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Abstract. Rigid geometric structures on manifolds, introduced by Gromov, are
characterized by the fact that their infinitesimal automorphisms are determined by
their jets of a fixed order. Important examples of such structures are those given by
an H-reduction of the first order frame bundle of a manifold, where the Lie algebra
of H is of finite type; in fact, for structures given by reductions to closed subgroups
of first order frame bundles, finite type implies rigidity. The goal of this paper is
to generalize this to geometric structures defined by reductions of frame bundles of
arbitrary order, and to give an algebraic characterization of the property of being
rigid in terms of a suitable notion of finite type.
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1. Introduction

Geometric structures on a manifold M are given by Q-valued equivari-
ant maps defined on some frame bundle of M , where Q is a manifold on
which the structure group of the bundle acts; such structures are said
to be of type Q. Gromov [3] introduced the notion of rigid geometric
structure, which is characterized by the fact that every (infinitesimal)
automorphism is completely determined by its jet of a fixed order.
An important example of rigid geometric structures is given by H-
reductions of the first order frame bundle of manifolds when H has
Lie algebra of finite type as defined in Kobayashi [4]; such reductions
considered as geometric structures are also called of finite type. We
proved in our previous paper [2] that, for reductions to closed groups
of first order frame bundles, being rigid is equivalent to being of finite
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type. This provided an algebraic characterization of rigid geometric
structures, in terms of their type, for structures defined by reductions
of first order frame bundles.

It is natural to consider the possibility of extending these results to
geometric structures defined by reductions of frame bundles of arbi-
trary order. In other words, the proposed problem is to find, for such
geometric structures, a characterization of the condition of being rigid
and, furthermore, to prove that rigid is equivalent to a suitable notion
of geometric structure of finite type.

The first goal of this work is to provide a characterization of rigid
geometric structures, in terms of their type, for reductions of frame
bundles of any order. In this regard, Theorem 3.10 shows that, for a
geometric structure defined by an H-reduction, the condition of being
rigid depends exclusively on the Lie algebra of H. Thus if some H-
structure is rigid, then every other H-structure is rigid as well.

To prove Theorem 3.10, a notion of prolongation of a Lie subalgebra
of gl(k)(n) (the Lie algebra of the structure group of the k-th order
frame bundles) is introduced, generalizing the notion of prolongation
for linear Lie algebras as found in Kobayashi [4].

By using our notion of prolongation of a Lie subalgebra we in-
troduce a concept of finite type structure for reductions of arbitrary
frame bundles. It turns out that this extended concept of finite type
reduces to the one found in [4] for order 1 and Theorem 3.10 establishes
the equivalence between rigid and finite type for reductions of frame
bundles of arbitrary order.

The second goal of this paper is to show that this finite type struc-
tures have essentially the same basic features which those of order 1 are
known to have (cf. Kobayashi [4]). This will be achieved by associating
to an H-reduction of a frame bundle of any order a sequence of bundle
prolongations with structure groups having Lie algebras isomorphic to
the prolongations of the Lie algebra of H (a property known for reduc-
tions of first order frame bundles). Generalizing the case of structures
of order 1, it will be shown that to any finite type structure there is a
naturally associated complete parallelism on some bundle prolongation.
This will be used to show that the study of the automorphisms and
Killing fields of any finite type H-structure of any order, and so of any
rigid structure, reduces to the study of the corresponding objects for
complete parallelisms.

An application of this theory is that a proof of Gromov’s centralizer
theorem (cf. Gromov [3] and Zimmer [7]) for the pertinent geometric
structures can now be given following the same outline of the proof
presented in [2]. In this regard, a key contribution of this work is
to extend the results of [2] and [7] to actions of simple Lie groups
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preserving a finite volume and a rigid geometric structure given by
a reduction of some frame bundle. Note that [7] considers actions on
compact manifolds and [2] considers actions preserving a finite volume
and a rigid geometric structure given by a reduction of the first order
frame bundle.

The organization of the article is as follows. Section 2 introduces
some notation and basic properties of jet spaces. Section 3 considers
rigid structures, defines finite type structures and, in Theorem 3.10,
characterizes the former in terms of the latter for H-reductions. Sec-
tion 4 introduces a notion of torsion of a connection and proves a
structural equation for frame bundles of any order; this is needed to
study the bundle prolongations considered later. Section 5 studies fi-
nite type structures for any order and proves that they have the same
properties known in the first order case. Finally, Section 6 states Gro-
mov’s centralizer theorem and some applications to actions of simple
Lie groups.

2. Preliminaries on jet bundles and Lie algebras

The results and constructions in this section are presented in the smooth
category, but all of them can also be considered in the analytic category.

Two smooth maps f, g : M → Q between smooth manifolds have
the same r-jet at x ∈M if f(x) = g(x) and they have the same partial
derivatives up to order r at x (in terms of local coordinate systems
around x and f(x)). The r-jet determined by f at x is usually denoted
by jr

x(f). If l ≥ k, let πl
k denote the natural jet projection sending jl

x(f)
into jk

x(f); usually the context will determine the jet spaces on which
πl

k is being considered.
Let Jr

n(Q) denote the smooth manifold of r-jets at the origin 0 ∈ Rn

of smooth maps f : Rn → Q. For simplicity in notation, the r-jet of a
smooth map f : Rn → Q at the origin 0 ∈ Rn will be denoted by jr(f)
instead of jr

0(f).
Note that if Q is a Lie group, then Jr

n(Q) inherits a group structure
defined by jr(g1)jr(g2) = jr(g1g2).

For a vector space V , the jet space Jr
n(V ) = Πr

i=0Si(Rn;V ), where
Si(Rn;V ) is the vector space of symmetric V -valued i-multilinear trans-
formations on Rn. This decomposition provides an alternative definition
of the jet of a V -valued function f as an ordered set of multilinear
transformations, which will be said to represent the jet of f .

Every smooth map F :Q → Q′ naturally induces a smooth map
Jr

n(F ):Jr
n(Q) → Jr

n(Q′). Moreover, if F realizes Q as a submanifold of
Q′, then Jr

n(F ) realizes Jr
n(Q) as a submanifold of Jr

n(Q′). If Q and
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Q′ are affine spaces and F is an affine inclusion, then Jr
n(F ) is the

affine inclusion Πr
i=0Si(Rn;Q) → Πr

i=0Si(Rn;Q′) obtained by simply
viewing a Q-valued multilinear map as a Q′-valued multilinear map
via the inclusion F ; in other words, the ordered set of multilinear
transformations that represents the r-th order jet of a Q-valued map is
the same whether it is considered as an element of Jr

n(Q) or of Jr
n(Q′).

LEMMA 2.1. Let M be a submanifold of euclidean space RN and let
jr(h) ∈ Jr

n(M). If jr−1(h) is the jet of a constant map, then jr(h) =
(h(0), 0, . . . , 0, L) as an element of Jr

n(RN ), where the RN -valued r-
multilinear symmetric form L has image contained in Th(0)M .

Proof. Locally at h(0) there is a smooth vector-valued submersion
π such that M = π−1(0), so it may be assumed that π ◦ h is constant.
It follows, by applying the chain rule r times and using the fact that
jr−1(h) is the jet of a constant map, that dπh(0)◦Dr−1dh0 = 0, where D
denotes the canonical connection on euclidean spaces. This proves the
lemma since Th(0)M = ker dπh(0) and jr(h) = (h(0), 0, . . . , 0, Dr−1dh0)
as an element of Jr

n(RN ).

