suppsethat the conditions of strong equicontinuity and quasi-
e®etivenessare satis ed with a symmetric setS of genemators of H that is closel under
compositions. Let A; B be open subsetsof Z suchthat A is compact and contained in
B. If x andy are closeenoughpoints in Z, then

f(x)2A=) f(y)2B
for all f 2 S whosedomain contains x andy.

Recallthat a pseudogroupis called transitive whenit hasa denseorbit, and is called
minimal when all of its orbits are dense.

Theorem 2.3 ([1, Theorem 11.1]). Let H be a compactly geneated and strongly
equicontinuous pseudgroup of local transformations of a locally compact polish space
Z. If H is transitive, then H is minimal.

For spacesY;Z, let C(Y;Z) denote the family of continuousmapsY ! Z, which
will be denotedby C..,(Y;Z) whenit is endoved with the compact-open topology. For
open subspacesD; P of a spaceZ, the spaceC.,(O;P) will be consideredas an open
subspaceof C.,(0; Z) in the canonical way.

Theorem 2.4 ([1, Theorem12.1]). LetH be a quasi-e®etive, compactly geneated and
strongly equicontinuous pseudgroup of local transformations of a locally compact polish
space Z. Let S be a symmetric set of geneators of H that is closal under compositions
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and restrictions to open subsets,and satis es the conditions of strong equicontinuity
and quasi-e®etiveness. Let B be the set of maps h between open subsetsof Z that
satisfy the following property: for everyx 2 domh, there existsa neighlwrhood O, of x
in domh so that the restriction hjo, is in the closure of C(Ox;Z)\ S in C¢.o(Ox;Z).
Then:

2 8 is closel under composition, combination and restriction to open sets;

2 everymap in 18 is a homeomorphism around every point of its domain;

2 the mapsof 18 that are homeomorphismsform a pseudgroup H that contains

H;

2 H is strongly equicontinuous;

2 the orbits of H are equal to the closures of the orbits of H; and

2 8 and H are independent of the choice of S.

If a pseudogroupH satis es the conditions of Theorem 2.4, then the pseudogroup
H is called the closure of H.

Note that a pseudogroupH of local transformations of a locally compact spaceZ is
guasi-e®ectie just when there is a symmetric set S of generatorsof H that is closed
under compositions and restrictions to open subsets, and such that the restriction
map ¥, : S\ C(V;Z)! S\ C(W;Z) is injective for all open subsetsV; W of Z with
W %2 V. If moreover Z is alocally compactpolish space,and H is compactly generated
and strongly equicortinuous, then any sud %4, is bijective for V; W small enough by
Proposition 2.1. Moreover %, is continuouswith respectto the compact-opentopology
[14, p. 289], but it may not be a homeomorphismas shonn by the following example.

Example 2.5. Let Z be the union of two tangernt spheresin R%, andleth:z2 ! Z
be the combination of two rotations, one on eat sphere, around the common axis
and with rationally independert angles. Then h generatesa compactly generated,
strongly equicortin uous and quasi-e®ectie pseudogroupH of local transformations of
Z; indeed, h is an isometry for the path metric spacestructure on Z induced from that
of R%. Nevertheless,it is easyto seethat the closureH is not quasi-e®ectie.

Lemma 2.6. Let H be a compactly geneated, strongly equicontinuous and quasi-
e®etive pseudagroup of local transformations of a locally compact polish space Z.
Then H is quasi-e®etive if and only if there is a symmetric set S of geneators of
H that is closel under compositions and restrictions to open subsets,and such that
Y, 1S\ C(V;Z)! S\ C(W;Z) is a homeomorphism with respect to the compact-open
topologies for small enoughopen subsetsV; W of Z with W 4 V.

Proof. The result follows directly by observing that, accordingto Theorem 2.4, H is
guasi-e®ectie just whenthere is somesymmetric setS of generatorsof H that is closed
under compositions and satis es the following condition: for any sequencen, in S and
open non-empty subsetsV; W of Z, with W %2V % domh, for all n, if hyjw ! idw
in Cco(W;Z), then hyjy ! idy in Ceo(V;2). o

