
Math 550. Homework 5. Solutions

Problem 1. Let γ : [a,b]→ R2\{0} be a continuous path. Prove that there are continuous functionsr : [a,b]→ R+ (the
positive real numbers) andθ : [a,b]→ R, so that

γ(t) = (r(t)cosθ(t), r(t)sinθ(t)), a≤ t ≤ b. (∗)

Prove also thatr is uniquely determined, andθ is uniquely determined up to an integer multiple of 2π.
Hint. Show in fact thatr(t) = |γ(t)|, and that ifγt denotes the restriction ofγ to the interval[a, t], for a≤ t ≤ b, and

θa is an angle forγ(a), then one may take
θ(t) = θa +2πW(γt ,0).

Solution. The functionr(t) = |γ(t)| is continuous becauseγ is continuous and the norm of a vector is continuous.
We show thatθ(t) = θa +2πW(γt ,0) is continuous and satisfies(∗). Hereθa is an angle forPa = γ(a).
Suppose first thatγ[a,b] is contained in a single sectorU with angle functionθU . The, for anyt in [a,b], the image of

the pathγt is also contained inU becauseγt [a, t] = γ([a, t]). ThereforeU andθU can be used as sector and angle function
for computing the winding numberW(γt ,0) of γt around 0,

W(γt ,0) =
1
2π

{
θU(γt(t))−θU(γt(a))

}
=

1
2π

{
θU(γ(t))−θU(γ(a))

}
.

It follows from this equation thatW(γt ,0) is a continuous function oft in [a,b], becauseγ andθU are continuous.
The general case is similar and is left to you.
Now we have to show: (1) these functionsr(t) andθ(t) satisfy(∗), (2) thatr(t) is unique, and (3) thatθ(t) is unique

up to an integer multiple of 2π. The only part that requires some comment is (3). Suppose that there is another continuous
functionµ(t) such thatγ(t) = (r(t)cosµ(t), r(t)sinµ(t)). Then for eacht, bothµ(t) andθ(t) are angles forγ(t), and thus
µ(t)−θ(t) = 2πn(t) for some integern(t). (This integern(t) may depend ont.) But if µ andθ are continuous on[a,b],
then the functiont 7→ n(t) is also continuous on[a,b]. But an integer valued, continuous function on an interval must be
identically constant. That is, there is an integern such thatn(t) = n for all t in [a,b].

Definition 1. Let γ : [a,b]→R2\{0} be a continuous path. By Problem 1, for any choice of angleθa for the initial point
Pa = γa, there is a unique continuous path:̃[a,b]→{(r,θ) | r > 0 such thatp◦ γ̃ = γ andγ̃(a) = (r(a),θa), wherep is the
polar coordinate mapping at the origin,p(r,θ) = (r cosθ, r sinθ). Such path̃γ is called a lifting ofγ with starting point
(r(a),θa).

Problem 2. Let γ,δ : [a,b] → R2 \ {0} be two continuous paths with the same endpoints. Prove that the following are
equivalent:

(i) γ andδ are homotopic inR2\{0} relative to endpoints;

(ii) W(γ,0) = W(δ,0); and
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(iii) if γ̃ andδ̃ are liftings ofγ andδ with the same initial point (as in Definition 1 above), thenγ̃ andδ̃ have the same
final point.

Solution. (i)⇒(ii) This was done in class. (ii)⇒(iii) If γ̃ is a lift of γ to {(r,θ) | r > 0} starting at(ra,θa) and ending
at (rb,θb), then the winding numberW(γ,0) = θb− θa (refer to Problem 1). Thus if̃γ and δ̃ are lifts of γ andδ that
start at the same point(ra,θa), and ifW(γ,0) = W(δ,0), then they must end at points of the form(rb,γ,θb) and(rb,δ,θb),
respectively. Butγ andδ have the same final point, soγ(b) = δ(b), and this implies thatrb,γ = |γ(b)| andrb,δ = |δ(b)|.

(iii)⇒(i) If γ̃ and δ̃ are paths inR= {(r,θ) | r > 0} with the same endpoints, they are homotopic inR becauseR is
convex. IfH̃ : [a,b]× [0,1]→R is a homotopy from̃γ to δ̃, then the compositeH : p◦ H̃ (wherep(r,θ) = (r cosθ, r sinθ)
is the polar coordinate map) is a homotopy fromγ to δ in R2\{0} (Verify!).

Problem 3. Identify R2 with the complex numbersC, so that the vectors(x,y) corresponds to the complex number
z= x+ iy. Let C be the unit circle{|z| = 1} in C. Determine the winding numberW(F,0) for the following mappings
F : C→ C.

(i) F(z) = zn, n an integer.

(ii) F(z) =−z.

(iii) F(z) = z.

Solution. From class, degF = W(γ,0), whereγ(t) = F(cost,sint).
(i) In this case,γ(t) = (cost + i sint)n = (cosnt,sinnt). This is a smooth path so the winding number

W(γ,0) =
1
2π

∫
γ
ωθ = n.

(ii) Here γ(t) = (−cost,−sint) and

W(γ,0) =
1
2π

∫
γ
ωθ =−1

(iii) Here γ(t) = (cost,−sint) andW(γ,0) = 1.

Problem 4. Let C be the circle centered at the origin, and letF : C→ R2 be a continuous mapping such that the vector
F(P) is never tangent to the curveC atP, i.e., the dot productP·F(P) 6= 0 for all P in C. Show thatW(F,0) = 1.

Solution. Suppose thatC is the unit circle, so thatW(F,0) is the winding numberW(γ,0) of the pathγ(t) = F(cost,sint).
The conditionF(P) ·P 6= 0 for all P means thatF(P) is never on the line through the origin perpendicular toP. Since

the circleC is connected, this implies that either the segment fromP to F(P) does not contain the origin for allP in C,
or that the segment from−P to F(P) does not contain the origin for allP in C. Note that it also implies thatF maps the
circle intoR2\{0}.

If it is the case that the segment fromP to F(P) does not contain the origin for allP in C, then defineH(t,s) =
sF(cost,sint)+(1−s)(cost,sint), for 0≤ t ≤ 2π, 0≤ s≤ 1. This functionH is continuous and takes values onR2\{0},
because ifH(t,s) = 0 for some(t,s) in [0,2π]× [0,1], then the segment fromP = (cost,sint) to F(P) = F(cost,sint)
would contain the origin.

Thus we obtained a mapH : [0,2π]× [0,1]→R2\{0}. This map is a homotopy fromγ(t) = F(cost,sint) to the path
δ(t) = (cost,sint). Since this pathδ hasW(δ,0) = 1, we obtain

degF = W(γ,0) = W(δ,0) = 1.
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