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Abstract. In this paper we study a class of measures, called harmonic mea-

sures, that one can associate to a dynamical system consisting og a space X
and a finitely generated group of transformations. If the group of transforma-

tions is infinite cyclic, then these measures are invariant. We show how the

theory of classical dynamical systems with invariant measure can be extended
to the case of harmonic measure. Other properties of harmonic measures are

best understood in the light of the harmonic analysis on a free group.
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1. Introduction

Ergodic theory deals with measurable actions of groups of transformations.
When the action is generated by a single measure preserving transformation then
the basic theory is well developed and understood. In this paper we explore the
situation of dynamical systems with more than one generator which do not nec-
essarily admit an invariant measure. The basic idea is to consider the concept of
harmonic measure, that is, a measure whose averages are invariant, and study its
basic properties by comparison with the ergodic theory of a single transformation.

The concept of harmonic measure studied here is the discrete version of the
harmonic measures for foliations introduced by L. Garnett [11]. In fact, one of the
motivations of this paper was to understand how to use harmonic measures for
foliations defined by actions of semisimple Lie groups.

We start by providing an existence theorem for harmonic measures on dynamical
systems constituted by a compact metric space and a finitely generated group of
transformations. This group can always be taken to be an abstract free group, and
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indeed a free group acting on its natural boundary provides the main model for an
action with ergodic harmonic measure.

The main tool for understanding a harmonic measure is the construction of the
path space of the action, similar in spirit to Wiener space of a manifold. The points
of this space are paths on the orbits of the original state space and carries with it
a shift transformation. This path space sits over the state space and the harmonic
measures lift to shift invariant measures on it, so that in a sense there is a classical
system overlying a non–classical one. This fact allows us to interpret properties of
our system in terms of those of the path space.

For example, ergodicity of a harmonic measure is equivalent to ergodicity of the
induced measure in path space. We study the related concept of mixing, which is
defined with respect to the invariant measures in the path space and then translated
back to the harmonic measures. It turns out that a harmonic measure which is not
invariant has stronger ergodicity properties than the classical invariant measures.
All these properties have also interpretations in terms of the unitary representation
associated to the action and the harmonic measure.

Another topic that we discuss is the ergodic decomposition of harmonic measures,
following the original work of Krilloff and Bogoliugoff [17]. This was a theory called
for in [22] and also [9]. Our solution involves certain probabilistic considerations,
and in particular shows that harmonic measures are the natural replacement for
invariant ones.

After this we discuss some properties of the jacobian cocycle of a harmonic mea-
sure, and some relations between ergodicity, mixing, and the unitary representation
to a group action.

The last part of the paper is devoted to entropy. The definition of topological
entropy that we consider is the natural extension of the entropy of a map, and it is
then a particular case of the notion of entropy of pseudogroups of homeomorphisms
studied in [13]. There is another definition of entropy that one can put together by
going to the path space. We will show that this entropies are unrelated.

What is done here admits, like any other thing, generalizations. Perhaps a
more proper context would have been pseudogroups of homeomorphisms or, even
better, countable equivalence relations. On the other hand one has more concrete
applications in the case of group actions. In any case, even when I confine the
discussion to this category, I have tried to present it in a way that extends with the
least number of changes to the other categories mentioned above. A reference for
countable equivalence relations is [7]. In particular, note that their first theorem
shows that this category is not more general that that of actions of countable groups
(but of course, what is done here depends in certain sense on the structure of the
orbits).

2. Discrete potential theory

In this section we recall a few concepts pertaining to discrete potential theory
which will be used in the sequel.

Let K be a graph, that is, a one–dimensional connected complex. Let K0 and
K1 denote the set of vertices and the set of edges of K, respectively. We say that
two vertices x and y of K are neighbors, and write x ∼ y, if there is an edge in K1

connecting them. We write xy for the directed edge connecting them.
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Assume that each directed edge xy has a number q(xy) > 0 associated to it,
in such a way that

∑
y∼x q(xy) = 1 for each vertex x. This system of weights

{q} in turn produces a diffusion (or averaging) operator D which acts on functions
f : K0 → C by

Df(x) =
∑
y∼x

q(xy)f(y).

There is a second operator, called the Laplacian and denoted by ∆, which is defined
as ∆f = Df − f .

The standard Laplacian on a graph K is associated with the system of weights
given by q(xy) = Card{y | y ∼ x}.

A (real valued) function f on the set of vertices K0 of K is called harmonic if
∆f = 0 or, equivalently, if Df = f . The version of the weak maximum principle
for this operator is as follows:

Proposition 2.1. Let f : K0 → R, where K0 is the set of edges of a connected
locally finite graph K. If x is a point of K0 where f reaches a local maximum
(respectively minimum), then ∆f(x) ≤ 0 (respectively ≥ 0).

Another useful fact is the discrete version of Harnack’s inequality:

Proposition 2.2. Let f be a positive function on K0 which satisfies Df ≤ f . Then
there is a constant C, depending only on the system of weights, such that

C−nf(x) ≤ f(y) ≤ Cf(x)

for any two points at distance n in the path metric of K.

The graphs that we will consider in this paper are those associated with a group
G endowed with a finite symmetric system of generators G1 in the following way.
If G1 = {s±1

1 , · · · , s±1
n }, (si 6= 1), then a graph is constructed by taking as set of

vertices the elements of G and putting and edge from s to s±1
i s. The function theory

pertaining to this example has been certainly well studied, specially in recent years
[4], [26].

The systems of weights that we will consider are given by probability measures q
on G whose support is a symmetric generating set for G. What we do can certainly
be extended to more general situations, but from the point of view of group actions
this framework is general enough to understand the basic features of the theory.

Thus the weight q can be thought of as a function which assigns a positive
number q(s) > 0 to each element s of G1 and such that

∑
G1
q(s) = 1. In the

graph of G relative to G1 this gives a system of weights by setting q(xy) = q(s) if
y = sx, s ∈ G1. Other pieces of nomenclature are the following. If q is a system of
weights for the pair (G,G1), then we will call the dual system to q to be that which
assigns the weight q(s−1) to s. The system of weights q is said to be symmetric if
q(s) = q(s−1), and it is equidistributed if q(s) = 1/Card G1.

It will also be clear that, for actions, one needs only consider the free group gen-
erated by the symbols of G1, a fact that simplifies all the discussions and which we
take from now on. Some possible amplifications are described in the introduction.

We will utilize two compact topological spaces which are naturally associated to
G. One of them is the path space of G, denoted by Ω(G), and consisting of all
infinite sequences of elements of G1, that is, Ω(G) is the infinite product G∞1 . It
comes equipped with a measure P , which is the product measure determined by
the system of weights q, and with a shift transformation θ which takes an infinite
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path (· · · , w(2), w(1)) to (· · · , w(2)) and preserves the measure P . (Note that we
write the paths from right to left).

Also associated to G there is a compact topological space called the boundary
of G, and denoted by ∂G. It can be described as the subset of the infinite product
space G∞1 consisting of all sequences b = · · · s1s0 of elements of G1 with the proviso
that sn+1 6= s−1

n . There is a natural action of G on this space: an element s ∈ G1

acts on b ∈ ∂G according to the rule

sb = s(· · · s1s0) =

{
· · · s1s0s−1 if s0 6= s,
· · · s2s1 otherwise.

There is also a natural measure on ∂G, which will be denoted by λ. Its con-
struction is as follows. Each element s of G determines a set in ∂G comprised by
those words whose initial string is s. These sets form a base for a topology of ∂G,
and the measure of the set determined by s is q(s) = q(sn) · · · q(s1), if s = sn · · · s1
is the shortest expression of s in the elements of G1.

The relation between these two spaces associated to G is summarized in the
following:

Proposition 2.3. Suppose that G1 has more than two elements. Then almost
every path w in Ω(G) hits a point limw in ∂G. The hitting distribution is given by
the measure λ.

In other words, there is a map lim : Ω(G) → ∂G defined almost everywhere, and
which takes the measure on Ω(G) to that of ∂G.

This measure λ is not invariant by G, but its transforms by G are all mutually
absolutely continuous. The Radon–Nikodym derivative of this transformation is
denoted by K(s, b), that is∫

∂G

ϕ(b)K(s, b)λ(b) =
∫

∂G

ϕ(b)λ(sb).

Being the Radon-Nikodym derivative of a group action, this kernel K satisfies
the following cocycle identity:

K(sr, b) = K(s, rb)K(r, b).

The function K is analogous to the Poisson kernel for the action of PSl(2,R)
on the boundary of the unit disc in the complex plane. In the rest of this section
we collect some facts concerning harmonic functions on graphs and their boundary
behavior. Proofs can be found in [4]. For the graphs of a free group that we consider
here, the proofs can be carried out exactly like in the case of the unit disc.

Proposition 2.4. Let h be a positive harmonic function on G. Then there is a
positive measure m on ∂G of total mass h(e) such that

h(s) =
∫

∂G

K(s, b)m(b).

For instance, the measure λ represents the constant function 1, and the point
mass measure at b represents the function K(·, b).

The space of positive harmonic functions on G will be denoted by H, and en-
dowed with the topology of pointwise convergence. As such it can be seen to be a
convex cone in the topological vector space H−H. This cone has a compact base,
namely the positive harmonic functions h on G such that h(e) = 1. This compact
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base is denoted by H1, and it is a compact and metrizable convex set. Its boundary
is formed by the positive constant multiples of the minimal harmonic functions on
G. These ones are precisely the functions K(·, b); hence the boundary of H1 is the
same as the boundary ∂G of G, and thus H1 can also be interpreted as the space
of probability measures on ∂G.

The group G acts on H by right translation:

(Rsh)(r) = h(rs).

This action preserves the rays of H, so it induces an action on the quotient space
H/ ∼. This quotient space is canonically identified with H1 where the action of G
now reads:

(s, h)(r) = h(rs)/h(s).

This action of G on H1 has a fixed point, namely the constant function 1 and,
because of the cocycle property of the kernels K, leaves invariant the boundary ∂G
of G.

There is a similar integral representation theorem for bounded (not necessarily
positive) harmonic functions that reads as follows:

Proposition 2.5. Let h be a bounded harmonic function on G. Then there is a
function ϕ in L∞(∂G, λ) such that

h(s) =
∫

∂G

K(s, b)ϕ(b)λ(b).

The function ϕ is non–positive if and only if h is non–positive.

Other fact that we need to know about positive harmonic functions is the fol-
lowing:

Proposition 2.6. Let h be a positive harmonic function on G. Then the non
tangential limits exist almost everywhere on ∂G with respect to the measure λ.

The same type of result is available for bounded harmonic functions.

Proposition 2.7. Let h be a bounded harmonic function with integral representa-
tion h =

∫
Kϕλ. Then h converges to ϕ non–tangentially almost everywhere.

If m is a probability measure on ∂G, then Lebesgue decomposition theorem
guarantees the existence of a non–negative function ϕ in L1(∂G, λ) and a measure
σ singular with respect to λ, such that

m = ϕλ+ σ.

In the theorem concerning non–tangential limits of a function h in H1 (corre-
sponding to a probability measure m on ∂G) one can furthermore prove that the
boundary values of h agree with the function ϕ almost everywhere. This brings us
another piece of notation: we say that the harmonic function h is singular if its
corresponding boundary measure m is singular with respect to λ, i.e., its bound-
ary values are zero λ–almost everywhere. Analogously, we say that h is absolutely
continuous if its boundary measure has no singular part.
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3. Discrete dynamical systems

The dynamical systems that we will consider consist of a space X (usually a
compact metric space) and a finitely generated group G of transformations of X.
More important than the group G itself is a generating system for it. Therefore we
will denote by G1 a finite generating system for the group G. (The emphasis on the
generating system instead of on the group is already present in the classical theory
of dynamical systems as well.) The group G is the free group generated by G1.

We will consider G acting on the left on X, so we have a map

G×X → X

taking (s, x) to sx and satisfying (rs)x = r(sx) for any r, s ∈ G. The qualities of
the action would be imposed by those of X, namely, it will be assumed continuous
if X is a topological space, measurable if X is a measure space, etc.