Corollary 2.7. Let H be a compactly geneated, strongly equicontinuous and quasi-
analytic pseudgroup of local transformations of a locally connected and locally compact
polish space Z. Then H is quasi-analytic if and only if there is a symmetric set S of
geneators of H that is closel under compositions and restrictions to open subsets,and
suchthat %, : S\ C(V;Z)! S\ C(W;Z) is a homeomorphism with respect to the
compact-open topologies for small enoughopen subsetsV; W of Z with W ¥ V.
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Finally, let us recall from [1] certain isometrization theorem, which states that
equicortinuous quasi-e®ectie pseudogroupsare indeed pseudogroupsof local isome-
tries in some sense. First, two metrics on the same set are said to be locally equal
when they induce the sametopology and ead point has a neighborhood where both
metrics are equal. Let f(Z;;di)gi2, be afamily of metric spacessuc that fZ;g,, isa
covering of a set Z, ead intersection Z; \ Z; is openin (Z;;d;) and (Zj;d;), and the
metrics d;; d; are locally equal on Z; \ Z; whene\er this is a non-empty set. Suct a
family will be called a cover of Z by locally equal metric spaces. Two such families are
called locally equal when their union alsois a cover of Z by locally equal metric spaces.
This is an equivalencerelation whoseequivalenceclassesare called local metrics on Z.
For eadh local metric D on Z, the pair (Z;D) is called a local metric space. Obserne
that every metric induces a unique local metric in a canonical way. In turn, every
local metric canonically determines a unique quasi-local metric. Note also that local
metrics induced by metrics can be consideredas germsof metrics around the diagonal.
Moreover a local or quasi-local metric is induced by some metric if and only if it is
hausdor®and paracompact[1, Theorems13.5and 15.1].

Now, a local homeomorphismh of a local metric space(Z; D) is called a local isome-
try if there is somef (Z;;di)gi2) 2 D suchthat, fori;j 2 1 andz 2 Z;\ hi }(Z;\ imh),
there is some neighborhood Uy - of z in Z;\ hi }(Z; \ imh) sothat di(x;y) =
di (h(x); h(y)) for all x;y 2 U .. This de nition is independert of the choice of the
family f(Z;;di)gi2; 2 D. Then the isometrization theorem is the following.

Theorem 2.8 ([1, Theorem 15.1]). Let H be a compactly geneated, quasi-e®etive
and strongly equicontinuous pseudgroup of local transformations of a locally compact
polish space Z. Then H is a pseudgroup of local isometries with respect to somelocal
metric inducing the topology of Z.

3. Riemannian pseudogr oups

De nition  3.1. A pseudogroupH of local transformations of a spaceZ is called a
riemannian pseudgroup if Z is a Hausdor®paracompact C* -manifold and all maps
in H are local isometrieswith respect to someriemannian metric on Z.

Example 3.2. Let G be a local Lie group, Gy %2 G a compact subgroup. Then the
canonicallocal action of someneighborhood of the identity in G on someneighborhood

of the identity classin G=Gy generatesa transitiv e riemannian pseudogroup. In fact,

sinceGq is compact, there is a G-left invariant and Go-right invariant riemannian met-
ric on someneighborhood of the identit y in G, which inducesa G-invariant riemannian
metric on some neighborhood of the identity classin G=Gy. With more generality, if

i ¥2 G adensesub-local group, then the canonicallocal action of someneighborhood of
the identity in j on someneighborhood of the identit y classin G=G, generatesa tran-

sitive riemannian pseudogroup. Moreover this riemannian pseudogroupis complete in

the senseof [4]. It is well known that any transitive complete riemannian pseudogroup
is equivalent to a pseudogroupof this type, which follows from the pseudogroupversion
of Molino description of riemannian foliations.

The pseudogroupversion of the main result of this paper is the following topological
characterization of transitiv e compactly generatedriemannian pseudogroups.

Theorem 3.3. Let H be a transitive, compactly geneated pseudgroup of local trans-
formations of a locally compact polish space Z. Then H is a riemannian pseudgroup if
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and only if Z is locally connected and “nite dimensional, H is strongly equicontinuous
and quasi-analytic, and H is quasi-analytic.

Remark. The closureH of H exists by virtue of Theorem 2.4, becausethe spaceZ
is locally connected, hencethe pseudogroupH is quasi-e®ectie becauseit is quasi-
analytic [1, Lemma 9.6].

The following is a direct consequencef the above theorem.

Corollary 3.4. Let H be a compactly geneated, strongly equicontinuous and quasi-
analytic pseudgroup of local transformations of a locally compact polish space Z. Then
the H -orbit closuresare C* manifoldsif and only if they are locally connected and "nite

dimensional, and the induced pseudgroup H is quasi-analytic on them.

