Math 550. Homework 6. Solutions

Definition 1. Two continuous mappings,g: X — Y are homotopic if there is a continuous mapphig
X x[0,1] — Y such thaH (x,0) = f(x) andH(x,1) = g(x) for all xin X.

Problem 1. LetC andC’ be circles.
(i) Prove that if a continuous mappirg: C — C’ is not surjective, then dég= 0.
(i) Find an example of a continuous mappikRg C — C' that is surjective but has dég= 0.

Solution. (i) If F is not surjective, then there is a poldin C' not contained irF (C). It follows thatF (C)
is contained in a sector (the complement of the ray issuing from the cer@énotl passing through). As
we have shown before, this implies that eg 0.

(i) Assume thatC = C’ are the unit circle. Use polar coordinatess, sint), 0 <t < 2mand defind= by

(cos2,sin2), o<t<m

F(cogt,sint) :{ (cos2,—sin2), n<t<2mn

This mappind= wraps the upper semicircle and the lower semicircle each onto the full circle, but in opposite
directions.

The degree oF is the winding number of the patlit) = F (cog, sint) around the origin. We can write
y as a sum of two pathgs=y; + Y, where

vi(t) = (cos2,sin), 0<t<Tm
and
y2(t) = (cos2,—sin2), m<t<2m
Then
W(y,0) =W(y1,0) +W(y2,0) =1—-1=0.
O

Problem 2. (i) Prove that two continuous mappingsG : C — C’ are homotopic if and only if they have
the same degree.

(i) Conclude that a continuous mappifig: St — S' has degrea if and only if F is homotopic to the
mapz+— z" of S' onto itself.

Solution. (i) This is equivalent to saying that two continuous closed pathgdn [0,1] — R?\ {0} are
homotopic is and only ¥V (y,0) = W(3,0). This was done in Homework 5.

(i) You also showed in Homework 5 that the mapping: Z" of the unit circle has degree Thus (ii)
follows at once from (i). O

Problem 3. (i) LetF,F : X —Y andG,G :Y — Z be continuous mappings. Prove th&t ifs homotopic
to F/, andG is homotopic taZ’, then the composit€ o F is homotopic taG' o F'.



(i) Let F,G be continuous mappings from the unit cireinto itself. Prove that

degGoF) = (degF) - (degG).

Solution. (i) If H : X x [0,1] — Y is a homotopy fronF to F’ andK : Y x [0,1] — Z is a homotopy fronG
to G’ (as in the definition above), then defifie X x [0,1] — Z by

r(xs)=K(H(x,s),s).
Thenr is continuous becaus¢ andK are both continuous,
r(x,0) =K(H(x,0),0) = K(F(x),0) = G(F (x)) = GoF(X),

and
M(x,0) =K(H(x,1),1) = K(F'(x),1) = G(F'(x)) = G o F'(x).

(i) If degF = n, thenF is homotopic taz+— 7", and if deds = m, thenG is homotopic taz+— Z". By (i),
the composités o F is homotopic to the composition of tmth power map and theth power map, that is
to z+— z"™, which has degreem O

Problem 4. Suppose th&k is a continuous mapping from the positive octét y,z) | x> 0,y > 0,z > 0}
to itself. Show that there is a unit vect®iin this octant, and a nonnegative numbesuch thaf (P) = AP.

Solution. The positive octant intersects the unit sphere in a triangular sEcdefine a mapping form T
intoT by G(P) = F(P)/|F(P)|. Becausd is homeomorphic to a disk (it is a challenging exercise for you
to describe one such homeomorphism), there is a pintT such thatG(P) = P. ThenF (P) = AP with
A = |F(P)|, as desired. O

Problem 5. Let f : C — C’ be a continuous mapping between circles.
(i) Prove thatiff (P*) = f(P) for all P, then the degree df is even.
(i) Prove thatiff (P*) # f(P) for all P, thenf is surjective.

Solution. There is no loss of generality if we assume tBat C' = S' is the unit circle. (Recall that the
antipode of a poinP in the unit circle isP* = —P.

(i) The degree off is the winding numbew(y,0) of the pathy(t) = F(cog,sint) (0 <t < 2m) around the
origin. Letd; be the patd;(t) = F (cogt, sint) (0 <t < 11) andd, be the patld,(t) = F (cogt + 1), sin(t+ 1))
(0<t <m). Thend,(t) = F(—cog, —sint) = F(cod,sint) = 8 (t), SOW(d2,0) =W(51,0). ButW(y,0) =
W (81,0) +W(d,,0) = 2W(81,0), an even number.

(i) If f(P)# f(P*) forall PinC, define

~ f(P)—f(Px)
0O =Tie) (ol

Theng(P*) = —g(P), so that de¢p) is odd; in particular de) # 0.
Now g is homotopic tof. Indeed, because for every poltin the unit circle the poinf (P) is in the
unit circle andf (P) # f(P*), the vectorf (P) — sf(Px) # 0. Therefore

f(P)—sf(P")

RS = 1105) —sf(Pw)

defines a continuous mappikty: S' x [0,1] — S' that satisfiesd (P, 1) = g(P) andH (P,0) = f(P)/|f (P)| =
f(P) forall Pin St.

By Problem 2, the mappingk andg have the same degree, and so(dg¢g# O also. By Problem 1f
must be surjective. O