Assume that G has a system of weights q of the type described in the previous
section. Associated with it there are the diffusion and Laplacian operators acting
on continuous functions on X, called D and ∆, respectively, which are defined as
follows: if f is in C(X) then

Df(x) =
∑

s∈G1

q(s)f(sx)

and
∆f = Df − f.

The action of G on X induces an action of G on C(X) on the right, namely
Rsf(x) = f(sx). By duality, this in turn induces a left action of G on measures
on X, and we will denote by sµ the measure sµ(A) = µ(s−1(A)). Thus, if δx is
the point mass measure concentrated at x, then sδx = δsx. Also, by duality, the
diffusion operator D and Laplacian ∆ act on measures on X: if µ is a measure,
then Dµ is defined by ∫

X

f(x)Dµ(x) =
∫

X

Df(x)µ(x).

A measure µ on X is called harmonic if Dµ = µ, equivalently, if∫
X

∆f(x)µ(dx) = 0

for every continuous function f on X.
The existence of harmonic measures for a dynamical system is an easy conse-

quence of the maximum principle and the Hahn–Banach theorem:

Theorem 3.1. Let (X,G1) be a dynamical system, where X is a compact topological
space. Then there is a measure µ on X which is harmonic.

Proof. If f is a continuous function on X, so is ∆f . Suppose that x0 is a point
of X where f reaches a maximum, f(x0) ≥ f(x) for all x ∈ X. Then ∆f(x0) =
Df(x0)− f(x0) ≤ 0.

It follows that the subspace Im(∆) of C(X) does not contain the constant func-
tion 1. The linear functional σ defined on R · 1 + Im(∆) by Λ(t1 + ∆f) = t has
norm ‖Λ‖ = 1, vanishes on Im(∆) and Λ(1) = 1. It therefore extends to a linear
functional on C(X) with the same properties, by the Hahn–Banach theorem. The
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Riesz representation theorem implies the existence of a probability measure µ on
X such that ∫

X

∆f(x)µ(dx) = 0

for all f in C(X). �

It is clear that this method of proof applies to more general types of actions:
all one needs is that the operator D takes continuous functions to continuous ones,
and that it satisfies some kind of weak maximum principle. Of course, the standard
proof using Cesaro averages of sequences Dnδx also works.

It is curious that this simple argument gives a new proof of the famous theorem
of Kriloff and Bogoliougoff [17] to the effect that a homeomorphism of a compact
metric space has an invariant measure. For if T : X → X is the endomorphism,
then we consider the operator ∆ : f → f − f ◦ T . At a maximum (respectively,
minimum) of f we have ∆f ≥ 0 (respectively ≤ 0), and the Hahn–Banach theorem
implies the existence of a measure µ which is T–invariant. I have not been able to
locate such proof in the literature; but E. Ghys says it is known to him.

Proposition 3.2. Let (X,G1) be a dynamical system with harmonic measure µ.
Then µ is quasi–invariant. In particular, the support of µ is a union of orbits of
G.

Proof. That µ is harmonic means that

µ = Dµ =
∑

s∈G1

q(s)sµ.

If A is a Borel subset of X such that µ(A) = 0, then this equality says that
sµ(A) = 0 for all s ∈ G1. By iteration, sµ is absolutely continuous with respect
to µ for all s ∈ G. Moreover, the relation sµ ≺ µ implies µ = (s−1)sµ ≺ sµ. The
argument is finished by noticing that if µ(A) = 0, then all iterates of A also have
measure 0, hence so does ∪s∈GsA. �

4. Markov operators and random walks

In this section we discuss in more detail the diffusion operator D and construct
the path space associated with the dynamical system. The operator D has a proba-
bilistic interpretation on this space, and we will analyze some of it aspects in order
to deal with the ergodic decomposition of harmonic measures.

The Laplacian ∆ is the infinitesimal generator of the semi group of operators
Dn : C(X) → C(X) constructed by iteration of D. We have Dn1 = 1, and
‖Df‖ ≤ ‖f‖ with respect to the supremum norm in C(X). Since D is also a
positive operator (Df ≥ 0 if f ≥ 0), the map f ∈ C(X) 7→ Df(x) corresponds to
a probability measure on X. We denote this probability measure by p(1;x, ·), so
that we have

Df(x) =
∫

X

f(y)p(1;x, dy).

Clearly, if δx denotes the Dirac measure at the point x, then p(1;x, ·) = Dδx. We
set p(0;x, ·) = δx to maintain homogeneity in notation. If p(n;x, dy) = Dnδx is
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associated to Dn, then there is a convolution formula, which is a reflection of the
Markov property, that says:

p(n+m;x,B) =
∫

X

p(n;x, dy)p(m; y,B).

The measure p is easily described as follows

Proposition 4.1. Let φ : s ∈ G 7→ sx be the map of G onto the orbit of the point
x ∈ X. Let q(n; s, ·) be the probability distribution associated to the random walk
in G determined by the system of weights q. Then φq(n; s, ·) = p(n; sx, ·).

Proof. By definition, if f is a function on X,

Df(x) =
∑

s∈G1

q(s)f(sx) =
∫

X

f(y)p(1;x, dy).

But Df(x) = DF (e), where F = φ ◦ f , and

DF (s) =
∫

G

F (r)p(1; s, dr)

and the claim follows. �

A path in (X,G1) is a map w : N → X such that w(n+ 1) ∈ {sw(n) | s ∈ G1}.
The path w is said to start at x if w(0) = x. The path space of (X,G1) is the set of
all such paths, and it will be denoted by Λ(X). It is topologized via the inclusion
in the infinite product space X∞ = Maps(N, X). In what follows we describe a few
topological and measure theoretic aspects of Λ(X) that will be used in the sequel.

Proposition 4.2. The set Λ(X) is closed in X∞, and it is non–empty if X and
G1 are non–empty.

Proof. The set Ω1 consisting of all sequences (x0, x1, · · · ) of points of X with the
requirement that x1 = sx0 for some s in G1 is easily seen to be a finite union of
closed sets, hence closed. Using a similar scheme, one constructs a nested sequence
Ω1 ⊃ Ω2 ⊃ Ω3 · · · of closed sets such that Λ(X) = ∩∞n=1Ωn. �

The path space Λ(X) comes equipped with a family of projections πn : Λ(X) →
X defined as the evaluation maps πn(w) = w(n), and with a semi group of
transformations generated by the shift map θ : Λ(X) → Λ(X), which acts via
(θw)(n) = w(n + 1). A given distance function dX on X induces a distance d on
Λ(X) by setting

d(w,w′) =
∞∑

n=0

1
2n
dX(πnw, πnw

′).

The shift map θ is actually Lipschitz, indeed:

d(θw, θw′) = 2d(w,w′)− 2dX(w(0), w′(0)) ≤ 2d(w,w′).

To see that this theory is a true generalization of the classical one concerning a
map T : X → X, note that in this case the path space Λ(X) is X itself, as one
point determines the full forward orbit.

For each x ∈ X we want to construct a probability measure Px in the fiber
π−1

0 (x), similar to Wiener measure. One can define a probability measure on X∞

by viewing it as the inverse limit of the finite products XF , F ⊂ N a finite subset,
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and using Kolmogorov’s extension technique. Specifically, for a finite set F =
{n1, · · · , nk} (ordered), and Borel set B = B1 × · · · ×Bk in XF , we set

PF
x (B) =

∫
B1

p(n1;x, dx1)
∫

B2

p(n2 − n1;x1, dx2) · · ·
∫

Bk

p(nk − nk−1;xk−1, dxk).

This is a consistent family of measures on the finite products XF , so there is
a unique probability measure Px on X∞ whose marginals are the measures PF

x .
Clearly the measure Px gives total mass to the fiber π−1

0 (x).
Our path space Λ(X) is a proper subset of X∞ which is where the measures Px

are defined, and therefore we would like to show that it has total probability with
respect to Px.

Proposition 4.3. The space Λ(X) has total probability with respect to Px.

Proof. If w /∈ Λ(X), then there is an integer n ≥ 0 such that sw(n) 6= w(n+ 1) for
all s ∈ G1. Therefore there are open neighborhoods V of w(n) and W of w(n+ 1)
in X such that W is disjoint from sV for all s ∈ G1. Let U be the open set
π−1

n V ∩ π−1
n+1W . This set U is clearly disjoint from Λ(X) and its probability under

Px is

Px(U) = Px[w(n+ 1) ∈W,w(n) ∈ V ]

=
∫

V

p(n;x, dy)
∫

W

p(1; y, dz)

= 0,

because the support of the measure p(1; y, ·) is the set {sy | s ∈ G1}, which in turn
is disjoint from W whenever y belongs to V . �

For future use we record the following:

Proposition 4.4. The map
P : X × F → R

with the properties:

(1) For each fixed measurable subset A of Λ(X), the map

x→ Px[A]

is measurable.
(2) For each fixed x in X, Px is a probability measure in Λ(X).

We also record the following relation between diffusion in X and expectation in
path space: if f is a Borel function on X, then

Dnf(x) = Ex[f ◦ πn] =
∫

Λ(X)

f ◦ πn(w)Px(w).

A consequence of this expression is that if µ is a harmonic measure for the system
(X,G1) then the measure µ̃ defined in Λ(X) by

µ̃(A) =
∫
Px[A]µ(x)

is invariant under the shift θ, as one easily verifies.
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Let B denote the Borel algebra of X. Let F denote that of X∞ generated by
cylinder sets. For n ≥ 0, let Fn denote the sub–algebra of F generated by cylinders
sets in X∞ of the form

{w | w(n1) ∈ B1, · · · , w(nk) ∈ Bk},
where ni ≤ n (i = 1, · · · , k) and Bi ∈ B. We have a filtration

F0 ⊂ F1 ⊂ · · ·F.
Analogously, let Fn denote the borel algebra of X∞ generated by cylinder sets of
the form

{w | w(n1) ∈ B1, · · · , w(nk) ∈ Bk},
where the steps ni ≥ n. Finally, let F∞ denote the algebra F∞ = ∩∞n=0F

n, also
known as the algebra of tail events.

Note that if C is a cylinder set in Fn, then θ−1C is a cylinder set that belongs
to Fn+1, that is, θ−1Fn = Fn+1. Therefore the map

θk : (Λ(X),Fn+k) → (Λ(X),Fn)

is measurable for n, k ≥ 0.
The result that follows is called the Zero-One law of Kolmogorov [15], [5], and

is a ergodicity fact.

Proposition 4.5. If A ∈ F∞, then Px[A] = 0 or 1. In particular, this holds if A
is a θ–invariant set.

Proof. The reason is that a tail event is independent of itself. I include the proof of
[5] for convenience. Let A ∈ F∞ be a tail event. Since Fn and F∞ are independent
fields, A is independent of Fn for each n, that is Px(A∩B) = Px(A)Px(B) for each
B ∈ ∪∞n=1Fn. The probability

PA[B] =
Px[A ∩B]
Px[A]

agrees with Px on ∪∞n=0Fn, hence also in F. Taking B = A we see that Px[A] =
Px[A]2.

�

We need the stronger fact concerning shift invariant subsets of Λ(X).

Proposition 4.6. If A is a shift invariant subset of Λ(X), then Px[A] = 0 or 1,
and the function x→ Px[A] is constant along the G–orbit of x.

Proof. IfA is a shift invariant subset of Λ(X), thenA ∈ F0 = F andA = θ−nA ∈ Fn

for all n ≥ 0, that is, A ∈ F∞ and moreover χA = χA ◦ θ. Therefore, utilizing the
Markov property we obtain

Px[A] = Ex[χA] = Ex[χA ◦ θ]
= Ex[Ex[χA ◦ θ|F1]]

=
∫
p(1;x, dy)Py[A]

=
∑

s∈G1

q(s)Psx[A],

which says that if Px[A] = 0 (respectively 1), then also Psx[A] = 0 (respectively
1). �
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As a consequence we obtain the following corollary.

Proposition 4.7. Let µ be a harmonic measure on X and let µ̃ be the induced
measure on Λ(X). Then µ̃ is ergodic for the shift θ if and only if µ is ergodic for
the system G1.