In suitable coordinates, any given submersion can be written as a
linear surjection. This fact implies the following result.

LEMMA 2.2. Let π:M → N be a smooth submersion. If g: Rn →M is
a smooth function such that jr(π◦g) is the jet of a constant map c, then
there is a smooth function h: Rn → π−1(c) such that jr(g) = jr(h).

Let Gl(k)(n) denote the group of k-jets at 0 of diffeomorphisms of
Rn that fix 0. As a manifold Gl(k)(n) = Gl(n) × Πk

i=2Si(Rn; Rn), and
is in fact a Lie group. Note that Gl(1)(n) is the general linear group
Gl(n) and that for any pair of integers l ≥ k there is a canonical
homomorphism πl

k: Gl(l)(n) → Gl(k)(n). The kernel of πk
k−1 will be

denoted by Nk.
Let gl(k)(n) denote the space of k-jets at 0 of vector fields on Rn

that vanish at 0. The bracket of two elements jk(X), jk(Y ) ∈ gl(k)(n)
is defined by

[jk(X), jk(Y )]k = −jk([X,Y ]).

A direct computation shows that, since both X and Y vanish at 0,
the k-jet of [X,Y ] depends only on the k-jets of X and Y ; thus [ , ]k

defines a Lie algebra structure on gl(k)(n). Observe that gl(1)(n) can
be naturally identified with the space of n× n real matrices and that,
with the above bracket operation, it is canonically isomorphic to the
general linear Lie algebra gl(n).
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The following lemma provides natural representations for Gl(k)(n)
and gl(k)(n), and shows that gl(k)(n) is the Lie algebra of Gl(k)(n).
Note that the space of (k− 1)-jets at 0 of vector fields on Rn has been
identified with Rn ⊕ gl(k−1)(n).

LEMMA 2.3. Let Λ: Gl(k)(n) → Gl(Rn ⊕ gl(k−1)(n)) and λ: gl(k)(n) →
gl(Rn ⊕ gl(k−1)(n)) be defined by

Λ(jk(ϕ))(jk−1(Z)) = jk−1(dϕ(Z))
λ(jk(X))(jk−1(Z)) = −jk−1(LX(Z)),

for all jk−1(Z) ∈ Rn ⊕ gl(k−1)(n). Then both Λ and λ are faithful
representations, and with respect to them gl(k)(n) is the Lie algebra
of Gl(k)(n). Moreover, the exponential map exp: gl(k)(n) → Gl(k)(n) is
given by

exp(tjk(X)) = jk(ϕt),

for jk(X) ∈ gl(k)(n) and t ∈ R, where ϕt is the local flow of the vector
field X.

The above representations are isomorphisms when k = 1. Moreover,
the homomorphism Λ realizes Gl(k)(n) as a real algebraic subgroup of
Gl(Rn ⊕ gl(k−1)(n)).

The expression for λ given by this lemma and the definition of the Lie
bracket on gl(k−1)(n) imply that λ(A)|gl(k−1)(n) = adgl(k−1)(n)(π

k
k−1(A))

for every A ∈ gl(k)(n). This in turn implies that Λ(g)|gl(k−1)(n) =
AdGl(k−1)(n)(π

k
k−1(g)) for every g ∈ Gl(k)(n).

Let a : Gl(k+r)(n) → Jr
n(Gl(k)(n)) be the map defined as follows. If

g ∈ Gl(k+r)(n) is of the form g = jk+r(f), let fk : Rn → Gl(k)(n) be
the map given by

fk(x) = jk(τ−x ◦ f ◦ τf−1(x)),

where τv(y) = y + v is the translation by v in Rn, and set

a(g) = jr(fk).

This map a satisfies

a(g1g2) = a(g1)(a(g2) ◦ πk+r
r (g−1

1 )),

where ‘◦’ denotes the operation given by jr(f) ◦ jr(ϕ) = jr(f ◦ ϕ).
It follows from this that if Gl(r)(n) n Jr

n(Gl(k)(n)) is the semi-direct
product with group multiplication (g, h)(g′, h′) = (gg′, h(h′ ◦ g−1)),
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then the map (πk+r
r , a) : Gl(k+r)(n) → Gl(r)(n) n Jr

n(Gl(k)(n)) is a
homomorphism of Lie groups.

For a transformation L ∈ Nk+r, let L(r) denote the Nk-valued r-
multilinear symmetric transformation over Rn given by (v1, . . . , vr) 7→
L(v1, . . . , vr, . . . ).

LEMMA 2.4. The homomorphism (πk+r
r , a) : Gl(k+r)(n) → Gl(r)(n) n

Jr
n(Gl(k)(n)) maps Nk+r into Jr

n(Nk).
Proof. Each g ∈ Nk+r can be represented as g = jk+r(ϕ), where

ϕ(y) = y + (1/(k + r)!)L(y, . . . , y), L being a symmetric Rn-valued
(k + r)-multilinear map on Rn. Correspondingly, a(g) = jr(f), where
we can choose f : Rn → Nk ⊂ Gl(k)(n) to be given by f(x) =
(I, 0, . . . , 0, (1/r!)L(r)(x, . . . , x)).

If Gl(k)(n) acts smoothly (on the left) on a manifold Q, then there
is a natural smooth action of Gl(k+r)(n) on Jr

n(Q) (on the left) which is
called the r-prolongation of the action on Q, and which is constructed
as follows.

There is a natural left action of the Lie group Gl(r)(n)nJr
n(Gl(k)(n))

on Jr
n(Q) given by (g, h)q = h · (q ◦ g−1), where ‘◦’ is defined as before

and ‘·’ is given by jr(f1) ·jr(f2) = jr(f1f2). This induces, with the help
of (πk+r

r , a), a canonical action Gl(k+r)(n) × Jr
n(Q) → Jr

n(Q) given by
gq = a(g) · (q ◦ πk+r

r (g−1)).

3. Rigid geometric structures of type Gl(k)(n)/H

The purpose of this section is to show that, for geometric structures of
type Gl(k)(n)/H, rigidity depends only on the algebraic properties of
the Lie algebra of H. Some basic definitions and properties of geometric
structures and their automorphisms will be presently reviewed.

For an n-dimensional manifold M we will denote with L(k)(M) its k-
th order frame bundle, which is defined as the Gl(k)(n)-principal bundle
over M of the k-jets at 0 of diffeomorphisms from a neighborhood
of 0 in Rn onto some open set of M . If f : M → N is a (local)
diffeomorphism, then f(k) will denote its lift as a (local) diffeomorphism
f(k) : L(k)(M) → L(k)(N). Note that (f ◦ g)(k) = f(k) ◦ g(k) for (local)
diffeomorphisms f, g : M → M . If X is a smooth vector field on a
manifold M with local flow ϕt, then (ϕt)(k) is a local flow that induces
a smooth vector field on L(k)(M) which will be denoted by X(k). Since
the maps (ϕt)(k) are bundle diffeomorphisms, the vector field X(k) is
Gl(k)(n)-invariant. It is a simple matter to show that for α ∈ L(k)(M)
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in the fiber of a point x ∈M , the tangent vector X(k)(α) depends only
on jk

x(X).

DEFINITION 3.1. Let Q be a smooth manifold on which Gl(k)(n)
acts smoothly on the left. A smooth geometric structure of order k and
type Q on an n-dimensional smooth manifold M is a smooth Gl(k)(n)-
equivariant map L(k)(M) → Q.