Proof. This follows from Theorem 3.3 becausethe closure of H acting on the closure
of an orbit is equivalent to a pseudogrouplike Example 3.2. o

The proof of Theorem 3.3 will be given in the next section; in the interim, some
examplesillustrating the necessiy of seweral hypothesesare described.

Example 3.5. Let Z be the product of countably innitely many circles. This is
a compact, locally connected polish group which acts on itself by translations in an
equicortinuousway. Let Z! Z beaninjective homomorphismwith denseimage. Then
the action of Z on Z induced by this homomorphism is minimal and equicortin uous,
and soit generatesa minimal, quasi-analytic and equicortin uous pseudogroup,which
is not riemannian becauseZ is of in"nite dimension.

Example 3.6. Let Z be the set of p-adic numbersx 2 Q, with p-adic norm jxj, - 1.
Then the operation x 7! x + 1 de nes an action of Z on Z which is minimal and
equicortinuous (it presenesthe p-adic metric on Z). Thus it generatesa minimal,
guasi-analytic and equicortin uous pseudogroup,which is not riemannian becauseZ is
zero-dimensional.

Example 3.7. A related exampleis asfollows. Let Z be the standard cantor setin
[0; 1]¥2 R together with all integertranslates. Then there is a pseudogroupH acting on
Z which is generatedby translations of the line which locally presene Z. In fact, H is
a pseudogroupof local isometriesfor two geometrically distinct metrics, the euclidean
and the dyadic.

Example 3.8. The previous example can be generalized,replacing Z by the univer-
sal Menger curve [3, Ch. 15]. This spaceZ (to be precise, a modi cation of it) is
constructed as an invariant set of the pseudogroupof local homeomorphismsof R®
generated by the map f (x) = 3x and the three unit translations parallel to the co-
ordinate axes. There is a pseudogroupacting on Z generatedby euclideanisometries
which locally presene Z. It is fairly easyto seethat sud a pseudogroupis minimal,
guasi-analytic and equicortinuous. Moreover Z is locally connectedand of dimension
one. Howeer, this pseudogroupis not compactly generated.

4. Equicontinuous  pseudogr oups and Hilber t's 5th problem

This sectionis dewvoted to prove Theorem 3.3. The \only if" part is obvious, so it
is enoughto shaw the \if " part, which has essetially two steps. In the rst one, a
local group action on Z is obtained asthe closure of the set of elemeris of H which are
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suzciently closeto the identit y map on an appropriate subsetof Z. This construction
follows Kellum [10]. The secondstep invokesthe theory behind the solution to the local
version of Hilbert's 5th problem in order to show that the local group is a local Lie
group, and thus this local action is isometric for someriemannian metric if its isotropy
subgroupsare compact. SoH is proved to be riemannian by showing that it is of the
type described in Example 3.2.

By Theorem 2.8, there is a local metric structure D on Z with respect to which the
elemerts of H are local isometries. Take any f(Z;; di)gi2; 2 D satisfying the condition
of strong equicortinuity. Let U be a relatively compact non-trivial open subsetof Z,
and V a family of open subsetswhich cover U as in Proposition 2.1. Let V be an
elemert of V which meetsU, which is assumedto be cortained in Z;, for someig 2 1,
and let D %2 V be an open connectedsubset with compact closure also contained in
V. According to Proposition 2.1, if h 2 H is such that domh ¥ D and h(D)\ U 6 ;,
then there exists an element i 2 H which extends h and whose domain contains V.
Moreover, asH is quasi-analytic and D connected,such extensionf is uniqueonD. In
particular, sud h admits a unique extensionto a homeomorphismof D onto its image.

Under the presert hypothesis,the completion H of H is a quasi-analytic pseudogroup
of transformations of Z whoseaction on Z hasa singleorbit. Let Hp be the collection
of homeomorphismshjp with h 2 H an elemen whosedomain corntains D. Let D°% D
be a connected,compact set with non-empty interior, and Iaet

Hppo= h2Hp jh(DY\ D6 ;

By the strong equicortinuity of H and Proposition 2.2, the set D° can be chosenso
that all the translates h(D9, h 2 Hppo, are contained in a xed compact subsetK of
D. Oncethis choice of D%is made, let G = Hppo be the resulting space.

The spaceG is endaved with the compact open topology as a subsetof C(D; Z).
Every elemern of G is actually de'ned on V, henceon D, and so the compact open
topology can be described by the suprenmum metric given by

d(g1; @) = SZ'JDpdio(gl(X);gZ(X)) :
X
where d;, is the distance function on Z;, %2 Z as above.
Lemma 4.1. Endowel this topology, G is a compact space.