Proof. If A is G–invariant, then π−1
0 A is shift invariant. Moreover,

µ(A) = µ̃(π−1
0 A),

and so µ is ergodic if µ̃ is. Conversely, if A is a shift invariant set and µ is ergodic,
then the G-invariant function x 7→ Px[A] must be essentially constant, so we must
have Px[A] = 0 or Px[A] = 1 for almost all x. Hence either A or its complement in
Λ(X) is a null set with respect to µ̃. �

5. The ergodic theorem

In this section we will recall the statement of the ergodic theorem for Markov
operators and then use it to study our dynamical system. After some preparatory
facts, we will develop the Krillof–Bogoliougoff theory.

Let (X,G1) be a dynamical system and let

D : C(X) → C(X)

be its associated diffusion operator. Given a harmonic probability measure µ on X,
the operator D extends to L1(µ). Indeed, if f is continuous in X, then |Df | ≤ D|f |,
and so

‖Df‖1 =
∫

X

|Df |(x)µ(x) ≤
∫

X

|f |(x)µ(x) = ‖f‖1

by the D–invariance of µ. Therefore D is bounded in the dense subspace of L1(µ)
constituted by the continuous functions, and thus it extends to L1(µ). The same
applies to the other Lp spaces (p 6= ∞); it also extends to L∞(µ), the space of
essentially bounded functions, because µ is a probability measure, and satisfies
‖D‖∞ ≤ 1.

The ergodic theorem relates the time averages of a function to the space averages.
The proof of the following operator version of the ergodic theorem can be found in
[6].

Theorem 5.1. Let D : L1(µ) → L1(µ) be a linear operator with ‖D‖1 ≤ 1 and
‖D‖∞ ≤ 1. If f is a µ–integrable function, then there exists a µ–integrable D–
invariant function f∗ such that the sequence

1
n

n−1∑
k=0

Dkf

converges to f∗ almost everywhere.

It is at this point where the importance of harmonic measures reveals itself, being
able to pass from D–invariant functions to G–invariant ones. This is the reflection
of the well known geometrical fact that a harmonic function on a compact manifold
must be constant. For the continuous version see [11].

Proposition 5.2. If f is a D–invariant and µ–integrable function, then the class
of f in L1(µ) contains a G–invariant function.
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Proof. For a function f as in the statement and a rational number r, let fr =
min{f, r}. We have Dfr = min{Df, r} ≤ min{f, r} = fr. Since f is integrable and
|fr| ≤ |f |, both fr and Dfr are integrable. Moreover,∫

X

Dfr(x)µ(x) =
∫

X

fr(x)µ(x),

because of the invariance of µ. Therefore the set of points x of X where Dfr(x) <
fr(x) has measure 0. If we let A denote this set, then the quasi–invariance of
µ implies that Ar = ∪s∈GsA also has µ–measure 0. Hence the G–invariant set
Br = X rAr has probability one, and in it the equality Dfr(x) = fr(x) holds.

If x is a point of Br, then Df(x) > r if f(sx) > r for some s in G1. On
these points, we have fr = r. Since Dfr = fr on Br, starting with x we see that
fr(sx) = r for all s in G1. By iteration, we must have fr = r on the whole orbit
of x. Therefore, the set of points x in Br where f(x) > r is also invariant. The
set B = ∩r>0Br has full measure and is invariant, and f is constant on each orbit
contained in B. �

The proof actually gives something slightly more general:

Proposition 5.3. If f is a positive excessive integrable function, i.e., 0 ≤ Df ≤ f ,
then f is constant almost everywhere.

We now proceed to develop the theory Krillof and Bogoliugoff [17] of ergodic sets.
It is true that the ergodic decomposition of measures could be carried out using the
concepts of integral boundary representation introduced by Choquet [23], but the
work of [17] provides a deeper analysis of the ergodic components of a harmonic
measure. The presentation that follows has been influenced by those of [22] and
[21].

Let S denote the set of points w in Λ(X) such that

lim
n→∞

1
n

n−1∑
k=0

(f ◦ π0 ◦ θk)(w)

exits for every continuous function f on X. Since the subspace of C(Λ(X)) gener-
ated by the functions f ◦ πn, where f ∈ C(X) and n ∈ N is dense in C(Λ(X)), the
set S coincides with the set of points of Λ(X) where the limit

lim
n→∞

1
n

n−1∑
k=0

(F ◦ θk)(w)

exists for each continuous function F on Λ(X).
By its very definition, this set S is a shift invariant subset of Λ(X). Therefore,

by our previous discussion, the function x ∈ X 7→ Px(S) takes on the values 0 and
1 only, and it is constant along the orbits of G. Hence the subset Q of X consisting
of those points x in X for which Px(S) = 1 is invariant under G, and it is called
the set of quasi–regular points of the system (X,G1).

Moreover, by the ergodic theorem applied to the classical dynamical system
(Λ(X), θ), the set S is of invariant measure 1, i.e., ν(S) = 1 for every shift invariant
probability measure ν on Λ(X). We say that a subset B of X has harmonic measure
1 if µ(B) = 1 for every harmonic probability measure for (X,G1).

Proposition 5.4. The set Q of quasi–regular points is measurable and of harmonic
measure one.
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Proof. As X is a compact metrizable space, so is Λ(X). It then has a countable
base, equivalently, C(Λ(X)) has a countably dense subset. Thus S can be described
as a countable intersection of sets, each determined as the set where a sequence of
functions has limit. Therefore S is measurable.

That Q is measurable follows from the fact that the family of measures P = {Px}
in path space has the property that for fixed measurable set S ⊂ Λ(X) the map

x ∈ X → Px[S]

is measurable.
Finally, if µ is a harmonic probability measure on X, then µ̃ = Px(w)µ(x) is

shift invariant, and we have

1 = µ̃(S) =
∫

Λ(X)

Px[S]µ(x) = µ(Q).

�

Proposition 5.5. For each x in Q and each continuous function f on X, the limit

lim
n→∞

1
n

n−1∑
k=0

Dkf(x)

exists.

Proof. Recall that the diffusion of f at x can be computed as

Df(x) = Ex[f ◦ π1].

The functions of paths
1
n

n−1∑
k=0

f ◦ πk(w)

are integrable and, for w ∈ S, they converge pointwise to an integrable function.
Hence, if x is such that Px[S] = 1, the dominated convergence theorem ensures the
existence of the limit

lim
n→∞

1
n

n−1∑
k=0

Dkf(x) = Ex

[
lim

n→∞

1
n

n−1∑
k=0

(f ◦ π0 ◦ θk)(w)

]
,

the interchange of limits being justified because of Fubini’s theorem, as f is bounded
and Px is a probability measure. �

If x ∈ Q a quasi–regular point, then the assignment

f ∈ C(X) 7→ lim
n→∞

1
n

n−1∑
k=0

Dkf(x)

is a continuous linear functional on C(X) of norm 1 taking the constant function 1
to 1. Therefore there is a probability measure µx on X such that∫

X

f(y)µx(y) = lim
n→∞

1
n

n−1∑
k=0

Dkf(x).

Proposition 5.6. The measure µx defined by a quasi–regular point in the above
manner is harmonic. Furthermore, all the measures µsx, s ∈ G, are mutually
absolutely continuous.
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Proof. It is plain, from its definition, that µx is D–invariant. To prove the last
statement, we observe that∑

s∈G1

q(s)

(
lim

n→∞

1
n

n−1∑
k=0

Dkf(sx)

)
= lim

n→∞

1
n

n−1∑
k=0

∑
s∈G1

q(s)Dkf(sx)

= lim
n→∞

1
n

n−1∑
k=1

Dkf(x)

=
∫

X

f(y)µx(y),

from what it follows that
µx =

∑
s∈G1

q(s)µsx.

This relation implies the mutual absolute continuity of the measures µsx. �

To obtain the ergodic decomposition of an arbitrary harmonic measure µ, we
use the fact that Q has harmonic measure one, hence we can write∫

X

f(x)µ(x) =
1
n

n−1∑
k=0

∫
X

Dkf(x)µ(x)

=
∫

Q

1
n

n−1∑
k=0

Dkf(x)µ(x)

=
∫

Q

∫
X

f(y)µx(y)µ(x)

for every continuous function. Hence it holds for all functions because, for a fixed
borel set B, the assignment x→ µx(B) is a measurable function on X.

Two classes of quasi–regular points are introduced according to properties of
the measure. A point x is said to be a point of density if µx(U) > 0 for every
neighborhood U of x. It is said to be transitive if the measure µx is ergodic. These
sets are denoted by the symbols QD and QT , respectively, and the intersection
R = QD ∩QT is called the set of regular points.

Proposition 5.7. Let f be a nonnegative integrable function on X, and let f∗

denote the function

f∗ = lim
n

1
n

n−1∑
k=0

Dkf(x) > 0.

Let µ be a harmonic measure for (X,G1). Then for almost all points x in X, either
f(x) = 0 or f∗(x) > 0.

Proof. This is a consequence of the ergodic theorem. Let B denote the set of points
x of X where f∗(x) = 0 or undefined. This is a G–invariant set, up to measure
0. Applying the ergodic theorem to χBf we have that the Cesaro averages of the
sequence DkχBf converge to χBf

∗, which is equal to 0 almost everywhere. Hence∫
X

χB(x)f(x)µ(x) = 0.

Thus f = 0 on B and f∗ > 0 on X rB. �
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Proposition 5.8. The set QD is a borel measurable G–invariant subset of X of
harmonic measure one.

Proof. The set of points of density is invariant because, as it was proved above, the
measures µsx are mutually absolutely continuous.

Let Ui be a countable base of open sets for the topology of X. For each i, let fi

be a continuous function on X such that fi > 0 on Ui and fi = 0 on X r Ui. The
set Bi on which fi = 0 or f̃i > 0 has harmonic measure one. Moreover,

QD = Q ∩
∞⋂

i=1

Ei.

If x is a quasi–regular point in ∩Ei, then for every i, either fi(x) = 0 or f∗i (x) > 0.
By definition of µx, it must be that µx(Ui) > 0 whenever x ∈ Ui.

Conversely, if x is such that fi(x) > 0 and f∗i (x) = 0, then the neighborhood Ui

of x has measure µx(Ui) = 0.
�

Proposition 5.9. The set QT of transitive points is invariant and of harmonic
measure one.

Proof. This set is invariant because of the mutual absolute continuity of the mea-
sures µsx, s ∈ G.

As in [21], one shows that the set of points x ∈ Q for which∫
Q

(f∗(x)− f∗(y))2µx(y) = 0

holds for any continuous function is measurable and of harmonic measure one.
By the ergodic theorem, a point x ∈ Q is transitive if and only if

lim
n→∞

1
n

n−1∑
k=0

Dkf(y) =
∫

X

f(z)µx(z)

for all f in some countable dense subset of C(X) and µx–almost all y ∈ X. Together
with the previous paragraph, we obtain the desired result.

�

If µ be an ergodic harmonic measure for (X,G1), then the ergodic theorem
implies that there is an invariant measurable subset E of Q with µ(E) = 1 and
such that µ = µx for all x ∈ E. This set E is called the quasi–ergodic set of µ. The
ergodic set of µ is the intersection E ∩R.

If T : Y → Y is a map of a space and y and E are a point and a subset of Y
respectively, we let

τ̃E(y, n) =
1
n

n−1∑
k=0

χE(T ky).

Let (X,G1) be a dynamical system. For a point x in X and a borel subset B of X,
let

τB(x, n) =
1
n
Px[τ̃B̃(w, n)].
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Using the correspondence between diffusion on X and the shift on Λ(X), it is clear
that

τB(x, n) =
1
n

n−1∑
k=0

DkχB(x),

and this would be used to close up the discussion of the Krilloff–Bogoliugoff theory.
We need one more piece of terminology: say that a closed subset F of X is a center
of attraction if

τU (x) = lim
n→∞

τU (x, n) = 1

for every x ∈ F and every neighborhood U of F . Then we have the following result,
the proof of which is exactly as in [17] [21].

Proposition 5.10. The closure F of the set R of regular points of (X,G1) is a
minimal center of attraction.

Further applications of the theory of Kryloff and Bogoliouboff can be found in
[22]. All of them have an adequate translation to the case of harmonic measures
considered here, but we leave that to the interested reader.