A geometric structure of type Gl(k)(n)/H, where H is a closed
subgroup of Gl(k)(n), is a geometric structure associated to the natural
action of Gl(k)(n) on Gl(k)(n)/H. It is well known that there is a natural
correspondence between geometric structures of type Gl(k)(n)/H and
H-reductions of k-th order frame bundles.

Let σ be a smooth geometric structure of order k and type Q on
M . Then a diffeomorphism (respectively, a local diffeomorphism) ϕ of
M is called an automorphism (respectively, a local automorphism) of
σ if it satisfies (respectively, if it locally satisfies) σ ◦ ϕ(k) = σ. Also,
for every r ≥ 0, the jet jk+r

x (ϕ) of a local diffeomorphism ϕ is called
an infinitesimal automorphism of σ of order k + r if σ ◦ ϕ(k) = σ
is satisfied up to order r at some (and hence at every) point in the
fiber of L(k)(M) over x. Let Aut(M,σ) be the group of automorphisms
of σ and Autloc(M,σ) the pseudogroup of local automorphisms of σ.
Let Autk+r(σ, x, y) denote the space of infinitesimal automorphisms
(of order k + r) of σ which send x to y, and let Autk+r(σ, x, x) =
Autk+r(σ, x), which is in fact a Lie group.

Given a smooth geometric structure of order k and type Q on an
n-dimensional smooth manifold M and given a non-negative integer r,
there is a smooth geometric structure of order k+ r and type Jr

n(Q) on
M , called its r-th order prolongation, which is constructed as follows.
If σ : L(k)(M) → Q is the Gl(k)(n)-equivariant map that defines a
smooth geometric structure on M , then the r-th order prolongation of
σ is the geometric structure whose associated Gl(k+r)(n)-equivariant
map is given by

σr : L(k+r)(M) → Jr
n(Q)

jk+r(ϕ) 7→ jr(σ(jk(ϕ ◦ τ•)))

where σ(jk(ϕ ◦ τ•)) denotes the map v ∈ Rn 7→ σ(jk(ϕ ◦ τv)) ∈ Q. Note
that σ0 = σ for any geometric structure σ. Also note that jk+r

x (ϕ) ∈
Autk+r(σ, x, y) if and only if σr ◦ϕ(k+r) = σr on the fiber of L(k+r)(M)
lying above x.

A Killing field for a smooth geometric structure σ on M is a smooth
vector field on M whose local flow acts on M by local automorphisms
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of σ. The space of Killing fields and local Killing fields of a geometric
structure σ are denoted by Kill(σ) and Killloc(σ), respectively. It follows
from the standard relation between a vector field and its local flow that
a vector field X on M is a Killing field for σ if and only if dσα(X(k)) = 0
for every α ∈ L(k)(M). An infinitesimal Killing field of order k+ r at x
for σ is a (k+ r)-jet jk+r

x (X) of a germ at x of a vector field X so that
dσr

α(X(k+r)) = 0 for every α ∈ L(k+r)(M) that lies in the fiber over
x. Let Killk+r(σ, x) denote the space of infinitesimal Killing fields of σ
of order k + r, and let Killk+r

0 (σ, x) denote the subspace consisting of
those vanishing at x.

Let jk+r
x (X) be the (k + r)-jet of a vector field on M . Then a

straightforward computation shows that jk+r
x (X) ∈ Killk+r(σ, x) if and

only if the local flow ϕt ofX satisfies jk+r
x (ϕt) ∈ Autk+r(σ, x, ϕt(x)), for

every t in a neighborhood of 0. If jk+r
x (X) ∈ Killk+r

0 (σ, x), then this last
property holds for every t ∈ R, from what it follows that Killk+r

0 (σ, x)
is the Lie algebra of Autk+r(σ, x).

The following definition of rigidity for geometric structures is due to
Gromov [3].

DEFINITION 3.2. Let r be a non-negative integer. A smooth geomet-
ric structure σ of order k on a smooth manifold M is called r-rigid if,
for every x ∈M , the canonical jet projection πk+r+1

k+r : Autk+r+1(σ, x) →
Autk+r(σ, x) is injective. Also, σ is called Killing r-rigid if, for ev-
ery x ∈ M , the projection πk+r+1

k+r : Killk+r+1
0 (σ, x) → Killk+r

0 (σ, x) is
injective.

The next result says that to determine whether a geometric structure
is rigid or not it suffices to study the stabilizers of the actions of the
groups Nk+r. Its proof can be found in [2].

PROPOSITION 3.3. Let σ : L(k)(M) → Q be the Gl(k)(n)-equivariant
map defining a smooth geometric structure of order k and type Q on an
n-dimensional smooth manifold M . Consider the action of Nk+r+1 on
Jr+1

n (Q) induced by the (r + 1)-prolongation of the action of Gl(k)(n)
on Q. Then σ is r-rigid (r ≥ 0) if and only if the action of Nk+r+1 on
the image of σr+1 is free. Also, σ is Killing r-rigid if and only if the
action of Nk+r+1 on the image of σr+1 is locally free.

We now develop a notion of finite type geometric structure for higher
order H-structures. Our constructions will be higher order analogues of
the well known results in order 1 as found, for example, in Kobayashi [4].
We start by defining the prolongation of a higher order Lie algebra.
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DEFINITION 3.4. Let h be a Lie subalgebra of gl(k)(n), and let r be
a nonnegative integer. The r-th prolongation of h is the vector space hr

of multilinear transformations L ∈ Nk+r such that L(r)(v1, . . . , vr) ∈
h ∩Nk for every v1, . . . , vr ∈ Rn.

If k = 1, then this definition reduces to the notion of r-th pro-
longation of a linear Lie algebra as given in [4]. Note that the r-th
prolongation of a Lie subalgebra as above is indeed a vector subspace
of Nk+r, and so it can be considered as a commutative subalgebra of
gl(k+r)(n). Also, for h as above, the 0-th prolongation of h is simply
h ∩Nk. Next we define finite type Lie algebras and H-structures.

DEFINITION 3.5. A Lie subalgebra h of gl(k)(n) is said to be of finite
type if there exists an integer r such that hr = 0.

As in Kobayashi [4], ifH is a Lie subgroup of Gl(k)(n), then define an
H-structure (of order k) on an n-dimensional smooth manifold M to be
a smooth H-reduction of L(k)(M). Note that if H is closed in Gl(k)(n),
then an H-structure is just a geometric structure of type Gl(k)(n)/H;
however, if H is not closed, an H-structure does not define a geometric
structure in the sense of Definition 3.1.

DEFINITION 3.6. Let H be a Lie subgroup of Gl(k)(n). An H-
structure on an n-dimensional manifold M is said to be of finite type
if the Lie algebra of H is of finite type.

We now proceed to relate rigid and finite type geometric struc-
tures. To achieve this, we first compute the stabilizers considered in
Proposition 3.3.

If H is a closed subgroup of Gl(k)(n), then every element of the
space Jr

n(Gl(k)(n)/H) can be written as jr(fH), for some smooth map
f : Rn → Gl(k)(n). Hence the following result relates the stabilizers of
the action of Nk+r induced by the r-prolongation of a transitive action
of Gl(k)(n) and the prolongations of the Lie algebra of H.

PROPOSITION 3.7. Let H be a closed subgroup of Gl(k)(n), with Lie
algebra h, and let f : Rn → Gl(k)(n) be a smooth map. Then, for r ≥ 1,
the stabilizer of jr(fH) under the action of Nk+r on Jr

n(Gl(k)(n)/H)
is the vector group hr, the r-prolongation of the Lie algebra of H.