Proof. It hasto be shown that any sequenceg, of elemerns of G has a corvergert
subsequenceBy equicortinuity, g, may be assumedto be made of elemens of H. By
Proposition 2.1 and the de nition of G, eac g, can be extendedto a homeomorphism
whose domain contains V. According to Theorem 2.4, the sequenceg, corverges
uniformly on D to amap g 2 B. It needsto be shavn that g : D ! g(D) is a
homeomorphismand that it satis esg(D9\ D°6 ;.

To verify this last condition, note that, for ead n, there exists x, 2 D° sud that
gh(Xn) 2 DO by the denition of G. Since D is compact, it may be assumedthat
Xn ! x 2 DO yielding g,(xn) ! 9(x) 2 D%sinceg, ! g uniformly on D. Thus,
g(D%Y\ D%6 ;.

Eachg, :D! gy,(D) %V isahomeomorphism. Thus, by Proposition 2.1, there are
mapsh, 2 H dened onV sudc that h, +g, = id on g,(D). If g fails to be a homeo-
morphism on D, then there are points x; y 2 D with di,(x;y) > 0and g(x) = g(y) = z.
The map g is a homeomorphismaround eact point of D, as Theorem 2.4 shows. Thus
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there are disjoint neighborhoods O, and Oy of x and y, respectively, such that g maps
ead of them homeomorphically onto a neighborhood W of z. Since the sequences
oh(X); gn(y) both convergeto z, they may be assumedto be contained in W. Fur-
thermore, perhapsfurther shrinking W, the restrictions h,jw form an equicortin uous
family, which therefore corvergesto a map h which inverts g on W. This situation
cortradicts the fact that h,(g,(x)) and h,(gn(y)) do not have the samelimit. a

The following lemma is similar to the corresponding onein Kellum [1Q].

Lemma 4.2. The space G, endowel with the compact-open topology and the operations
just descrited, is a locally compact local group.

Proof. Let g:; g betwo elemens of G. Then the composition g; +g, is de ned on D°
becauseg; (DY ¥ D. Therefore there existsh 2 Hp which extendsg; +g,. By quasi-
analyticity of H, this extensionis unique and thus it de nes a map (g:; ) 7! o ¢g
from G£ G into H. If gi; g, are suciently closeto the identity of D in the compact
open topology of C(D;Z), then alsog; ¢g; 2 G.

The existenceof a unique identity elemert e for G, as well as the existenceof an
inverseoperation on G, is proved analogously

Finally, by Corollary 2.7 and the quasi-analyticity of H, it is easyto seethat the local
group multiplication and inversemap are cortin uous with the compact open topology
on G. o}

Remarks. The quasi-analyticity for H was usedin this proof. Note that it would be
neededeven to prove, in a similar way, that j is alocal group. The nal sectionof the
paper discusseghe necessiy of this condition in somemore detail.

By Theorem 2.8, we can assumethat all elemens of G are isometrieswith respect
to di,. Then it easily follows that the above distance d on G is left invariant.

The following lemma follows easily; cf. [10].

Lemma 4.3. The map GE£ D°! D dened by (g;x) 7! g(x) makesG into a local
group of transformations on D%%D.

Let i = H\ G, which is a nitely generated densesub-local group of G. The
following is a direct consequencef the minimality of H.

Lemma 4.4. H is equivalentto the pseudgroup on any non-empty open subsetof D ©
geneated by the local action of | on D% Z.

Let xo be a point in the interior of DY which will remain xed from now on. Note
that, by construction, all elemeris of G are de ned at xo. Let A: G! D be the orbit
map given by A(g) = g(xp). This map is cortinuous becausethe action is contin uous.

Lemma 4.5. The image of the orbit map A contains a neighlorhood of x,.

Proof. H is minimal by Theorem 2.3, and thus the spaceZ is locally homogeneous
with respect to the pseudogroupH by Theorem 2.4. More precisely Proposition 2.1
and Theorem 2.4 show that, givenx 2 D9, there existsh 2 H with domain domh = D
such that h(xo) = x. Sinceboth x;xo 2 DY, it follows that h 2 G. The statemert
follows immediately from this. o

Let Gy denote the collection of elemens g 2 G sudh that g(Xo) = Xo.
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Lemma 4.6. The setGg is a compact sulgroup of G.

Proof. First, Gg is compactbecausepeing the stabilizer of a point, it is a closedsubset
of G and G is a compact hausdor®space.

