
Problems for Solution

Problem 1. Let γ : [a,b]→U be a piecewise smooth path inU and letω be a one form onU .

(i) Define: integral ofω alongγ.

(ii) Let γ be the path constructed as follows: the line segment from the point(1,0) to the point(0,1),
followed by the top arc of the circle of center(1/2,1) and radius 1/

√
2 from (0,1) to (1,1), and

followed by the line segment from(1,1) to the origin. Evaluate the path integral
∫

γ
ω, whereω is the

1-form ω =−ydx+xdy.

Problem 2. Given a 1-formω on an open setU , prove that the following are equivalent (i)dω = 0; (ii)∫
∂R

ω = 0 for all closed rectanglesR contained inU ; (iii) every point inU has a neighborhood such that∫
∂R

ω = 0 for all closed rectangles contained in the neighborhood. Is the same true if closed rectangles are

replaced by disks?

Problem 3. (i) Define the following concepts: (a)differential 1-form, (b) closed1-form, and (c)exact
1-form.

(ii) Prove that any closed 1-form onR2 is exact.

Problem 4. Let γ : [a,b]→ R2\{P} be a continuous path.

(i) Define the concept:winding number W(γ,P) of γ about P.

(ii) Let ν be a vector in the plane and letγ + ν denote the path inR2 \ {P+ ν} defined by(γ + ν)(t) =
γ(t)+ν. Prove that

W(γ+ν,P+ν) = W(γ,P).

Problem 5. Let γ,δ : [0,2π] → U be the paths defined byγ(t) = (2cos2t,2sin2t) andδ(t) = (2cos2t +
cost,2sin2t +sint). Prove that

W(γ,0) = W(δ,0).

Problem 6. Define the operator∗ (called ‘star’) on j-forms as follows: for a function (0-form)f , let ∗ f =
f dxdy; for a 1-formpdx+qdy, let ∗(pdx+qdy) =−qdx+ pdy; and for a 2-formhdxdy, let ∗(hdxdy) = h.
Thus, the ‘star’ operator takesj-forms to(2− j)-forms, j = 0,1,2.

The Laplacian of a functionf onU is the function4 f =
∂2 f
∂x2 +

∂2 f
∂y2 . A function f such that4 f = 0 is

calledharmonic.

(i) Prove that if f is a smooth function onU , then∗d∗d f =4 f .

(ii) Prove that a 1-formω = pdx+qdy is such thatω and∗ω are both closed if and only if the functions
p andq are harmonic.
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Problem 7. (i) Define homotopic relative to endpointsandhomotopic as closed pahtsfor continuous
paths in an open setsU .

(ii) Prove that ifU is an open convex set, then any two continuous paths from[a,b] to U with the same
endpoints are homotopic relative to their endpoints inU , and any two closed paths inU are homotopic
as closed paths inU .

Problem 8. Prove that ifω is a closed 1-form onR2\{0} such that
∫

γ
ω = 0, whereγ is γ(t) = (sint,cost)

(0≤ t ≤ 2π), thenω is exact onR2\{0}.
(Make sure that you state carefully all the results that you are using in your proof.)

Problem 9. For any pointP = (x0,y0), let ωP,θ be the 1-form onR2\{P} defined by

ωP,θ =
1

(x−x0)2 +(y−y0)2

(
−(y−y0)dx+(x−x0)dy

)
.

Prove that for any two pointsP andQ, the 1-formω = ωP,θ−ωQ,θ is exact onR2 \L, whereL is the line
segment fromP to Q.
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