Proof. It follows from Lemma 2.4 and its proof that the action of
L ∈ Nk+r on jr(fH) is given by Ljr(fH) = jr(L̄fH), where L̄: Rn →
Nk is defined by L̄(x) = (1/r!)L(r)(x, . . . , x). Hence, L ∈ Nk+r belongs
to the stabilizer of jr(fH) if and only if jr(f−1L̄fH) = jr(eH).
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Lemma 2.3 realizes Nk as a subgroup of Gl(Rn ⊕ gl(k−1)(n)), hence
as a submanifold of the vector space End(Rn⊕ gl(k−1)(n)). Under such
inclusion Nk is either an open subset (if k = 1) or an affine subspace (if
k ≥ 2) of End(Rn ⊕ gl(k−1)(n)). In particular, for any smooth function
g: Rn → Nk, the ordered collection of multilinear transformations that
represents the jet jr(g) is the same whether it is considered in Jr

n(Nk)
or in Jr

n(End(Rn ⊕ gl(k−1)(n))).
Choose L ∈ Nk+r. Since Nk is normal in Gl(k)(n), the map f−1L̄f

is defined on a neighborhood of 0 in Rn and takes values in Nk, and
thus in End(Rn ⊕ gl(k−1)(n)). The ordered collection of multilinear
transformations that represents jr(f−1L̄f) as an element of the space
Jr

n(End(Rn ⊕ gl(k−1)(n))) will now be shown to be

jr(f−1L̄f) = (I, 0, . . . , 0,AdGl(k)(n)(f(0)−1) ◦ L(r)). (∗)

Indeed, as sets of multilinear transformations representing a jet, it is
easy to check that jr−1(L̄) = 0 in Jr−1

n (Nk), from which it obtains
that jr−1(f−1L̄f) = 0 in Jr−1

n (Nk), and thus also in Jr
n(End(Rn ⊕

gl(k−1)(n))). Given this, a simple calculation (using the properties of the
product of matrices) can be performed to obtain the partial derivatives
of order r of the map f−1L̄f as an End(Rn ⊕ gl(k−1)(n))-valued map.
The result is that

jr(f−1L̄f) = (I, 0, . . . , 0,AdGl(Rn⊕gl(k−1)(n))(f(0)−1) ◦ L(r)),

as an element of Jr
n(End(Rn ⊕ gl(k−1)(n))). But

AdGl(Rn⊕gl(k−1)(n))(f(0)−1) ◦ L(r) = AdGl(k)(n)(f(0)−1) ◦ L(r)

(because f(0) ∈ Gl(k)(n), Gl(k)(n) is a subgroup of Gl(Rn⊕gl(k−1)(n)),
and L(r) is Nk-valued), confirming thus the expression for jr(f−1L̄f)
stated above.

Suppose now that L stabilizes jr(fH). Then, by the previous dis-
cussion and by Lemma 2.2, there exists a smooth map h: Rn → H such
that jr(f−1L̄f) = jr(h). It follows, by applying Lemma 2.1 withH con-
sidered as a submanifold of the vector space End(Rn ⊕ gl(k−1)(n)) and
using expression (∗) obtained above for jr(f−1L̄f), that the multilinear
transformation AdGl(k)(n)(f(0)−1) ◦ L(r) is h-valued. In other words,
L(r)(v1, . . . , vr) ∈ AdGl(k)(n)(f(0))(h) ∩Nk for every v1, . . . , vr ∈ Rn.

Conversely, if L ∈ Nk+r is such that L(r) is AdGl(k)(n)(f(0))(h) ∩
Nk-valued, then, using local coordinates, it is easy to check the ex-
istence of a smooth function h: Rn → H for which we have jr(h) =
(I, 0, . . . , 0,AdGl(k)(n)(f(0)−1) ◦ L(r)) as an element of Jr

n(End(Rn ⊕
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gl(k−1)(n))). Therefore jr(f−1L̄f) = jr(h), which implies that L stabi-
lizes jr(fH).

The following result is a linear algebra exercise using the definition
of prolongation of a Lie subalgebra.

LEMMA 3.8. Let h be a Lie subalgebra of gl(k)(n). Then for every non-
negative integers r, s the prolongations hr+s and (hr)s are isomorphic.

The next result is a consequence of the computation of the stabilizer
of prolongations of transitive actions.

LEMMA 3.9. If h is the Lie algebra of a closed subgroup H of Gl(k)(n),
then

AdGl(k)(n)(π
k+r
k (g))(h)r = AdGl(k+r)(n)(g)(hr),

for every g ∈ Gl(k+r)(n).
Proof. Fix g = jk+r(ϕ) ∈ Gl(k+r)(n). Then the definition of the

prolongation of an action shows that gjr(eH) = jr(ϕkH), where the
smooth map ϕk: Rn → Gl(k)(n) is defined as in the remarks that follow
Lemma 2.3, so that in particular ϕk(0) = πk+r

k (g). It follows from
Proposition 3.7 that hr and AdGl(k)(n)(π

k+r
k (g))(h)r are the Lie algebras

of the stabilizers of jr(eH) and jr(ϕkH), respectively, for the action of
Nk+r on Jr

n(Gl(k)(n)/H). Because gjr(eH) = jr(ϕkH), the stabilizer
of jr(ϕkH) under the action of Gl(k+r)(n) on Jr

n(Gl(k)(n)/H) is the
g-conjugate of the stabilizer of jr(eH). Hence the result follows from
the normality of Nk+r in Gl(k+r)(n).

By proving the equivalence between rigid and finite type, the next
theorem establishes that, for geometric structures of type Gl(k)(n)/H,
the property of being rigid depends only on the Lie algebra of the group
H. Therefore, some geometric structure of type Gl(k)(n)/H on some n-
dimensional smooth manifold is r-rigid if and only if every geometric
structure of type Gl(k)(n)/H on every n-dimensional smooth manifold
is r-rigid.

THEOREM 3.10. Let H be a closed subgroup of Gl(k)(n) with Lie
algebra h. Then a smooth geometric structure σ of type Gl(k)(n)/H
is r-rigid if and only if hr+1 = 0, i.e., the (r+1)-th prolongation of the
Lie algebra of h vanishes. In particular, a smooth H-structure is rigid
if and only if it is of finite type.
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Proof. By Propositions 3.3 and 3.7 the geometric structure σ is r-
rigid if and only if AdGl(k)(n)(g)(h)r+1 = 0 for any g ∈ Gl(k)(n) such that

there is a smooth map f : Rn → Gl(k)(n) with f(0) = g and jr+1(fH) in
the image of σr+1. Because of Lemma 3.9, this is equivalent to hr+1 = 0.

4. Torsion of a connection

This section develops some properties of higher order frame bundles
which will be used in the next one to study finite type geometric
structures in order higher than one. The main result is a generalization
to higher orders of the structural equation involving the torsion of a
connection on the first order frame bundle.