I will conclude this section with a problem on recurrence motivated by a reading
of [9]. Recall that a subset A of N is said to have positive density if the limit

lim sup
n→∞

1
n

Card(A ∩ [0, n− 1]) > 0.

Analogously, we say that a subset A of the group G (or semi group) has positive
density if

lim sup
n→∞

1
n

n−1∑
k=0

DkχA(e) > 0,

which clearly agrees with the previous definition for G = N.
On the space X = {0, 1}G of subsets of G (with the product topology) there is

an action of G defined by
(s, x)(r) = x(rs).

Let p ∈ X be a point such that the set S = {s | p(s) = 1} has positive upper
density in G. The sequence Ln of linear functionals on C(X), defined by

Lnf =
1
n

n−1∑
k=0

Dkf(p)

has a subsequence which converges to a harmonic measure µp on X. Let A be the
subset of X consisting of all points x for which x(e) = 1. Its characteristic function
χA is continuous, χA(x) = x(e), and

DnχA(p) = DnχS(e)

where the left hand side D is the operator in X and the right on G. Hence if S has
positive density, then µp(A) > 0.

Conversely, by the ergodic theorem,

lim
n→∞

1
n

n−1∑
k=0

DkχA(x) = χ̃A(x)
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exists for almost all x ∈ X, and

µ(A) =
∫

X

χA(x)µ(dx) =
∫

X

χ̃A(x)µ(dx).

Thus if µ(A) > 0, there is p ∈ A such that χ̃A(p) > 0; in other words, the set
{s | p(s) = 1} has positive upper density.

These types of construction of measures have been exploited by Furstenberg [10]
in his dynamical systems approach to the Szemeradi theorem, which says that a
subset of the integers of positive upper density contains arbitrarily large arithmetic
progressions. We can formulate a similar type of problem when replacing the group
of integers Z by a finitely generated group as follows. If S is a subset of G of
positive upper density, then there is a subgroup H of G of finite index, a positive
integer r > 0 and s ∈ G such that S contains the translate Hrs of the set Hr of
elements of H of length less that r in the generators of H. Apparently this does not
follow by applying Furstenberg’s techniques to the shift transformation in the path
space. One certainly obtains a finite index subgroup of G with certain recurrence
property, but not as strong as the one just mentioned.

6. The Jacobian cocycle and the tautological action

In this section we will discuss some properties of harmonic measures for a dy-
namical system (X,G1) suggested by the harmonic analysis on the group G. To
this end, we introduce another space associated to the dynamical system (X,G1)
called the greater path space Ω(X) = Ω(G) × X. It comes equipped with a shift
transformation, usually denoted by θ, defined by θ(w, x) = (θw,w(1)x). This trans-
formation θ inherits all properties of the action of G on X, because the coordinate
functions w(n) are locally constant on Ω(G).

If µ is a harmonic measure for (X,G1), then the product measure m = P × µ
is shift invariant; in fact, for a measurable subset W × A of Ω(X) we have that
θ−1(W ×A) can be written as the disjoint union⋃

s∈G1

Ws× s−1A.

Therefore:

m(θ−1(W ×A)) =
∑

s∈G1

P (Ws)µ(s−1A) = P (W )Dµ(A).

As it was the case with Λ(X) and the measure µ̃, if µ is ergodic, then the measure
m = P × µ is ergodic for the shift θ on Ω(X).

The first consequence of the harmonic analysis on G consists on applying the
the solution of the Dirichlet problem on ∂G to prove the ergodicity of the measure
λ.

Proposition 6.1. Let G be a free group with symmetric generating set G1. Then
the measure λ on its boundary ∂G is harmonic and ergodic.

Proof. We have already mentioned that the measure λ is harmonic. Actually the
action is ergodic when restricted to a finite index subgroup G′ of G (but note that
λ may not be harmonic for G′). Indeed, let G′ be such subgroup and let A be a
G′-invariant measurable subset of ∂G with measure λ(A) > 0. We will show that
A has full measure.
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If we denote by χA the characteristic function of A, then the function

h(s) =
∫

∂G

K(s, b)χA(b)λ(b)

is harmonic on G. Moreover, it satisfies 0 ≤ h(s) ≤ 1, and it is G′–invariant because
A has such property.

Since λ(A) > 0, there are points x in A for which h(s) → 1 as s approaches
b radially, i.e., while remaining at bounded distance from the geodesic ray which
starts at s and limits at b.

Since G′ is of finite index in G, it has a finite fundamental domain F , and so we
can find a sequence {si} of elements of G and s in F such that sis approaches b,
so h(sis) → 1. By the G′-invariance of h and the finiteness of F , we conclude that
h(s) = 1. The maximum principle then implies that h is constant equal to 1. Thus

1 = h(e) =
∫

B(G)

K(e, b)χA(b)λ(b) = λ(A).

�

One can furthermore prove that λ is the only harmonic measure on ∂G which
is ergodic. This can be done by utilizing the theory of integral representation on
convex sets [23], or via the ergodic theorem as it is done in [11] for foliations arising
from PSl(2,R). I will briefly sketch how this works because the context of [11] is
slightly different.

Proposition 6.2. The measure λ on ∂G is the only ergodic harmonic measure for
the system (∂G,G1)

Proof. We may view the path space of the system (∂G,G1) as the equivariant image
of the product Ω(G) × ∂G, where the action is (w, x) 7→ (θw,w(1)x). The key is
to note that if x and y are two distinct points in ∂G, then almost all paths in G
will hit ∂G at some other point distinct from x or y, and if w is one of those paths,
then

lim
n→∞

d(w(n) · · ·w(1)x,w(n) · · ·w(1)y) = 0.

If f is a continuous function on ∂G, then applying the ergodic theorem to λ we
have that

lim
n→∞

1
n

n−1∑
k=0

f(θkw) =
∫

∂G

f(b)λ(b)

for almost all paths starting at x. By the geometric property above, this then
holds for almost all paths starting at any other point of ∂G. Therefore the limit is
independent of the measure, i.e., the system (∂G,G1) is uniquely ergodic. �

Continuing with the discussion of the dynamical system (X,G1) with harmonic
measure µ, we recall that each transformed measure sµ is absolutely continuous
with respect to µ. If the transformation s of G is invertible, then, by the Radon–
Nikodym theorem, we can find a positive integrable function j(s, ·) in L1(X,µ) such
that ∫

X

f(x)s−1µ(x) =
∫

X

f(x)j(s, x)µ(x).

When G is the group generated by G1, this allows us to define the jacobian
cocycle

j : G×X → (0,∞).
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It is defined for almost all x ∈ X and all s ∈ G, and satisfies the chain rule relation

j(rs, x) = j(r, sx)j(s, x)

for all r, s in G and almost all x in X.

Proposition 6.3. If x ∈ X is fixed, then the map

s ∈ G→ j(s, x) ∈ (0,∞)

is harmonic on G for the dual system of weights q−1.

Proof. This follows by simply taking the Radon–Nikodym derivative of the identity
µ = Dµ. Specifically,

1 =
dDµ

dµ
(rx) =

∑
s∈G1

dsµ

dµ
(rx)

=
∑

s∈G1

q(s)j(s−1, rx)

=
∑

s∈G1

q(s−1)j(sr, x)j(r, x)−1.

Hence
j(r, x) =

∑
s∈G1

q(s−1)j(sr, x),

as desired. �

In fact, not only j(s, ·) belongs to L1(X,µ) for each s ∈ G, but also to L∞(X,µ),
because by Harnack’s inequality we have

C−n ≤ j(s, x) ≤ Cn,

for each x in X, where n is the length of s as a word in G1.
More generally, the Radon-Nikodym derivative defines a positive harmonic func-

tion on the group G which is invariant by the stabilizer of the corresponding point.
If we agree to call a subgroup G′ of G martinian if the only G′–invariant positive
harmonic functions on G are the constants, then we also have:

Proposition 6.4. If the orbit of almost every point in the support of µ is martinian,
then µ is equivalent to an invariant probability measure.

Let R denote the quotient of H by the equivalence relation u ∼ v if u = av
for some positive real number a. The map X → H taking x to the function
jx(·) = j(·, x) is a Borel function on X. Replacing x by another point on its orbit
y = sx has the following effect:

j(·, sx) = Rsj(·, x)j(s, x)−1.

This relation implies that the quotient map

J : X → R

is G–equivariant, that is J(sx) = sJ(x), where the left action of G on R is induced
by that on H which consists of precomposition with right translation. Since there
is a canonical identification of H1 with R, we will denote by J : X → H1 the map
just constructed.
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Note that the action of G on H1 has a tautological harmonic cocycle, namely
the map

ψ : G×H1 → (0,∞)

defined by ψ(s, h) = h(s) satisfies ψ(sr, h) = ψ(r, sh)ψ(s, h), and evidently it is a
harmonic function of s for fixed h.

If the measure µ on X is invariant under the action of G, then the map J
is essentially constant equal to 1, and the push forward measure Jµ is the point
measure at the constant function 1 on G. In general, there is a kind of centralization
about this constant function. This can be seen by observing that the measure Jµ
is a probability measure on the compact convex set H1 and therefore it has a
barycenter, that is, there is a point β in H1 such that

F (β) =
∫

H1

F (h) · Jµ(h)

for every linear functional F on H. In particular, for the functional Fs given by
evaluation at s ∈ G we obtain

β(s) =
∫

H1

h(s)Jµ(h)

=
∫

X

j(s, x) · µ(x)

= 1

where the second identity follows by virtue of the change of variables formula, and
the last because j(s, ·)µ = s−1µ is also a probability measure. Summarizing:

Proposition 6.5. The barycenter of Jµ is the constant function 1. The jacobian
cocycle of Jµ agrees with the tautological cocycle for the action of G on H1, almost
everywhere with respect to Jµ.

We may decompose the measure µ with respect to the projected measure Jµ.
That is, there is a measurable assignment of a probability measure νh on the fiber
J−1(h) such that∫

X

f(x)µ(x) =
∫

H1

(∫
J−1(h)

f(x)νh(x)

)
Jµ(h).

From this expression, we see that the jacobian cocyle of Jµ is

dJµ(sh)
dµ(h)

=
∫

J−1(h)

j(s, x)νh(x),

but if J(x) = h, then j(s, x) = h(s), so we obtain the claim.
Applying the boundary limit theorems to the functions in the jacobian cocycle

j we obtain a measurable map

ϕ : ∂G×X → (0,∞)

Since it is positive and has integrable marginals, Fubini–Tonelli theorem implies
that this function ϕ belongs to L1(∂G×X,λ× µ).

If h is a function on H1, then we can write

h(s) =
∫

∂G

K(s, b)mh(b)
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for some probability measure mh on ∂G. This measure mh admits a unique
Lebesgue decomposition mh = ϕλ + σ, where ϕ ∈ L1(∂G, λ) and σ ⊥ λ. Un-
der the action of s ∈ G on H1, the function h goes to hs(r) = h(rs)/h(s), whose
corresponding measure is easily computed to be

[h(r)K(r−1, ·)]−1rmh.

Since any two measures rλ are mutually absolutely continuous, the decomposition
of the measure of hs takes the form

h(r)−1ϕ(r−1·)λ+ [h(r)K(r−1, ·)]−1rσ.

We therefore see that G acting on H1 leaves invariant the subspace of singular
harmonic functions. This subspace contains all harmonic functions K(·, b), b ∈ B;
it is a subspace which forms the set of extreme points of the convex set H1, and
remains itself invariant (the action there is the action of G on ∂G).

A calculation like the one already done shows that the function ϕ satisfies the
following identity almost everywhere:

j(s, x)ϕsx(sb) = ϕx(b).

For a measurable subset A of X, let

j(s,A) =
∫

A

j(s, x)µ(dx).

For fixed A, this is a harmonic function on G as one sees differentiating under the
integral sign. It satisfies the inequality 0 ≤ j(s,A) ≤ 1, the second one because
j(s,A) = µ(sA) ≤ µ(X) = 1. Also, as one easily verifies, if r, s ∈ G, then
j(s, rA) = j(sr,A). Therefore the harmonic function j(s,A) is bounded, hence
absolutely continuous, with boundary measure ϕAλ, where ϕA ∈ L∞(∂G, λ), and
it satisfies

ϕsA(b) = ϕA(sb).
It follows that the measure µ can also be defined as

µ(A) =
∫

∂G

ϕA(b)λ(b).

