Problems for Solution

Problem 1. Lety: [a,b] — U be a piecewise smooth pathlihand letw be a one form otJ.
(i) Define:integral ofw alongy.
(i) Let y be the path constructed as follows: the line segment from the pbij to the point(0,1),

followed by the top arc of the circle of centét/2,1) and radius 1/2 from (0,1) to (1,1), and
followed by the line segment froifi, 1) to the origin. Evaluate the path integrﬁlw, wherew is the
y

1-formw = —ydx+ xdy.

Problem 2. Given a 1-formw on an open sdtl, prove that the following are equivalent @ = 0; (ii)

w= 0 for all closed rectangleR contained inJ; (iii) every point inU has a neighborhood such that
R

w = 0 for all closed rectangles contained in the neighborhood. Is the same true if closed rectangles are
R
replaced by disks?

Problem 3. (i) Define the following concepts: (aifferential 1-form, (b) closed1-form, and (c)exact
1-form.

(i) Prove that any closed 1-form dR? is exact.
Problem 4. Lety: [a,b] — R?\ {P} be a continuous path.
(i) Define the conceptwinding number W, P) of y about P

(ii) Let v be a vector in the plane and lgt- v denote the path iR?\ {P+ v} defined by(y+v)(t) =
y(t) +v. Prove that
W(y+Vv,P+v) =W(y,P).

Problem 5. Lety,d: [0,21] — U be the paths defined by(t) = (2cos2,2sin2) andd(t) = (2cos2 +
cost,2sin2 + sint). Prove that
W(y,0) = W(3,0).

Problem 6. Define the operatot (called ‘star’) onj-forms as follows: for a function (O-formf, let «f =
fdxdy, for a 1-formpdx+ qdy, let «(pdx+ qdy) = —qdx+ pdy; and for a 2-formhdxdy let «(hdxdy) = h.
Thus, the ‘star’ operator takgsforms to(2— j)-forms,j =0, 1, 2.

2 2
of +ﬂ A function f such thatAf =0is

The Laplacian of a functiofi onU is the functionA\ f = o

calledharmonic
() Prove that iff is a smooth function obd, thenxdxd f = Af.

ii) Prove that a 1-formw = pdx+ qdyis such thato andxw are both closed if and only if the functions
(i) P h 1-f d dyi h th d both closed if and only if the functi
p andg are harmonic.



Problem 7. (i) Define homotopic relative to endpoinend homotopic as closed pahter continuous
paths in an open sets.

(i) Prove that ifU is an open convex set, then any two continuous paths feobj to U with the same
endpoints are homotopic relative to their endpointd jrand any two closed pathslihare homotopic
as closed paths d.

Problem 8. Prove that ifw is a closed 1-form oR?\ {0} such that/ w= 0, whereyis y(t) = (sint, cos)
y

(0<t < 2m), thenwis exact orR?\ {0}.
(Make sure that you state carefully all the results that you are using in your proof.)

Problem 9. For any pointP = (o, Yo), let wpg be the 1-form orR?\ {P} defined by

1
(X—%0)2+ (Y—Yo)

wro = 2 (- vy (e xoy).

Prove that for any two point® andQ, the 1-formw = wpg — tig ¢ iS €xact onR?\ L, whereL is the line
segment fron to Q.