Let M be an n-dimensional manifold. Then, it is known that the
assignment jk

x(X) 7→ X(k)(α) defines an isomorphism of the space of
k-jets at x of vector fields on M onto TαL

(k)(M). In particular, such
assignment defines a natural isomorphism of Rn ⊕ gl(k)(n) = Jk

n(Rn)
onto T0L

(k)(Rn), where 0 in L(k)(Rn) denotes the k-jet at 0 of the
identity map on Rn. Observe that if α = jk(ϕ) ∈ L(k)(M), then the
differential at 0 of the local diffeomorphism ϕ(k−1):L(k−1)(Rn) = Rn ×
Gl(k−1)(n) → L(k−1)(M) depends only on α. Such differential will be
denoted by α̂: Rn ⊕ gl(k−1)(n) = T0L

(k−1)(Rn) → Tπk
k−1

(α)L
(k−1)(M),

which is then an isomorphism.
For every n-dimensional smooth manifold M and for any of its frame

bundles L(k)(M) there is a smooth Rn ⊕ gl(k−1)(n)-valued one-form θk

on L(k)(M) called the canonical form of L(k)(M), which is defined as fol-
lows. If πk

k−1 denotes the natural jet projection L(k)(M) → L(k−1)(M),
then θk at α ∈ L(k)(M) is the linear map TαL

(k)(M) → Rn⊕gl(k−1)(n)
given by the expression θk|TαL(k)(M) = α̂−1 ◦ dπk

k−1|TαL(k)(M). It is easy
to see from this definition that if f is a diffeomorphism of M , then
f∗(k)θk = θk on the k-th order frame bundle of M .

LEMMA 4.1. For every k and g ∈ Gl(k)(n) the diagram

T0L
(k−1)(Rn)

dR
πk

k−1
(g−1)

◦ĝ
−−−−−−−−−→ T0L

(k−1)(Rn)x x
Rn ⊕ gl(k−1)(n)

Λ(g)−−−→ Rn ⊕ gl(k−1)(n)
is commutative, where the vertical arrows are given by the natural iso-
morphism jk−1(X) 7→ X(k−1)(0), Λ is as in Lemma 2.3 and ĝ is given
as above.
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Proof. The identity (ϕ◦ψ)(k−1) = ϕ(k−1)◦ψ(k−1) can be used to show
that if ϕ is a local diffeomorphism of Rn and X is a vector field on Rn,
then dϕ(X)(k−1) = dϕ(k−1)(X(k−1)). The result now follows from this,
from the definition of Λ and the Gl(k−1)(n)-invariance of X(k−1).

The next result states basic properties of the canonical form; the case
k = 1 is already given in Kobayashi and Nomizu [5]. If A ∈ gl(k)(n), let
A∗ denote the vertical vector field over L(k)(M) whose flow is given by
the action on the right of the one-parameter subgroup t 7→ exp(tA) of
Gl(k)(n).

PROPOSITION 4.2. The canonical form θk of L(k)(M) satisfies the
following properties:

1. θk(A∗) = πk
k−1(A) for every A ∈ gl(k)(n),

2. R∗
gθk = Λ(g−1) ◦ θk for every g ∈ Gl(k)(n),

3. LA∗θk = −λ(A) ◦ θk for every A ∈ gl(k)(n),

where πk
k−1: gl(k)(n) → gl(k−1)(n) denotes the natural jet projection and

Λ, λ are given as in Lemma 2.3.
Proof. Property (1) is a direct consequence of the definition of θk.

Also observe that (2) implies (3).
To prove (2), fix g ∈ Gl(k)(n), α = jk(ϕ) ∈ L(k)(M) and ξ ∈

TαL
(k)(M). Then a straightforward computation yields

(R∗
gθk)α(ξ) = (θk)αg(dRg(ξ))

= ĝ−1 ◦ (d(ϕ(k−1))(0,πk
k−1

(g)))
−1 ◦ d(πk

k−1)αg(dRg(ξ))

= ĝ−1 ◦ dRπk
k−1

(g) ◦ α̂
−1 ◦ d(πk

k−1)α(ξ)

= Λ(g−1) ◦ α̂−1 ◦ d(πk
k−1)α(ξ)

= (Λ(g−1) ◦ θk)α(ξ),

where the third identity follows from the equivariance of ϕ(k−1) and
of the projection L(k)(M) → L(k−1)(M) with respect to the projection
Gl(k)(n) → Gl(k−1)(n), and the fourth identity follows from Lemma 4.1.

If H is a Lie subgroup of Gl(k)(n) and P is a smooth H-reduction
of a frame bundle L(k)(M) of an n-dimensional smooth manifold M ,
then the canonical form, θk, of L(k)(M) can be restricted to P . Such
restriction, which will be denoted by the same symbol, inherits the
corresponding properties stated in the previous result. By Lemma 2.3,
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the Lie algebra gl(k)(n) can be realized as a Lie subalgebra of gl(Rn ⊕
gl(k−1)(n)), and thus the Lie algebra h of H can be so realized. In
particular, if ω is a connection on P (considered as an h-valued one-
form), then the representation λ defined in Lemma 2.3 realizes ω(ξ) as
a linear map on Rn ⊕ gl(k−1)(n), for every ξ ∈ TP . This property will
be used below.

With the above setup, given a connection on P and a vector v in Rn

there exists a unique horizontal H-invariant vector field on P whose
value at every α ∈ P is the horizontal lift of πk

1 (α)(v) ∈ TM , where
πk

1 (α) ∈ L(M) is the natural jet projection of α. This vector field
is called the standard horizontal vector field associated to v, and is
denoted by B(v).

DEFINITION 4.3. Let ω be a smooth connection on a smooth re-
duction P of the frame bundle L(k)(M) of order k of an n-dimensional
smooth manifold M . The torsion of ω is the Rn⊕gl(k−1)(n)-valued two-
form on P given by Θ = dθk ◦ (h, h), where h denotes the horizontal
projection TP → TP defined by ω.

The following result is a higher order generalization of the usual
structural equation of a connection on the first order frame bundle.

PROPOSITION 4.4. Let ω be a smooth connection on a smooth re-
duction P of the frame bundle L(k)(M) of order k of an n-dimensional
smooth manifold M , and let Θ be the torsion of ω. Then

dθk = −ω ∧ θk +
1
2
πk

k−1([ω, ω]) + Θ.

More precisely,

dθk(ξ1, ξ2) = − 1
2
(ω(ξ1)θk(ξ2)− ω(ξ2)θk(ξ1))

+
1
2
πk

k−1([ω(ξ1), ω(ξ2)]) + Θ(ξ1, ξ2),

for every ξ1, ξ2 ∈ TαP and α ∈ P , where πk
k−1 denotes the natural Lie

algebra homomorphism gl(k)(n) → gl(k−1)(n).
Proof. It suffices to prove the statement for P = L(k)(M), because

this case implies the result for any smooth reduction by simply restrict-
ing the forms involved. Furthermore, it suffices to verify the second
identity for ξ1, ξ2 either vertical or horizontal, so there are three cases
to consider.

First, if both ξ1 and ξ2 are horizontal, then the identity is trivial
by the definition of Θ and because ω vanishes on horizontal tangent
vectors.
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Second, given A,B ∈ glk(n) with vertical fields A∗ and B∗, re-
spectively, then Θ(A∗, B∗) = 0. It follows from the properties of θk

that

2dθk(A∗, B∗) = A∗(θk(B∗))−B∗(θk(A∗))− θk([A∗, B∗])
= −θk([A∗, B∗])
= −θk([A,B]∗)
= −πk

k−1([A,B]).

On the other hand, the properties of λ given in Lemma 2.3 imply that

ω(A∗)θk(B∗) = λ(A)(πk
k−1(B))

= [πk
k−1(A), πk

k−1(B)]

= πk
k−1([A,B]),

from which the identity obtains in this case because [ω(A∗), ω(B∗)] =
[A,B].