Define a new measure µa by setting

µa(A) =
∫

∂G

∫
X

ϕx(b)χA(x)µ(x)λ(b).

By Fatou’s lemma, we have ϕA(b) ≥
∫

A
ϕx(b)µ(x), so this measure µa is absolutely

continuous with respect to µ. We compute, using the property of ϕx listed above,
that

µa(sA) =
∫

∂G

∫
X

χA(x)ϕx(b)K(s, b)µ(x)λ(b),

which means that µa is also a harmonic measure for (X,G1).
Similarly, we can define a measure µz, absolutely continuous with respect to µ,

by integrating the singular component of the boundary functions. Namely

µz(A) =
∫

∂G

∫
X

χA(x)σx(b)µ(x).

A calculation like the one above, using the transformation formula for the boundary
measures of harmonic functions, shows that this measure is harmonic for the system
(X,G1), and absolutely continuous with respect to µ.
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Consequently, we have

Proposition 6.6. A harmonic measure µ can be decomposed as µ = µa+µz, where
µa is a harmonic measure of continuous type, and µz is harmonic of singular type,
and µa ⊥ µz.

The last step of our analysis will consist of making this decomposition more
explicit, which will be achieved by analyzing the boundary values of the jacobian
cocycle j. Associated to the jacobian cocycle of the harmonic measure µ, there is
a measurable function ` on Ω(X) defined by

`(w, x) = − log j(w(1), x).

Because j is a cocycle, we immediately note that

n−1∑
k=0

`(θk(w, x)) = − log j(w(n) · · ·w(1), x),

and hence the partial sums converge almost everywhere to the value of boundary
function − logϕx at the point limw = limn→∞ w(n) · · ·w(1) of ∂G.

To study the asymptotic behavior of the partial sums of ` along the orbits of θ
we consider the associated transformation

T : Ω(X)× R → Ω(X)× R

defined by T (y, t) = (θy, t+ `(y)).
This transformation T of Ω(X)×R preserves the measurem×dt, where dt denotes

Lebesgue measure on R. As such, the map T is either dissipative or conservative,
that is, either it admits a wandering set or it does not admit one. Recall that a wan-
dering set for T is a set F of positive measure such that the sets F, T−1F, T−2F, · · ·
are pairwise disjoint.

This dichotomy for the transformation T translates into the following one for an
ergodic harmonic measure µ: either µ is invariant or singular. Equivalently, for an
ergodic harmonic measure µ we have

lim
n→∞

n−1∑
k=0

`(θk(w, x)) = 0

or

lim
n→∞

n−1∑
k=0

`(θk(w, x)) = ∞

for almost all points (w, x) of Ω(X).
We first examine the case in which T is conservative. For this we do not need

ergodicity.

Proposition 6.7. The transformation T is conservative if and only if

lim
n→∞

n−1∑
k=0

`(θk(w, x)) = 0

almost everywhere on Ω(X), equivalently, if and only if the measure µ is invariant.
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Proof. If T is conservative, then for ε > 0 we have
∞∑

n=1

χYε
◦ Tn = ∞

almost everywhere on Yε = Ω(X)× [−ε, ε], according to the recurrence theorem of
Halmos [14]. Therefore, since Tn(y, t) = (θny, t+

∑n
k=1 `(θ

ky)), we have that
∞∑

n=1

χYε
(t+

n∑
k=1

`(θky)) = ∞

for almost all y = (w, x) ∈ Ω(X) and t ∈ [−ε, ε]. This implies that

| log j(limw, x)| ≤ 2ε

for almost all (w, x) ∈ Ω(X).
Conversely, if

lim
n→∞

n−1∑
k=0

`(θk(w, x)) = 0

then ϕx(b) = 1 for almost all b ∈ ∂G and almost all x ∈ X. In view of the
relation j(s, x)ϕsx(sb) = ϕx(b) we then have that j(s, x) = 1 almost everywhere,
hence that µ is invariant. But then the transformation T of Ω(X)×R is essentially
T (y, t) = (θ(y), t), which is obviously conservative.

�

Before considering the case in which T is dissipative, we first we note that the
set Z of points (w, x) ∈ Ω(X) where

lim
n→∞

n−1∑
k=0

`(θk(w, x)) = ∞

is shift invariant. Indeed, using the cocycle property of j, we have that
n−1∑
k=0

`θk(θw,w1x) + `(w1, x) =
n∑

k=0

`θk(w, x)

so the last term converges to ∞ if θ(w, x) ∈ Z, and vice versa; that is θ−1Z = Z.
Hence, in case that the measure µ is ergodic, which we assume for the rest of

this discussion, either Z or its complement has m–measure 0. If it is of full measure
then the harmonic measure is of singular type and T is dissipative.

If Z has measure zero, then let

L(w, x) = lim
n→∞

n−1∑
k=0

`(θk(w, x))

This function is finite almost everywhere and equal to − logϕx(limw). Moreover,
the action of T on Ω(X)× R has the property that

T (w, x, L(w, x) + t) = (θ(w, x), L(θ(w, x)) + t)

i.e., it leaves the graph of L and of its vertical translates invariant. Therefore, any
subset B of Ω(X)× R of the form

B = {(w, x, t) | L(w, x) + a ≤ t ≤ L(w, x) + b}
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(with a < b real numbers) is invariant under T and of finite measure. Hence such
set B cannot meet any wandering set for T .

To complete the proof we have to show that such wandering set F exists. As
T is dissipative, the union W of all wandering sets of T is a positive measure
subset of Ω(X) × R. Moreover, if F is wandering, then also T−1F is wandering;
therefore W is invariant under T . Furthermore, if Fr denotes the set of points (y, s)
such that (y, s + r) ∈ F , we have that T−1Fr = (T−1F )s. Thus W is invariant
under the translations (y, s) 7→ (y, s + r), r ∈ R. If φ denotes the transformation
defined by φ(y, s) = (θy, s), then φT = Tφ, from what it follows that W is also
invariant under φ. Therefore W is invariant under the action of N × R defined by
(n, r)(y, s) = (θny, s+ r). The action of R on itself by translations is ergodic, and
since we are assuming that θ is ergodic, Fubini’s theorem implies that this action
on Ω(X)×R is also ergodic. Therefore, W = Ω(X)×R (up to a null set), and the
existence of the appropriate wandering set F is assured. In fact, in this situation,
one can express Ω(X) × R as a countable union of wandering sets. Hence, if T is
dissipative and B ⊂ Ω(X)× R has positive measure, then B contains a wandering
set.

In conclusion,

Proposition 6.8. The transformation T is dissipative if and only if the harmonic
measure µ is of singular type (hence non–invariant).

Since the decomposition µ = µc + µz of a harmonic measure is preserved under
its ergodic decomposition (i.e., the ergodic components of a harmonic measure
of singular type are almost all of singular type, and analogously for absolutely
continuous type), we in fact have the following:

Proposition 6.9. A harmonic measure µ for the system (X,G1) can be written
uniquely as µ = µa + µz, where µa is invariant, and µz is harmonic of singular
type. Moreover, µa and µz are mutually singular.

The property of the jacobian cocycle described here should be contrasted with
those properties of the jacobian cocycle of a quasi–invariant measure of an action
of the integers, as studied in [19], [24] and [16].

A corollary to this discussion is that a system (X,G1) with singular ergodic
harmonic measure is of type III. More precisely:

Proposition 6.10. Let (X,G1) be a dynamical system and let µ be an ergodic
probability measure which is not invariant. Then µ is not equivalent to a σ–finite
invariant measure.

Proof. If such σ–finite measure ν existed, then we can write µ = fν, for some
positive measurable function f on X, integrable with respect to ν. This function f
satisfies the functional equation

f(sx) = j(s, x)f(x)

almost everywhere on X.
Let A be a subset of X with 0 < ν(A) <∞. We may assume that A is such that

1/C ≤ f ≤ C for some constant C > 0. By recurrence with respect to the measure
µ, and a fortiori with respect to the measure ν, almost all paths starting at points
in A return to A. Since the measure µ is of singular type, we also have that j(s, x)
approaches 0 along almost all paths staring in A.
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In view of the functional equation, these two facts are contradictory. Therefore
no such function f could exist.

�

In terms of the tautological action, this property says that the support of an
ergodic harmonic measure on H1 for the action of G is either the constant function
1 or else almost every function in its support is singular. I do not know whether
a more precise description of the minimal center of attraction of the dynamical
system (H1, G1) can be obtained. Certainly the topological structure is of no much
help because the singular harmonic functions are dense in H1; on the other hand,
there is some regularity implicit in those harmonic functions arising from harmonic
measures, i.e., the cocycle property.

Note also that it is not difficult to construct ergodic systems whose jacobian
cocycle does not have image contained in ∂G. A simple example consists on taking
the action of G on ∂G generated by G1 and then adding some new elements to G1

which act trivially on ∂G. The measure λ is also harmonic for this enlarged system,
but now there are points in the boundary of the new group where the harmonic
functions in the cocycle take on the value one.

From a different point of view, this property of the jacobian of a non invariant
harmonic measure is in some sense a weak form of the vanishing of coefficients for
unitary representation of semisimple Lie groups. Such vanishing of coefficients is of
course false for unitary representations of a free group.

7. Ergodicity and mixing

We have seen that the concept of ergodicity for a harmonic measure on a dynam-
ical system can be successfully interpreted in terms of the corresponding measure
in path space. In this section we explore this and other ergodic properties of har-
monic measures, specially in connection with the induced action of G and of D in
the hilbert space of square integrable functions on the underlying space.

Associated to the action of G on X having quasi–invariant measure µ there is
a unitary representation of G on L2(X,µ), called the Koopman representation,
defined by

κ(s−1)f(x) = f(sx)j(s, x)1/2,

where j is the jacobian cocycle.
By analogy with representations of Sl(2,R), one has a family of unitary repre-

sentations obtained by replacing the multiplicative factor j(s, x)1/2 by j(s, x)1/2+it,
where t is a real number. In general, these representations are not equivalent.

In the ergodic theory of a single measure preserving transformation of a prob-
ability space there is an interpretation of the ergodicity of the measure as being
equivalent to the constants being the only invariant square integrable functions. In
the case of singular harmonic measures (i.e., non invariant) the situation is essen-
tially more complicated.

We need some preliminary facts. The first one is from classical dynamical systems
(a very elegant proof, due to M. Sion, can be found in [23]), and reads as follows:

Proposition 7.1. Let µ be an invariant measure for a dynamical system (Y, T )
and let ν = fµ be absolutely continuous with respect to µ. Then ν is invariant if
and only if f ◦ T = f .

The second is essentially the harmonic measure version of the first one:
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Proposition 7.2. Suppose that µ is a harmonic measure for (X,G1) and ν is
absolutely continuous with respect to µ, with Radon-Nikodym derivative f = dν/dµ.
Then ν is harmonic if and only if f is G–invariant.

Proof. If f is G–invariant, then not only Df = f , but also D(fg) = fDg for every
function g on X. Therefore we have∫

X

gDν =
∫

X

D(fg)µ =
∫

X

gfµ.

Suppose that ν is harmonic. Both measures µ̃ and ν̃ are shift invariant, and
from the definition of ν̃ it follows that it is absolutely continuous with respect to
µ̃, with corresponding Radon–Nikodym derivative f ◦ π0. Indeed,∫

Λ(X)

F (w)ν̃(dw) =
∫

X

f(x)
∫
F (w)Px(dw)µ(dx)

and since f ◦π0 is constant equal to f(x) with respect to Px, this last integral equals∫
X

∫
Λ(X)

f ◦ π0(w)F (w)Px(dw)µ(dx) =
∫

Λ(X)

F (w)f ◦ π0(w)µ̃(dw).

In view of the previous statement, this implies that the composite function f ◦ π0

is shift invariant, which in turn means that f is invariant under the action of G on
X.

�

With these preliminary facts out of the way, we state the first consequence of
ergodicity for harmonic measures.

Proposition 7.3. Let (X,G1) be a dynamical system with harmonic singular mea-
sure µ. Then the representation κ has no finite dimensional invariant subspace.