Second,it follows from the de nitions of G and of its group multiplication that the
product of two elemeris of Gy is de ned and belongsto Gg, and likewisethe inverse
of every elemen. More precisely if g1; 0 2 Go, then g1 £ is an elemen of H which
Xes Xo, henceg; + (D9 \ D6 ;. a

In the special caseof the group Gg which stabilizes x¢ consideredhere, the equiv-
alencerelation » on G usedto de ne a represerativ e coset spaceof Gy can also be
de ned ash » gif and only if h(xg) = g(Xo).

Lemma 4.7. The orbit map A: G ! Z inducesa map A : G=Gy ! Z whichis a
homeomorphism of a neightorhood of the identity classin G=Gy onto a neighlorhood
of Xg in Z.

Proof. This follows directly from the precedingdiscussionon cosetspacesand the nite
dimensionality of Z. o

Corollary 4.8. H is equivalentto the pseudgroup induced by the canonical local action
of someneightorhood of the identity in | on someneighlorhood of the identity classin
G:Go.

Proof. This follows from Lemmas4.4 and 4.7. a
Corollary 4.9. G=Gp is nite dimensional.

Proof. This follows directly from Lemma 4.7 and the nite dimensionality of Z. o
Lemma 4.10. The group Gy contains no non-trivial normal sub-laal group of G.

Proof. If N ¥2 G is a normal sub-local group contained in Gg and n 2 N, then for each
g in a suitable neighborhood of e in G there is somen®2 N sothat

nA(g) = ng(xo) = gn%xo) = g(xo) = A(Q) :

Thus n acts trivially on a neighborhood of xg in DO This is possibleonly if n = e,
becauseH is quasi-analytic. o

Lemma 4.11. The local group G is nite dimensional.

Proof. By Corollary 4.9, G=Gy is nite dimensional. By Theorem 1.6, there exists
a compact normal subgroup (K;U) in ¢ G such that K % Gy and G=(K;U) is "nite
dimensional. Lemma4.10implies that K is trivial; thus G is nite dimensionalbecause
it is locally isomorphicto G=K. o

Finally, since Gy is a compact subgroup of G, the following "nishes the proof of
Theorem 3.3 accordingto Example 3.2 and Corollary 4.8.

Lemma 4.12. The group G is a local Lie group.

Proof. This is alocal versionof [16, Theorem 73]. By Theorem 1.2, it is enoughto shown
that G hasno small subgroups. The local group G is nite dimensionaland metrizable,
so Theorem 1.4 implies that there is a neighborhood U of e in G which decompses
as the direct product of a local Lie group L and a compact zero-dimensionalnormal
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subgroupN. Then P = N\ G is a hormal subgroup of Gy, and Go=P is a Lie group
becauseit is a group which is locally isomorphic to the local Lie group G=(N;U) (cf.
[9, Theorem 36]).

Furthermore, sinceN is zero-dimensional,sois P. Thusthere existsa neighborhood
V of ein Gy which is the direct product of a connectedlocal lie group M and the
normal subgroup P. It may be assumedthat V % U. SinceM is connectedand N is
zero-dimensional,it follows that M %4 L.

Summarizing, there is a local isomorphismbetweenG and the direct product L£ N,
which restricts to a local isomorphism of Gg to M £ P. Therefore, there exists a
neighborhood of the classGy in G=Gy which is homeomorphicto a neighborhood of
the classof the identity in the product L=M £ N=P. It follows that a neighborhood
of Xp in Z is homeomorphicto the product of an euclideanball and an open subspace
T ¥ N=P. SinceZ is by assumptionlocally connectedand N=P zero-dimensional,it
follows that T is "nite, and hencethat N=P is a discrete space.SoP is an open subset
of N and thus there exists a neighborhood W of e in G such that W\ P = W\ N.
By the local approximation of Jacoby (Theorem 1.3), there exists a compact normal
subgroupK %2 W sud that G=K is alocal Lie group. Then Gg cortains P\ K, which
is equal to the normal subgroupN \ K of G becauseK 2 W. Thus, by Lemma 4.10,
N\ K istrivial. On the other hand, N=(N \ K) is a zero-dimensionallie group, hence
N\ K isopenin N. It followsthat N is nite, andthusthat G is alocal lie group. =

5. A description of transitive, compactl y genera ted, str ongl y
equicontinuous  and quasi-effective  pseudogr oups

The following exampleis slightly more generalthan Example 3.2.