And third, if A∗ is a vertical vector field on L(k)(M), and B(v) is a
horizontal one, with A ∈ gl(k)(n) and v ∈ Rn, then

2dθk(A∗, B(v)) = A∗(θk(B(v)))−B(v)(θk(A∗))− θk([A∗, B(v)])
= (LA∗θk)(B(v))
= −λ(A) ◦ θk(B(v))
= −ω(A∗)θk(B(v)),

where the third identity follows from Proposition 4.2. This proves the
required identity in this case because both Θ(A∗, B(v)) and ω(B(v))
vanish.

5. Finite type geometric structures

In this section we will study the properties of the geometric structures
of finite type introduced in Section 3. We will see that most of the
features found for order 1 structures extend to higher orders.

As shown in Kobayashi [4, I.6], there is a construction which asso-
ciates a tower of principal bundles to a given H-structure of order 1.
This construction makes it possible to reduce the study of the properties
of a finite type structure to the study of a complete parallelism. It will
now be shown that such construction can be extended to the case of
reductions of higher order frame bundles.

higher11.tex; 11/12/2003; 3:33; p.15



16

LetH a Lie subgroup of Gl(k)(n), and let P be a smoothH-structure
given as a reduction of the frame bundle L(k)(M) of an n-dimensional
smooth manifoldM . Write the canonical form of P as θk = (θ0

k, . . . , θ
k−1
k )

corresponding to the natural decomposition of Rn ⊕ gl(k−1)(n) as the
direct sum of spaces of multilinear maps. Observe that a subspace H
of TαP , where α ∈ P , is horizontal for some connection if and only if
θ0
k|H:H → Rn is an isomorphism.

For α ∈ P and a horizontal space H ⊂ TαP , let c(α,H) denote the
Nk−1-valued antisymmetric bilinear map on Rn given by

c(α,H)(v1, v2) = dθk−1
k (θ0

k|−1
H (v1), θ0

k|−1
H (v2)),

for every v1, v2 ∈ Rn. If Θ is the torsion of a connection on P for which
H is horizontal, then

c(α,H)(v1, v2) = Θk−1
α (θ0

k|−1
H (v1), θ0

k|−1
H (v2)),

where Θk−1 denotes the Nk−1-component of Θ.
Let h be the Lie algebra ofH and let ∂: h∩Nk⊗Rn∗ → Nk−1⊗∧2Rn∗

be the linear map defined by

∂f(v1, v2) =
1
2
(f(v1)(1)v2 − f(v2)(1)v1)

=
1
2
(λ(f(v1))v2 − λ(f(v2))v1)

where f ∈ h ∩Nk ⊗ Rn∗, v1, v2 ∈ Rn and λ is given as in Lemma 2.3.
Note that use was made of the fact that λ(T )(v) = T(1)(v) ∈ Nk−1, for
every T ∈ Nk and v ∈ Rn, an identity which is an easy consequence of
the definition of λ.

The assignment L 7→ L(1) realizes h1 as subspace of h ∩ Nk ⊗ Rn∗,
and ker(∂) = h1 under this identification.

Choose a vector space C such that Nk−1⊗∧2Rn∗ = ∂(h∩Nk⊗Rn∗)⊕
C, and choose a vector space H such that Rn⊕gl(k−1)(n) = πk

k−1(h)⊕H,
where πk

k−1(h) is the natural projection of h into gl(k−1)(n). Such choices
will be fixed for the rest of this section.

DEFINITION 5.1. With the above setup, the first prolongation P1 of
P is the subset of L(P ) consisting of frames Rn⊕h → TαP of the form
(v,A) 7→ θ0

k|
−1
H (v) +A∗

α, where H is a horizontal space tangent to P at
α that satisfies

1. c(α,H) ∈ C,

2. θk(H) ⊂ H.
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Observe that the first prolongation of a reduction depends on the
choices of vector spaces C and H made above.

The group introduced in the following definition is fundamental in
the description of the first prolongation of a reduction.

DEFINITION 5.2. Let H be a Lie subgroup of Gl(k)(n) with Lie
algebra h. The first prolongation H1 of H is the closed subgroup of
Gl(Rn ⊕ h) consisting of the linear transformations of the form

Rn ⊕ h → Rn ⊕ h

(v,A) 7→ (v, L(1)(v) +A),

where L ∈ h1.

It is a simple matter to show that H1 is a vector group with Lie
algebra isomorphic to h1.

The following auxiliary results will be required for understanding
the basic properties of the first prolongation.

LEMMA 5.3. Let P be a smooth H-structure on an n-dimensional
smooth manifold M , where H is a Lie subgroup of Gl(k)(n). Fix α ∈ P .
If ω and ω′ are connections on P with horizontal spaces H and H′ at
α, respectively, such that θk(H), θk(H′) ⊂ H, then

1. ω(H′) ⊂ h ∩Nk,

2. c(α,H) − c(α,H′) = ∂f , where f : Rn → h ∩ Nk is given by f =
ω ◦ θ0

k|
−1
H′ .

In particular, if both c(α,H) and c(α,H′) are in C, then f ∈ h1.
Proof. Let ξ′ ∈ H′ be given and write ξ′ = ξ+A∗

α, where ξ ∈ H and
A ∈ h. Then, by the properties of θk,

θk(ξ′)− θk(ξ) = θk(A∗
α) = πk

k−1(A).

This is a vector that lies both in H and in πk
k−1(h) and it thus vanishes.

Hence A ∈ h ∩Nk and (1) follows since ω(ξ′) = ω(A∗
α) = A.

Note that (1) implies that ω(θ0
k|
−1
H′ (u)) ∈ h ∩Nk, for every u ∈ Rn.

From the definition of the representation λ considered in Lemma 2.3 it
is easy to prove that λ(Nk)(gl(k−1)(n)) = 0, and so

ω(θ0
k|−1
H′ (u))(θk(θ0

k|−1
H′ (v))) = ω(θ0

k|−1
H′ (u))(θ0

k(θ
0
k|−1
H′ (v)))

= ω(θ0
k|−1
H′ (u))(v)

It also follows from (1) that [ω(H′), ω(H′)] = 0. Thus property (2) is
obtained by first replacing ξ1 = θ0

k|
−1
H′ (u) and ξ2 = θ0

k|
−1
H′ (v) in the struc-

tural equation stated in Proposition 4.4, then projecting the resulting
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identity from gl(k−1)(n) to Nk−1, and finally using the definitions of
c(α,H) and c(α,H′).

In particular, if both c(α,H) and c(α,H′) are in C, then ∂f = 0,
which implies that f ∈ h1.

LEMMA 5.4. Let P be a smooth H-structure on an n-dimensional
smooth manifold M , where H is a Lie subgroup of Gl(k)(n). Then
for every α ∈ P there exists a horizontal space H ⊂ TαP such that
c(α,H) ∈ C and θk(H) ⊂ H.

Proof. Let H1 be any horizontal subspace of TαP and choose a basis
ξ1, . . . ξn for H1. Write θk(ξi) = vi + πk

k−1(Ai), with vi ∈ H and Ai ∈ h,
corresponding to the decomposition Rn ⊕ gl(k−1)(n) = H⊕ πk

k−1(h). It
easily follows that the space H2 generated by ξ1−(A1)∗α, . . . , ξn−(An)∗α
is horizontal and satisfies θk(H2) ⊂ H.