Proof. Arguing for a contradiction, suppose that V is an invariant subspace of
finite, but positive, dimension. Let f1, · · · , fn be an orthonormal basis of V , and
let f denote the function in L1(X,µ) defined by

f(x) =
n∑

i=1

|fi(x)|2.

To each s ∈ G there corresponds a unitary matrix (aij(s)) determined by

fi(sx)j(s, x)1/2 =
n∑

j=1

aij(s)fj(x).

This implies that the function g satisfies the equation

f(sx)j(s, x) = f(x).

Since by construction f is also positive, the measure fµ is invariant and absolutely
continuous with respect to µ. By the above, it then follows that f is constant along
the orbits of G. But then the functional equation f(sx)j(s, x) = f(x) says that the
jacobian cocycle is essentially constant equal to 1 as a function of s ∈ G, which we
know to be false for singular harmonic measures. �
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This property of the Koopman representation is reminiscent of the weakly mixing
property. The weakly mixing property for unitary representations of semisimple Lie
groups is related to the vanishing of the coefficients at infinity. A coefficient of κ is
a function ϕuv on G which one associates to a pair of elements u, v of H by setting

ϕuv(s) = 〈κ(s)u, v〉.

The coefficients of κ are said to vanish at infinity if ϕuv(s) → 0 as s→∞ in G, for
all u, v ∈ H. For the relevance of the vanishing of coefficients property to ergodic
theory, see [27].

We will briefly discuss this property for the Koopman representation attached
to a dynamical system (X,G1) with ergodic non invariant measure µ.

A coefficient of κ is a function ϕ on G of the form

ϕ(s) =
∫

X

f(s−1x)g(x)j(s−1, x)1/2µ(x),

where f, g ∈ L2(X,µ). In order to show that ϕ vanishes at infinity on G, it is
enough to show it for the case f = g = χX , for then it would follow for simple
functions in L2(X,µ), hence for all square integrable functions.

We then have only to consider the function

ϕ(s) =
∫

X

j(s, x)1/2µ(x).

If we assume that no element s 6= e of G preserves µ, then we have, by Schwarz’s
inequality

ϕ(s) <
∫

X

j(s, x)µ(x) = 1.

Moreover, using the concavity of the square root function,

j(s, x)1/2 =

(∑
r∈G1

q(r−1)j(rs, x)

)1/2

≥
∑

r∈G1

q(r−1)j(rs, x)1/2,

for almost all x ∈ X. Upon integration,

0 ≤ Dϕ(s) =
∑

r∈G1

q(r−1)ϕ(rs) ≤ ϕ(s),

that is, ϕ is excessive (superharmonic and non negative) on G. By iteration of this
inequality we have Dn+1ϕ ≤ Dnϕ, hence the limit h = limn→∞Dnϕ exists and it
is a nonnegative harmonic function on G. We have then a Riesz decomposition

ϕ = h+ k

where k is a potential. The boundary limit of a potential such as k is zero almost
everywhere on (∂G, λ) [4]; thus ϕ and h have the same boundary values. However,
the vanishing of coefficients is apparently a stronger condition that the vanishing
of the jacobian cocycle; one needs some regular contraction of the measure µ under
the action of G. For instance, under the assumption that for no element s 6= e
of G the measure µ has no nontrivial subordinate s–invariant measure, one can
prove that ϕ vanishes on a dense subset of ∂G. But, in contrast with semisimple
lie groups, the action of G on its boundary is not transitive.

Next we turn to the action of the diffusion operator on L2(X,µ). Ergodicity can
be characterized in terms of the operator D as follows:
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Proposition 7.4. The system (X,G1) is ergodic if and only if

lim
n→∞

1
n

n−1∑
k=0

∫
(DkχA)χBµ = µ(A)µ(B)

for all measurable subsets A, B of X.

Proof. If µ is ergodic so is µ̃. Therefore the ergodic theorem applied to the shift θ
implies that for any measurable subset A of X

lim
n→∞

1
n

n−1∑
k=0

(χA ◦ π0 ◦ θk)(w) = µ̃(π−1
0 A) = µ(A).

But ∫
Λ(X)

(χA ◦ π0 ◦ θk)(w)µ̃(dw) =
∫

X

DkχA.

Therefore, after multiplication by χB and integration, the dominated convergence
theorem gives the first statement. The rest is proved in a similar fashion. �

As for the eigenvalues of the operatorD acting on L2(X,µ) we have the following:

Proposition 7.5. Let (X,G1) be a dynamical system with harmonic measure µ
which is ergodic. If f is an eigenfunction of D in L2(X,µ) then either f2 is constant
(and the eigenvalue is ±1) or else Dnf converges to 0 as n→∞.

Proof. If f is an eigenfunction of D, i.e., Df = λf and λ 6= 1, then from the
inequality |Df | ≤ D|f | and the invariance of µ we obtain

∫
fµ = 0 and |λ| ≤ 1.

In case |λ| < 1, we have |Dnf | = |λ|n|f |, so Dnf converges to 0 in L2(X,µ).
On the other hand, if |λ| = 1 then |f | ≤ D|f |. If µ is ergodic, being D–invariant
in turn implies that the functions |f | and D|f | must be equal almost everywhere,
hence that |f | is essentially constant. Therefore we may assume that f takes values
in the unit circle in the complex plane. But then the identity

Df(x) =
∑

s∈G1

q(s)f(sx) = λf(x)

says that the circle number λf(x) is in the convex hull of the circle numbers f(sx),
s ∈ G1. This can only happen if f(sx) = λf(x) for all s ∈ G1. Iteration of this
identity shows that λ = ±1. This in turn implies that such function f satisfies
D(f2) = f2, and so, by the ergodicity of µ, f2 is constant almost everywhere. �

This property of the diffusion operator suggests it has stronger spectral properties
than those of the unitary operator associated to a measure preserving transforma-
tion of a probability space. In fact, in the case of invariant measure, the operator
D satisfies a strong form of weak mixing as we will show next.

We need to introduce one more piece of notation. For a function f on X, let ∂f
denote the function on X with values on CG1 given by

∂f(x)(s) = q(s)(f(sx)− f(x)).

Then we have the following identities, reminiscent of familiar ones in differential
geometry:

∆f = tr ∂f,
(where tr operates on a vector v = (v1, · · · , vn) by tr (v) =

∑
vi), and

∆(fg) = f∆g + g∆f + (∂f, ∂g)
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for functions f and g on X, where the product (u(s), v(s)) =
∑

s q(s)u(s)v(s).
Let ( , ) denote the inner product in CG1 and let 〈 | 〉 denote the inner product

in L2(X,µ). For every function f in L2(X,µ) we have:

‖Dn+1f‖2 − ‖Dnf‖2 = 〈Dn+1f | Dn+1f〉 − 〈Dnf | Dnf〉
= 〈∆Dnf | ∆Dnf〉+ 〈Dnf | ∆Dnf〉+ 〈∆Dnf | Dnf〉

= ‖∆Dnf‖2 −
∫

X

(∂Dnf, ∂Dnf)µ

where we have used the fact that µ is harmonic. Since we always have

(tr (∂Dnf))2 ≤ (∂Dnf, ∂Dnf),

it follows that the sequence ‖Dnf‖2 is non–increasing, hence that it has a limit as
n→∞.

Note that in general the diffusion operator D is not unitary in L2(X,µ), its
adjoint D∗ being given by

D∗f(x) =
∑

s∈G1

q(s−1)f(sx)j(s, x).

Therefore, D is a symmetric operator if the measure µ is invariant and the system
of weights is symmetric. Hence, assuming that µ is invariant and q(s) = q(s−1), we
have:

‖D2nf −D2n+2mf‖2 = ‖D2nf‖2 + ‖D2mf‖2 − 2‖Dm+2nf‖2,

and similarly for the odd indexed sequence. Therefore both sequences {D2nf} and
{D2n+1f} are Cauchy in L2(X,µ), and so they converge there to functions fe and
fo, respectively.

In general, both limits could be distinct: for instance, let X = {+1,−1} and let
G1 consist of the map s(x) = −x and its inverse. The function f(x) = x provides
an ergodic example where the even and odd limits are distinct. In any case, we
have the following:

Proposition 7.6. Let (X,G1) be a dynamical system with invariant measure µ
and suppose that q(s) is symmetric. If D acting on L2(X,µ) does not have −1
as an eigenvalue, then Dnf converges to a D–invariant function in L2(X,µ). In
particular, if µ is ergodic, Dnf converges to

∫
X
fµ.

Proof. With the notation introduced above, it is clear that Dfe = fo and Dfo = fe.
Thus if they are not equal, fe − fo is an eigenfunction of D corresponding to the
eigenvalue −1. In the ergodic case, the identification of the limit is obtained via
the ergodic theorem. �

All the concepts used in the study of a single transformation can be extended to
multidimensional systems by formulating the corresponding concept in path space
(Λ(X), θ). We have done that for the ergodicity property, and next look at the
weakly mixing property.

A dynamical system T : X → X with invariant measure ν is said to be weakly
mixing if the system T : X ×X → X ×X is ergodic with respect to the product
measure ν× ν. When trying to extend this concept to a dynamical system (X,G1)
with harmonic measure µ we face some difficulties. First of all, and even in the case
of a symmetric equidistributed system of weights on G, the product µ × µ is not
harmonic, unless µ is invariant. Second, the path space of (X ×X,G1) is not the
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product of the path space of (X,G1) with itself. These difficulties are eliminated
once we define correctly what the product action should be.

Given a dynamical system (X,G1), we consider the dynamical system on X×X
generated by the set of maps G1×G1. It acts on X×X in the obvious way, namely
by (s1, s2)(x, y) = (s1x, s2y). We denote this product system by (X ×X,G2

1), and
note that the path spaces are related by

(Ω(X ×X,G2
1), θ) ∼ (Λ(X)× Λ(X), θ).

If q is a system of weights on G1, then the product G2
1 has the system of weights

q2(sr) = q(s)q(r). With this notion of product action the concept of product of
harmonic measures is well behaved, that is:

Proposition 7.7. If µ is a harmonic measure for (X,G1) then the product measure
µ× µ is harmonic for (X ×X,G2

1).

Proof. The operator D on X ×X for the system generated by G2
1 is defined by

Df(x, y) =
∑

r,s∈G1

q(s)q(r)f(sx, ry).

In particular, for a function f on X ×X of the form f(x, y) = f1(x)f2(y) we have
that Df(x, y) = Df1(x)Df2(y). The statement follows from this fact. �

We say the the dynamical system (X,G1) is weakly mixing if the associated path
space system (Λ(X), θ) is weakly mixing. Since this one is a classical system, and
the product (Λ(X) × Λ(X), θ × θ) is the path space of the system (X × X,G2

1),
weak-mixing means that this last system is ergodic with respect to the product
measure.

There is a characterization of the weak mixing property in terms of the operator
D analogous to the ergodicity property. It reads

Proposition 7.8. The system (X,G1) is weakly mixing if and only if

lim
n→∞

1
n

n−1∑
k=0

∣∣∣∣∫
X

(DkχA)χBµ− µ(A)µ(B)
∣∣∣∣ = 0

for all measurable subset A, B of X.

Proof. If (Λ(X), θ) is weakly mixing, then for every pair A, B of subsets of X,

lim
n→∞

1
n

n−1∑
k=0

∣∣µ̃(θ−kA ∩B)− µ(A)µ(B)
∣∣ = 0.

Using the Markov property, i.e., the definition of the measures Px and µ̃, one checks
that

Px[θ−kA ∩B] = Px[w(k) ∈ A;w(0) ∈ B] = DkχA(x)χB(x),

and the rest follows. �

To conclude this section, note that if (X,G1) has harmonic measure µ, while
(Y,G1) has invariant measure ν, then the product measure µ × ν is harmonic for
the diagonal system (X × Y,G1). It would be interesting to know whether this
system is ergodic when µ is weakly mixing and ν is ergodic.
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8. Topological entropy

In these section, we collect some observation on the topological entropy of a
dynamical system (X,G1). They were motivated as complementing some aspects
of [13], and as a search for a variational principle for the entropy.