Example 5.1. Let G be a locally compact, metrizable and separablelocal group,
Gp %2 G a compact subgroup, and j ¥2 G a densesub-local group. Supposethat there
is a left invariant metric on G inducing its topology. This metric can be assumedto
be also Go-right invariant by the compactnessof Go. Then the canonical local action
of i on someneighborhood of the identity classin G=Gy inducesa transitiv e strongly
equicortinuous and quasi-e®ectie pseudogroupof local transformations of a locally
compact polish space. In fact, this is a pseudogroupof local isometriesin the senseof

[1.

The proof of the following theorem is a straightforward adaptation of the rst part
of the proof of Theorem 3.3, by using quasi-e®ectienessinstead of quasi-analyticity.

Theorem 5.2. LetH be atransitive, compactly geneated, strongly equicontinuous and
guasi-e®etive pseudgroup of local transformations of a locally compact polish space,
and supmsethat H is also quasi-e®etive. Then H is equivalent to a pseudgroup of
the type descrited in Example 5.1.

The study of compact generation for the pseudogroupsof Example 5.1 is very deli-
cate [12]. But those pseudogroupsare obviously complete, and it seemsthat compact
generationcould be replacedby completenessn Theorem 5.2, obtaining a better result.
This would require the generalization of our work [1] to complete strongly equicortin-
uous pseudogroups.
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6. Quasi-anal yticity of pseudogr oups

The most elusive of the hypothesesof Theorem 3.3 is that concerning the quasi-
analyticity of the closureof a quasi-analytic pseudogroup. We do not have an example
of a pseudogroupH asin the main theorem whose closure fails to be quasi-analytic.
Thus this section o®erssomeexamplesand obsenations relevant to this problem.

It is quite easyto seethat the de nition of length spacehas a local version as
described in [1, Section13], and that the two theoremsof Section 15 of such paper are
also available for local length spaces.

There are many examplesof metric spaceswhich admit actions of pseudogroupsof
isometries which are not quasi-analytic. The following two are examplesof real trees
(seeShalen[18)).

Example 6.1. Let X = R? be endc(wed with the metric given by
i+ ixai Xej+jy2) if X1 6 X2
yri va if X1 = X2
Given a subsetF of the real axis there is an isometry f of X given by
x;y) if x2F

X;iy) ifxzF

This family of isometriesf forms a normal subgroup of the group of isometries of
X . Thus this group is not quasi-analytic, although X is not locally compact.

d((x1;y1); (X2;¥2)) =

f(xy) =

Example 6.2. Let X = RaR be the free product of two copiesof R. Then X has
the structure of a real tree, and is a homogeneousspacewith respect to its group of
isometries. It is not quasi-analytic.

De nition  6.3. A local length spaceX is analytic at a point x 2 X if the following
holds: if °;°? are gealesic arcs (parametrized by arc-length) de ned on an interval
about 02 R, sudh that °(0) = °%0) = x and that ° = °%on someinterval (; a;0], then
they have the samegerm at 0. The spaceX is analytic if it is analytic at every point.

Example 6.4. A riemannian manifold is an analytic length space. Real trees with
many branches,asin the above examples,are not analytic.

In relation to Theorem 3.3, if the local length spaceZ is known to be analytic at
one point and admits a transitiv e action of a pseudogroupof local isometries, then it
is analytic.

Prop osition 6.5. LetH be a pseudgroup of local isometries of an analytic local length
space X. Then H is quasi-analytic.

Proof. If H is not quasi-analytic, then, by de nition, there existsan elemern f of H, an
open subsetU in dom(f) sud that fjU = id, and a point Xq in the closureof U such
that f is not the identity in any neighborhood of x. Therefore, there is a sequenceof
points X, corverging to xo sud that f (x,) 6 x,. If n is suzciently large, then there
is a geadesicarc contained in the domain of f and joining x, and a point y 2 U. This
geddesicarc is mapped by f to a distinct gealesicarc having the samegerm at one of
its endpoints. o

The following example shaws that the corverseis false.
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Example 6.6. Let X bethe euclideanspaceR? endoved with the metric induced by
the supremum norm k(x; y)g = maxfj Xj;jyjg. Then X is a length spacewhich is not
locally analytic. Indeed,if f :1 ! R is afunction sud that jf (s)j f(t)j- jsi tj for
alls;t21,thent2 1 7! (t;f(t)) 2 X is a geadesic. However, every local isometry is
locally equalto a linear isometry, hencethe pseudogroupof local isometriesis quasi-
analytic.
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