Write c(α,H2) = ∂g + C, with g ∈ h ∩ Nk ⊗ Rn∗ and C ∈ C,
corresponding to the decomposition Nk−1⊗∧2Rn∗ = ∂(h∩Nk⊗Rn∗)⊕
C. Choose a connection ω on P so that at α it is given by

TαP → h

ξ′ +A∗
α 7→ −g(θ0

k(ξ
′)) +A

where ξ′ ∈ H2 and A ∈ h. Such connection exists because the above
expression maps A∗

α 7→ A for every A ∈ h. Let H be the horizontal
space determined by ω at α. It will now be shown that H satisfies the
required conditions.

For ξ ∈ H, write ξ = ξ′ +A∗
α with ξ′ ∈ H2 and A ∈ h. Then

0 = ω(ξ) = −g(θ0
k(ξ

′)) +A,

which implies that A ∈ h ∩Nk. Hence

θk(ξ) = θk(ξ′) + πk
k−1(A) = θk(ξ′) ∈ H,

and so θk(H) ⊂ H.
On the other hand, note that ω◦θ0

k|
−1
H2

= −g, and so, by Lemma 5.3(2),

c(α,H) = c(α,H2)− ∂g = C ∈ C,

thus concluding the proof.

The next result shows that the first prolongation of a smooth reduc-
tion is also a smooth reduction.

PROPOSITION 5.5. Let P a smooth H-structure on an n-dimensional
smooth manifold M , where H is a Lie subgroup of Gl(k)(n). Then the
first prolongation, P1, is a smooth reduction of L(P ) to H1.
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Proof. Let π:L(P ) → P be the canonical projection. It follows from
Lemma 5.4 that the set π−1(α) ∩ P1 is nonempty for every α ∈ P .

Fix α ∈ P , let H be a horizontal space tangent to P at α that defines
an order 1 frame of P lying in P1, and let TH: Rn ⊕ h → TαP denote
the frame defined by H.

If H′ is any other horizontal space tangent to P at α that deter-
mines an element of P1, then a straightforward computation using
Lemma 5.3(1) shows that

TH′ = TH ◦ T,

where TH′ is the frame defined by H′ and T is the linear isomorphism
given by

Rn ⊕ h → Rn ⊕ h

(v,A) 7→ (v, ω(θ0
k|−1
H′ (v)) +A).

By the choice of H and H′ it follows from Lemma 5.3 that ω◦θ0
k|
−1
H′ ∈ h1

and so T ∈ H1, from which it obtains that π−1(α) ∩ P1 is contained in
an H1-orbit.

Conversely, let T ∈ H1 be given and consider the frame TH ◦ T .
Then there exists L ∈ h1 such that T (v,A) = (v, L(1)(v)+A), for every
(v,A) ∈ Rn ⊕ h. Hence

TH ◦ T (v,A) = θ0
k|−1
H (v) + L(1)(v)

∗
α +A∗

α,

for every (v,A) ∈ Rn ⊕ h. Then it is easy to check that H′, defined as
the image of the map v 7→ θ0

k|
−1
H (v) + L(1)(v)∗α, is a horizontal space

tangent to P at α which defines a frame TH′ lying in P1 and satisfying
TH′ = TH ◦ T . It follows that π−1(α) ∩ P1 is an H1-orbit.

Finally, note that the proof of Lemma 5.4 can be modified to obtain
a smooth local section of L(P ) defined in a neighborhood of α and with
image lying in P1, thus proving P1 is a smooth H1-reduction.

The previous result permits to inductively define higher prolonga-
tions for any given reduction.

DEFINITION 5.6. Let H be a Lie subgroup of Gl(k)(n) and P a
smoothH-structure on an n-dimensional smooth manifoldM . Let P0 =
P and P−k = M . For r ≥ 1, define the r-th prolongation Pr of P to be
the reduction of L(Pr−1) given by the first prolongation of Pr−1.

The following result is a consequence of Lemma 3.8 and of the above
discussion.
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PROPOSITION 5.7. Let P be a smooth H-structure on an n-dimen-
sional smooth manifold M , where H is a Lie subgroup of Gl(k)(n).
Then, for every r ≥ 1, the r-th prolongation Pr of P is a smooth
reduction of L(Pr−1) to a vector subgroup Hr whose Lie algebra is
isomorphic to hr, the r-th prolongation of the Lie algebra h of H.

The prolongations of a reduction depend on the choices of the vector
spaces H and C. However, since the construction of such prolongations is
given in terms of the canonical form, a diffeomorphism that preserves
the reduction also preserves each of its prolongations. The following
statement makes this precise.

PROPOSITION 5.8. Let P be a smooth H-structure on an n-dimen-
sional smooth manifold M , where H is a Lie subgroup of Gl(k)(n). If ϕ
a diffeomorphism of M that preserves P (that is, such that ϕ(k)(P ) =
P ), then there is sequence of diffeomorphisms ϕi:Pi → Pi such that
ϕi+1 = (ϕi)(1)|Pi+1. Moreover, if h is of finite type, then there exists an
integer r such that Pr carries a complete parallelism which is preserved
by the map ϕr induced by ϕ.

Proof. This is a simple exercise in the definition of prolongation.
It uses the fact that if f is a diffeomorphism of a manifold, then the
induced map f(k) on the k-th order frame bundle preserves the canonical
form θk.

Because of Theorem 3.10, if H is closed in Gl(k)(n), then this result
permits to reduce the study of the automorphisms of any rigid geomet-
ric structure of type Gl(k)(n)/H to the study of the automorphisms of
a complete parallelism. The next goal is to extend this sort of property
to infinitesimal Killing fields, which will be accomplished following the
scheme that was used in [2].

Let H be a Lie subgroup of Gl(k)(n), and let h be its Lie algebra.
If P a smooth H-structure on an n-dimensional smooth manifold M ,
then define the principal prolongation W 1(P ) of P as the space of
1-jets at (0, I) of local bundle automorphisms Rn × H → P . Then
W 1(P ) is a smooth reduction of L(P ) (as a bundle over P ) to the
group Gl(n) n h ⊗ Rn∗ (whose semidirect product structure is given
by (A, T )(A′, T ′) = (AA′, T ◦ A′ + T ′), where both T , T ′ are viewed
as linear maps Rn → h). A proof of these properties can be found
in Kolář, Michor and Slovák [6]. Observe that the injective homomor-
phism ρ: Gl(n) n h ⊗ Rn∗ → Gl(Rn ⊕ h) given by ρ(A, T )(v,X) =
(Av, Tv+X) realizes Gl(n)nh⊗Rn∗ as a closed subgroup of Gl(Rn⊕h)
containing H1.
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Choose vector spaces C and H as in Definition 5.1, and consider the
map from the quotient (Gl(n) n h⊗ Rn∗)/H1 into the space

Gl(n)× (Rn ⊕ gl(k−1)(n))⊗ Rn∗

H⊗ Rn∗ × Nk−1 ⊗ ∧2Rn∗

C

given by the assignment

(A, T )H1 7→ (A, [πk
k−1 ◦ T ], [∂(πk ◦ T )]),

where πk
k−1: gl(k)(n) → gl(k−1)(n) and πk: gl(k)(n) → Nk are the natural

projections. This map is a Gl(n) n h⊗Rn∗-equivariant diffeomorphism
with respect to the smooth action of Gl(n) n h ⊗ Rn∗ on the target
given by

(A, T )(B, [L], [Λ]) = (AB, [πk
k−1(T ◦B) + L], [∂(πk ◦ T ◦B) + Λ]).