In order to define the topological entropy of a dynamical system (X,G1) using
open covers, we recall a few standard facts about open covers of a space. The
collection of open covers of a space X is partially ordered by refinement. If U and
V are open covers, we write U ≺ V if every element of U is contained in some element
of V. Every pair of covers has a greatest lower bound which is denoted by U ∨ V,
and consists of the sets of the form A ∩ B with A ∈ U and B ∈ V. Analogously,
if U1, · · · ,Un is a finite collection of open covers of X, the greatest lower bound
is denoted by ∨n

i=1Ui, its elements being the sets of the form A1 ∩ · · · ∩ An with
Aj ∈ Uj .

The entropy of a finite open cover U of X is the number logN(U), where N(U)
denotes the minimum cardinality of a finite sub-cover of U.

Let Gn denote the set of elements of G of length at most n with respect to the
path distance defined via G1. If U is a finite cover of X, then the entropy of (X,G1)
with respect to U is

h(X,G1,U) = lim
n→∞

1
n

logN(∨s∈Gn−1sU),

and the topological entropy of the system (X,G1) is

h(X,G1) = sup
U
h(X,G1, α).

As in the case of single transformations, the entropy can also be defined in terms
of a distance function, which gives the version of entropy of pseudogroups utilized
in [13]. To do so, denote by dX a distance function on the compact metric space
X, and declare two points x and y in X to be (n, ε)–separated if there is s in Gn−1

such that
d(sx, sy) > ε.

Let S(n, ε) denote the maximum cardinality of an (n, ε)–separated subset of X.
Then we set

h(X,G1, ε) = lim sup
n→∞

S(n, ε)

and the entropy of the dynamical system is defined as

h(X,G1) = lim
ε→0

h(X,G1, ε).

Analogously, say that a set F of X is (n, ε)–spanning if for any y ∈ X there
exists x ∈ F such that

d(sx, sy) < ε

for all s in Gn−1. Lets R(n, ε) denote the minimum cardinality of the (n, ε)–
spanning sets. Proceeding as in the previous paragraph, one obtains yet another
possible definition of entropy. As in [25], one can prove that the entropy of (X,G1)
can be computed with respect to open covers, separated sets or spanning ones,
giving the same result, which is denoted by h(X,G1).

We note another useful fact concerning the entropy of a system (X,G1) on a
compact metric space.
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Proposition 8.1. The entropy of a system (X,G1) on a compact metric space
depends only on the uniform structure of X, that is, the number h(X,G1) is in-
dependent of the distance on X used in the sequence of calculations leading to its
definition.

For instance, using the definition of entropy with coverings, we can compute the
topological entropy of (∂G,G1). We can cover ∂G with Card(G1) mutually disjoint
discs, namely those determined by the initial symbol of the corresponding element of
∂G. If U denotes this open cover of ∂G, then the elements of the cover ∨Gn

sU are the
discs determined by the first n− 1 symbols, a total of Card(G1)(Card(G1)− 1)n−2.
Hence

h(∂G,G1) = log(Card(G1)− 1)

(One has equality by the standard properties of generators.) Curiously, the haus-
dorff dimension of ∂G, with respect to the obvious non–archimedian distance, is
one.

As noted in [25], the concept of entropy is closely related to the notion of Kol-
mogorov dimension of a metric space. Let (Y, d) be a complete metric space. A
subset E of Y is said to be ε–separated if d(x, y) > ε for every pair of distinct points
x and y of Y . The Kolmogorov dimension of (Y, d) is

lim sup
ε→0

logS(Y, d, ε)
log(1/ε)

where S(Y, d, ε) denotes the maximum cardinality of an ε–separated subset of Y .
Unlike entropy, the Kolmogorov dimension is not an invariant of the uniform

structure of the metric space. It is mentioned here because of the following:

Proposition 8.2. Let (X,G1) be a dynamical system on compact metric space X
of finite Kolmogorov dimension. If all elements of G1 are Lipschitz with constant
K > 1, then

h(G,G1) ≤ C logK.

A property of the dynamical system (X,G1) guaranteeing that the entropy is
positive involves the notion of resilient point. This is noted in [13] in the case of
codimension one foliations. Here we simply generalize the definition.

A point x of X is resilient if there are elements s and r in the group G with the
following properties:

(1) x is a contracting fixed point of s; that is, s(x) = x and there is a
neighborhood U of x such that the closure of sU is contained in U and
∩∞n=0s

nU = {x}.
(2) There is a neighborhood V of x such that rV ⊂ U \ {x}.

The proof of the following statement is exactly the same as that presented in
[13] for pseudogroups arising from codimension one foliations. Note that their proof
actually gives an explicit lower bound on the entropy.

Proposition 8.3. If the system (X,G1) has a resilient point then the entropy
h(X) ≥ log 2.

We have mentioned the concept of resilient point because many of the familiar
examples of dynamical systems have them. On one hand, it is clear from the
definition that an action of the group of the integers Z cannot have a resilient point.
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Also note that the orbit of a resilient point has exponential growth; therefore many
other groups cannot have actions with this kind of points.

On the other hand, a cocompact Fuchsian group acting on the boundary of the
unit disc, and more generally a negatively curved group acting on its boundary, has
resilient points. Abstracting such situation we have the concept of quasi–conformal
action of a group G on a metric space X. We recall the definition and refer to [12]
for a detailed discussion of this concept.

Let φ : Y → Y be a homeomorphism of a metric space Y with distance d. The
conformal distortion of φ at a point y of Y is defined by

δ(φ, y) = lim sup
ε→0

sup{d(φ(y), φ(y′)) | d(y, y′) = ε}
inf{d(φ(y), φ(y′)) | d(y, y′) = ε}

.

Thus 1 ≤ δ(φ, y) ≤ ∞. If δ(φ, y) is bounded on Y , then φ is said to be quasi-
conformal.

We say that G is a group of quasi–conformal homeomorphisms of X if there is a
constant C such that δ(s, x) ≤ C for every element s of G and every x in X.

Proposition 8.4. Let (X,G1) be a dynamical system on a metric space X and
suppose that G is a group of quasi conformal maps of X. If X has a harmonic
measure which is not invariant, then there is a resilient point.

Proof. Using the ergodic decomposition, we may assume that there is a harmonic
measure µ which is not invariant and which is defined by a regular point x. We
then know that there is a set of positive measure such that the boundary limits of
the jacobian maps j(s, y) are zero almost everywhere for almost all points y in such
set. (Ergodicity and the cocycle property then imply that this is true for almost
every point of X with respect to such measure.)

Recalling that the Radon-Nikodym derivative can be computed as

j(s, y) = lim
D→y

µsD

µD
,

that j(s, y) is a singular harmonic function, together with the fact that y is a point
of density, means that there is an open disc D around y such that the measure
µ(sD) tends to 0 along almost all paths in G, and that almost every path starting
at y passes near y at some later time. Quasi–conformality of the action together
with density of the measure implies that there is an element s in G such that the
closure of sD is contained in D. Since µ(snD) → 0, s must have a contracting fixed
point z in D. The other element r needed to fit the requirement that z be resilient
is easily found. Indeed, since the measure is non invariant, G is a free group in more
that one generator. Moreover, using once more the density and non–invariance of
the measure µ, there must be other points in the orbit of z which pass arbitrarily
close to it and are different from it. �

The next proposition is a classical one. I mention it because it would be inter-
esting to know whether it also holds true for distal actions.

Proposition 8.5. If G is an equicontinuous group of transformations of X then
the entropy h(X,G1) = 0.

Proof. It is evident from the definition that if G is a group of isometries of X, then
the entropy h(X,G1) = 0. Conversely, as in [1], let dX be a distance function on



34 A. CANDEL

X and define
d(x, y) = sup

G
dX(sx, sy).

Then d is also a distance function on X compatible with its topology and invariant
under the action of G. �

The concept of entropy can be generalized to deal with potentials which affect
the system under consideration. One instance of this is the notion of pressure that
is used in classical dynamics [25]. We will consider a slightly more general version
of it, because it has two interesting applications in our context.

Let ϕ : X×N → (0,∞) be a map, and consider the following quantities associated
to it and the system (X,G1)

S(n, ε, ϕ) = sup

{∑
x∈E

ϕ(x, n) | E is (n, ε)–separated

}
.

Note that since the function ϕ is positive, it suffices to take the supremum over
maximal (n, ε)–separated sets. Let

S(ε, φ) = lim sup
n→∞

1
n

logS(n, ε, ϕ),

and observe that S(ε, φ) is a non–increasing function of ε, so that the following
limit exists:

hS(X,φ) = lim
ε→0

S(ε, φ).

There is also a related definition involving spanning sets. Let

R(n, ε, ϕ) = inf

{∑
x∈E

ϕ(x, n) | E is (n, ε)–spanning

}
,

and R(ε, ϕ) = lim supn→∞(1/n) logR(n, ε, ϕ), and then define

hR(X,ϕ) = lim
ε→0

R(ε, ϕ).

It always happens that hR(X,ϕ) ≤ hS(X,ϕ) because a maximal separated set
is also spanning of the same order (n, ε), hence R(n, ε, ϕ) ≤ S(n, ε, φ). We will not
be concerned about whether these two quantities are equal.

The first application of the concept of entropy of a potential concerns the con-
structions of measures on X with given jacobian cocycle.

Let α be a continuous cocycle for the action of G on X, that is, a map α :
G×X → (0,∞) which satisfies

α(rs, x) = α(r, sx)α(s, x)

for all r, s in G. The potential associated to the cocycle α is the function ϕ defined
by

ϕ(α, n, x) = sup
s∈Gn

α(s, x)−1.

We set

h(α, ε) = lim sup
n→∞

1
n

logS(α, n, ε)

and
h(α) = lim

ε→0
h(α, ε).
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This number h(X,α) is called the entropy of the cocycle α with respect to the
generating set G1. Clearly the value of the entropy depends on the generating set
G1, but if h(α,G1) = 0 for one choice of generating set, it is also 0 for any other
choice.

The entropy of the potential associated to a cocycle α over (X,G1) is finite if
that of (X,G1) is finite. Indeed, since α is continuous, there exists a constant
C = C(G1, α) such that if s is an element of Gn, then α(s, x) ≤ Cn. Hence
h(X,G1) ≤ h(α) ≤ h(X,G1) + C.

As we mentioned, the first application of entropy is to the construction of mea-
sures with given jacobian cocycle. The technique of construction of the measure
follows the pattern of constructions of invariant measures utilized in [13].

Theorem 8.6. Let α be a cocycle for the dynamical system (X,G1) and suppose
that the entropy h(X,α) = 0. Then there is a measure µ on X whose jacobian
cocycle under the action of G agrees with α (almost everywhere with respect to µ).

For the proof, one constructs a family of operators Λn,ε on C(X) which are
defined as follows: if f is a continuous and non–negative function on X,

Λn,ε(f) =
1

S(α, n, ε)
sup
E

∑
x∈E

f(x)ϕ(α, n, x),

where the supremum is taken over all (n, ε)–separated sets E. The proof of the
following fact is as in [13].

Proposition 8.7. The operators Λn,ε satisfy the following properties:
(1) if a ≥ 0, then Λn,ε(af) = aΛn,ε(f),
(2) if f1 ≤ f2, then Λn,ε(f1) ≤ Λn,ε(f2),
(3) Λn,ε(1) = 1 and Λn,ε(f) ≤ supx∈X f(x),
(4) Λn,ε(f1 +f2) ≤ Λn,ε(f1)+Λn,ε(f2), with equality if the distance between the

supports of f1 and f2 is greater than ε.

As in [13], the fact that the entropy of α is zero allows us to find a sequence
n(k, p) such that limk→∞ n(k, p) = ∞ and for which the limit

rp = lim
k→∞

S(n(k, p) + 1, 1/p)
S(α, n(k, p), 1/p)

exists and the iterated limit satisfies limp→∞ rp = 1.
Moreover, the sequence n(k, p) can be chosen so that the limits

Λ0,1/p(f) = lim
k→∞

Λn(k,p),1/p(f)

and
Λ1,1/p(f) = lim

k→∞
Λn(k,p)+1,1/p(f)

both exist, and a subsequence p(l) can also be found so that

Λ0(f) = lim
l→∞

Λ0,p(l)(f)

Λ1(f) = lim
l→∞

Λ1,p(l)(f)

both exist.
The reasoning of [13] shows that these operators Λ0 and Λ1 define measures µ0

and µ1 on X, and that the choices of sequences made above imply that µ0 = µ1.
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We call this common measure µ, and next verify that its jacobian cocycle agrees
with the initial cocycle α, almost everywhere with respect to µ.

