
Math 550. Homework 2 (Revised). Due 9/22/2003

Problem 1 Let U be the union of two open setsU1,U2, i.e.,U = U1∪U2. Let f j be a smooth functions on
U j , j = 1,2, such thatf1(x) = f2(x) for everyx in U1∩U2. Prove that

f (x) =
{

f1(x) x∈U1,
f2(x) x∈U2

is a smooth function onU .

Problem 2 Let γ : [a,b]→U be a path inU and defineγ−1 : [a,b]→U by γ−1(t) = γ(b+a− t). Prove that∫
γ−1

ω =−
∫

γ
ω

for every 1-formω onU

Problem 3 LetU be an open disk in the plane, i.e.,U = {(x,y) | (x−x0)2+(y−y0)2 < r2}. Prove that ifω
is a closed 1-form onU , then there is a smooth functionf onU such thatd f = ω.

Show that this is also true ifU is a star-shaped open region. This means that there is apointP0 in U such
that for any other pointP in U the segmentPP0 is contained inU .

Problem 4 LetU be an union of open setsU1,U2, · · · ,Un, and letω be a 1-form onU such that the restriction
of ω to eachU j is exact. Prove that if(U1∪ ·· ·∪U j−1)∩U j is connected for 1< j ≤ n, thenω is exact on
U .

Problem 5 For any pointP = (x0,y0), let ωP,θ be the 1-form onR2\{P} defined by

ωP,θ =
1

(x−x0)2 +(y−y0)2

(
−(y−y0)dx+(x−x0)dy

)
.

Prove that for any two pointsP andQ, the 1-formω = ωP,θ −ωQ,θ is exact onR2 \L, whereL is the line
segment fromP to Q.
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