The next result makes use of this diffeomorphism to describe the first
prolongation as a reduction of the principal prolongation. Its proof uses
the same kind of arguments as those found in the proof of Lemma 7.8
in [2] and requires only some minor extra calculations.

LEMMA 5.9. Let P be a smooth H-structure on an n-dimensional
smooth manifold M , where H is a Lie subgroup of Gl(k)(n) with Lie
algebra h. Let C, H be vector spaces as in Definition 5.1, and let σ′ be
the smooth map

σ′:W 1(P ) → Gl(n)× (Rn ⊕ gl(k−1)(n))⊗ Rn∗

H⊗ Rn∗ × Nk−1 ⊗ ∧2Rn∗

C

given by:

σ′(j1(0,I)(λ)) =

(dλ̄−1
0 ◦ πk

1 (λ(0, I)),−[θk ◦ dλ̂0 ◦ dλ̄−1
0 ◦ πk

1 (λ(0, I))], [c(λ(0, I),Hλ)])

where λ̄ is the local diffeomorphism covered by λ and Hλ is the horizon-
tal space tangent to P given by the image of the differential at 0 of the
map x 7→ λ̂(x) = λ(x, I). Then σ′ is Gl(n) n h ⊗ Rn∗-equivariant and
realizes P1 as the H1-reduction of W 1(P ) given by P1 = σ′−1(I, 0, 0).

The next result shows that for rigid geometric structures of type
Gl(k)(n)/H the study of infinitesimal Killing fields can be reduced to
the study of infinitesimal Killing fields for complete parallelisms. Its
proof uses the previous lemma and arguments similar to those in [2,
Section 7].
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PROPOSITION 5.10. Let P be a smooth H-structure on an n-dimen-
sional smooth manifold M , where H is a closed subgroup of Gl(k)(n),
and let σ denote the corresponding geometric structure of order k and
type Gl(k)(n)/H. Let x−k = x ∈ M , let x0 ∈ P be in the fiber over x,
and, for each i ≥ 1, let xi ∈ Pi be a point lying in the fiber of Pi over
xi−1. Then, for every infinitesimal Killing field js

x(X) ∈ Kills(σ, x) and
for every i = −k, 0, 1, . . . , s−k−1, there exists a vector field Xi defined
in a neighborhood of xi in Pi such that:

1. X−k = X,

2. X0 and (X−k)(k)|P coincide up to order s − k at x0 as sections of
TL(k)(M)|P ,

3. Xi and (Xi−1)(1)|Pi coincide up to order s− k− i at xi as sections
of TL(Pi−1)|Pi, for i = 1, . . . , s− k − 1,

4. js−k−i
xi

(Xi) is an infinitesimal Killing field for the geometric struc-
ture σi+1 on Pi defined by Pi+1, for i = 0, 1 . . . , s− k − 1.

Moreover, for every i = −k, 0, 1 . . . , s− k− 1, the assignment js
x(X) 7→

js−k−i
xi

(Xi) defines a linear map Kills(σ, x) → Kills−k−i(σi+1, xi). In
particular, when σ is rigid (hence of finite type) and r is the first integer
for which the prolongation Pr+1 is a trivialization of L(Pr), if s > k+r
and js

x(X) ∈ Kills(σ, x), then js−k−r
xr

(Xr) is an infinitesimal Killing
field for the corresponding complete parallelism of Pr.

This implies the following result regarding the extension of infinites-
imal Killing fields to local ones for rigid geometric structures.

PROPOSITION 5.11. Let M be an analytic manifold endowed with a
rigid analytic geometric structure σ of order k defined by a reduction
of L(k)(M). For every x ∈ M there exists an integer r(x) such that if
r ≥ r(x) and jr

x(X) ∈ Killr(σ, x), then there is a unique analytic local
Killing vector field Y defined in a neighborhood of x so that jr

x(Y ) =
jr
x(X).

The proof of this proposition uses the fact that the problem of
extending infinitesimal Killing fields to local ones, for the rigid geo-
metric structures considered in the statement, can be reduced to the
corresponding problem for complete parallelisms. It also depends on the
fact that every construction and claim obtained up to this point in the
smooth category remains valid in the analytic category, without need of
further arguments. Details are omitted because they follow essentially
the same steps used in [2, Section 7].
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6. Gromov’s centralizer theorem

The proof of the next result, Gromov’s centralizer theorem, is obtained
following the arguments used in [2, Section 9] together with Proposi-
tion 5.11. The proof also uses the fact that the arguments in Amores [1]
can be easily modified to extend local Killing fields to global Killing
fields in the setup considered below. The reader is referred to [2] for
the definition of a Zariski measure; here it is noted that any smooth
measure on an analytic manifold is a Zariski measure.

THEOREM 6.1. Let M be a connected analytic manifold endowed with
an analytic rigid geometric structure σ defined by a reduction of a frame
bundle to an algebraic group.

Let G be a connected, noncompact, simple Lie group acting analyti-
cally on M , preserving both σ and a finite Zariski measure.

Let G be the Lie algebra of Killing vector fields on the universal cover
M̃ induced by the action of the universal cover G̃ of G. If V denotes the
space of analytic Killing vector fields on M̃ that centralize G, then

1. V is π1(M)-invariant,

2. V is finite dimensional,

3. there exists an open, conull subset Ũ of M̃ , invariant under both G̃
and π1(M), on which G̃ acts locally freely and such that evx(V) ⊃
TxG̃x for every x ∈ Ũ .

Here, for a point x ∈M and a vector field X defined in a neighborhood
of x, evx(X) = Xx is the evaluation map. Also, if the measure on M

is smooth, then Ũ can be assumed to be dense.

This theorem has a variety of consequences for the structure of
actions of simple Lie groups. Two fundamental corollaries are given
below and further details can be found in [2, Section 10], all of whose
statements extend with the same proof to the present setting.

In the following two results, the manifold M and the group G are
as in Theorem 6.1 and are assumed to satisfy its hypothesis.

THEOREM 6.2. There is a representation ρ:π1(M) → Gl(q) such that
the Zariski closure of ρ(π1(M)) contains a subgroup locally isomorphic
to G.

THEOREM 6.3. Suppose that G has finite center and finite funda-
mental group. Then the action of G on M is topologically engaging on
a conull, open subset of M . Moreover, there exists a conull, open set
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Ũ ⊂ M̃ , which is invariant under both G̃ and π1(M), and such that the
G̃-orbit of each of its points is closed in Ũ . Furthermore, if the measure
is smooth, then the open sets in both M and M̃ where the topological
engagement condition is satisfied can be assumed to be dense.

References

1. Amores, A. M.: Vector fields of a finite type G-structure, J. Differential Geom.
14 (1979), 1–6.

2. Candel, A. and R. Quiroga-Barranco: Gromov’s centralizer theorem, Geom.
Dedicata 100 (2003), 123–155.

3. Gromov, M.: Rigid transformations groups, Géométrie defférentielle, Col-
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(D. Bernard and Y. Choquet-Bruhat, eds.), Hermann, 1988, pp. 65–139.

4. Kobayashi, S.: Transformation Groups in Differential Geometry, Classics in
Mathematics. Springer-Verlag, Berlin, 1995.

5. Kobayashi, S. and K. Nomizu: Foundations of Differential Geometry, vol. 1,
John Wiley & Sons, New York, 1963.
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