To begin with, we note that if s ∈ G1, then

ϕ(α, n, sx) = sup
r∈Gn

α(r, sx)−1

= sup
r∈Gn

α(rs, x)−1α(s, x)

≤ α(s, x)ϕ(α, n+ 1, x).

It follows that

Λn,ε(f ◦ s) ≤
S(α, n+ 1, ε)
S(α, n, ε)

Λn,ε(fα(s−1, ·)),

because if E is an (n, ε)–separated set, then sE is (n + 1, ε)–separated. Taking
appropriate limits we have that∫

X

f(sx)µ(x) ≤
∫

X

f(x)α(s−1, x)µ(x).

Applying the same reasoning to the function x 7→ f ◦s(x)α(s, x)−1 and the element
s−1, and noticing that α(s, s−1x) = α(s−1, x)−1, we obtain the reverse inequality:∫

X

f(x)α(s−1, x)µ(x) ≤
∫
f(sx)µ(x).

Consequently the jacobian cocycle of the measure µ is

d(s−1)∗µ
dµ

(x) = α(s, x).

Our second application of this concept just introduced will be to the study
of the relation between the topological entropy of (X,G1) and that of (Λ(X), θ).
To this end, we consider the following potential on X. For a point x in X and
a non–negative integer n, let ϕ(x, n) denote the number of paths of length 2n
which start at x, where by a path of length 2n which starts at x we mean a map
c : {0, 1, · · · , 2n} → X such that c(0) = x and c(i) ∈ {sc(i − 1) | s ∈ G1} for
i = 1, · · · , 2n.

Before continuing, we state a useful trick:

Proposition 8.8. Let (X,G1) be a system on a compact metric space X with
distance dX . Then there exists a uniformly equivalent distance d on X under which
all elements of G1 are lipschitz maps of constant not larger than 2.

Proof. Actually, what we will use is the explicit form of the distance function d. It
is defined by

d(x, y) =
∞∑

n=0

1
2n

max
s∈Gk

dX(sx, sy).

This new distance on X is easily seen to be equivalent to the original one dX ,
because the compactness of X implies that a finite collection of maps from X to
itself is equicontinuous.

Incidentally, this observation can be used to exhibit Lipschitz maps of compact
metric spaces with infinite entropy. �
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Proposition 8.9. The entropy of (Λ(X), θ) is the entropy of the potential ϕ, that
is

h(Λ(X), θ) ≤ h(X,G1, ϕ).
Moreover, the entropies of X and of Λ(X) are simultaneously finite, in fact

h(Λ(X), θ) ≤ h(X,G1) + log Card(G1).

Proof. Using the fact that the entropy of a system depends only on the uniform
structure of the metrizable space X, and not on the particular distance used in the
sequence of calculations leading to the final result (see [25] for a proof), we start
with a distance dX in X, which we assume to be of diameter one, and define the
distance dΛ(X) in Λ(X) and d on X as above.

The calculation of the entropy involves fixing ε and computing the limit superior
of a sequence of numbers. Therefore, we may look at those terms S(n, ε) of the
sequence with 1/2n < ε/2. Also, for fixed ε, the quantities R(n, ε) and R(n+1/ε, ε)
behave asymptotically the same as n→∞ in the pertinent calculation.

Suppose that F is an (n, ε/2)–spanning set for (X,G1). For each x in F we can
choose ϕ(x, n) paths which start at x and whose initial 2n–strings represent each
of the ϕ(x, n) paths of length 2n which start at x. We do this for each point of F
and denote the resulting set of paths by F̃ . We claim that F̃ is an (n, ε)–spanning
set for (Λ(X), θ). Indeed, if w is a path of the form w = (z, s1z, · · · ), then there is
x in F such that d(sx, sz) < ε for every s ∈ Gn.

Now we write, for 0 ≤ j ≤ n,

dΛ(X)(θjw, θjwx) =
∑
k=0

1
2k
dX(w(k + j), wx(k + j))

≤
n∑

k=0

1
2k
dX(w(k + j), wx(k + j)) + ε/2.

By construction, we know that if k ≤ 2n and w(k) = sz, then also wx(k) = sx.
This implies, because the (n, ε/2) separation of F , that for j ≤ n and some s ∈ Gn,
we have

n∑
k=0

1
2k
dX(w(k + j), wx(k + j)) ≤

∞∑
k=0

1
2k

max
Gk

dX(rsz, rsz) ≤ d(sx, sz) ≤ ε/2.

This shows that

R̃(n, ε) ≤ inf

{∑
x∈F

ϕ(x, n) | F is (n, ε/2)–spanning for (X,G1)

}
,

and the conclusion follows from this inequality. �

9. On the variational principle

In this section we make a few observation on the variational principle for the
entropy of a system (X,G1). If one attempts to build a category including the
classical dynamical systems as well as the systems with harmonic measure that we
have been studying, then there should be some variational principle which links
the entropy of a system (X,G1) with some of the other systems associated to it.
We have seen such partial relation between the topological entropy of (X,G1) and
that of its associated path space (Λ(X), θ) in the previous section. In order to have
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a better understanding of this, it is best to place our discussion in terms of the
greater path space Ω(X) and its shift transformation θ. Each harmonic measure µ
for (X,G1) induces the shift invariant measure m = P × µ on Ω(X).

We fix a distance dX on X, the obvious one in Ω(G), and consider the product
distance on Ω(X). Then the projection φ : Ω(X) → Ω(G) satisfies θφ = φθ̃, and a
theorem of Bowen [3] gives the following string of inequalities:

Proposition 9.1. The following relation between topological entropies holds:

h(X,G1) ≤ h(Ω(X), θ̃) ≤ h(Ω(G), θ) + sup
w∈Ω(G)

h(w) ≤ h(Ω(G), θ) + h(X,G1).

Note that h(Ω(G), θ) = log Card(G1). The number h(w) associated to the path
w ∈ Ω(G) is the topological entropy of the map θ̃ relative to the fiber φ−1(w). We
make a few remarks on its calculation, as they will be needed later in the discussion.

If w is a path in G and U an open covering of X, let N(w,U, n) denote the
minimum cardinality of a subcovering of U∨w(1)−1U∨· · · (w(n−1)−1 · · ·w(1)−1)U,
and let

h(w,U, n) =
1
n

logN(w,U, n).

We note that N(w,U, n + m) ≤ N(w,U, n) + N(w,U,m), for reasons similar to
those used in the calculation of the entropy of a map. Therefore the limit

h(w,U) = lim
n→∞

h(w,U, n)

exists for each w ∈ Ω(G). Finally, let

h(w) = sup
U
h(w,U).

One can equally define the entropy along a path in terms of spanning sets, or in
terms of separated sets, and prove that the three functions constructed are the same
on Ω(G).

The facts concerning this function h(w) that we need are as follows. First, for
n and U fixed, h(w,U, n) depends only on the initial n–symbols of w. That is,
h(w,U, n) is a locally constant function on Ω(G), hence continuous. Moreover,
the convexity property of logN(w,U, n) as a function of n implies that h(w,U) is
actually equal to infn h(w,U, n). Therefore, the function h(w,U) is upper semicon-
tinuous on Ω(G) (and hence measurable).

The second observation concerns the relation between h(w,U) and h(θw,U).
Directly from the definitions we have that

logN(w,U, n) ≤ logN(U) + logN(θw,w(1)−1U, n− 1)

= logN(U) + logN(θw,U, n− 1),

where the last equality holds because w(1) is a homeomorphism. It follows that
h(w,U) ≤ h(θw,U) is a shift super invariant function on Ω(G). It is therefore
constant almost everywhere with respect to P (any P induced by a system of
weights on G1) because this measure is ergodic for the shift. Since a set of total
measure with respect to some P is dense in Ω(G), the upper semicontinuity of
h(w,U) implies that this constant is independent of P . Summarizing

Proposition 9.2. The function h(w,U) is upper semicontinuous and constant al-
most everywhere on Ω(G) (with respect to P ). This constant is in fact independent
of the measure P on Ω(G). Moreover, h(w) ≤ h(X).
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Next we will find a formula for the entropy of the measure m = P ×µ on Ω(X).
A path of length n in G is a sequence α = α(n − 1) · · ·α(1) with α(k) ∈ G1. Let
Pn denote the paths of length n in G. For a finite measurable partition ξ of X and
a path α of length n, let αξ denote the partition ξ ∨α(1)−1ξ ∨ · · · ∨α−1ξ of X. Let
ξ̃ denote the partition of Ω(X) with atoms Ω(G)s × A, where s ∈ G1 and A ∈ ξ.
To compute the entropy of (Ω(X), θ) it is enough to consider partitions of Ω(X) of
the form ξ̃. Moreover, an element B of ξ̃ ∨ θ−1ξ̃ ∨ · · · ∨ θ−nξ̃ has the form

B = Ω(G)α×A

where A ∈ αξ. Therefore, for a partition ξ we let

h(X,G1, ξ, n) =
∑

α∈Pn

q(α)
∫

X

logµ(αξ(x))µ(x)

where q(α) is the weight of α and αξ(x) denotes the atom of the partition αξ which
contains the point x.

Then define
Hµ(X,G1, ξ) = lim

n→∞

1
n
Hµ(X,G1, n),

and
Hµ(X,G1) = sup

ξ
Hµ(X,G1, ξ).

Therefore, we have

Hµ(X,G1) = Hm(Ω(X), θ)−
∑

s∈G1

q(s) log q(s).

One may expect that it could be possible to obtain a variational principle for
the entropy using this calculation. The number Hµ(X,G1) is the P–average of the
metric entropy along paths in G.

As I realized when this paper was being written, there is a relative variational
principle which when applied to our situation gives the following:

Proposition 9.3. Let (X,G1) be a dynamical system and P a measure on Ω(G)
associated to a system of weights. Then

sup
ν;φν=P

Hν(Ω(X), θ̃) =
∑

s∈G1

q(s) log q(s) +
∫

Ω(G)

h(w)P (w).

This is proven in [18] (see also [20]). Note that in [18] there is the implicit
assumption of invertibility of the transformations involved. This assumption is
removed in [2].

Since not every invariant measure for (Ω(X), θ) is of the form P × µ with µ
harmonic for (X,G1), we only obtain the inequality

Hµ(X,G1) ≤
∫
h(w)P (w).

I do not know whether this is actually an equality. Perhaps it is in case that the
shift map is expansive, but I will not attempt to discuss it now. My contribution
here would be to show that this notion of metric entropy is not related to the topo-
logical entropy discussed in the previous section, apart from the obvious inequality.
That is, we exhibit an example of a dynamical system (X,G1) which has positive
topological entropy, but the entropy along every path in G is zero.
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Let X be a compact metric space and G be a group of homeomorphisms of X
with the property that the topological entropy of each element of G is zero. For
example, X could be the unit circle, or it could be the boundary ∂G of G with the
canonical action.

In such a situation, it is easy to see that the entropy along every path in G is
zero. Indeed, that the entropy of every element of G is zero implies that the entropy
along every periodic path in G is zero. Therefore h(w,U) = 0 for every covering
U of X and every periodic path w. If h(w) were positive on a subset of Ω(G) of
total P–measure, then we could find a covering U for which h(w,U) on a set of
positive measure, hence almost everywhere. But using the previously proven fact
that this function h(w,U) is upper semicontinuous on Ω(G), it would be positive
everywhere. This contradicts that it is zero on the periodic paths.

Finally, if we take X to be the circle, and G1 to consist of two elements s and
r. One of then, say r is a rotation. The other is a hyperbolic element of PS(2,R)
acting on the circle. This system has a resilient point, hence its topological entropy
is positive. Similar considerations apply to the system (∂G,G1).

References

[1] R. Adler, A. Konheim and M. McAndrew, Topological entropy, Trans. Amer. Math. Soc.
114 (1965), 309–319.
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