Math 550. Homework 1. Solutions (Revised)

Problem 1. LetU be an open subset of the plane. Prove thas connected if and only if every locally constant
function onU is constant otJ.

Solution. If U is connected and is a locally constant function od, then f must be continuous od (verify!). If
f is not constant, then it must take on at least two different real numbersa,dy Thenf~1({a}) is an open non-
empty subset o) (“open” becausd is locally constant, “non-empty” because we just said thattains the value
a), andf~1(R\ {b}) is also a non-empty subsetdf(“open” becaus® \ {a} = (—o,a) U (a,) is open inR and f
is continuous, “non-empty” becaudeattains the valué, which is inR\ {a}). Furthermorel is the disjoint union
U = f({a})uf1(R\{b}), contradicting that! is connected.

If U is not connected, then we can write= U; UU,, whereU; andU, are open, non empty and disjoint open
sets. Define by f(x) =1if xisinU; andf(x) = 2 if xs inUz. Thenf is locally constant ot (verify!) but it is not
constant.

2nd Solution Another proof can be obtained by using a result proved in class: an opgrisebnnected if and only
if every smooth functiorf onU such thadf /ox =0 andof/dy = 0 is constant ok .

Suppose thatl is connected. If is locally constant, thefi is smooth andf /ox = 0f /dy = 0 because to compute
the partial derivatives of at a pointP you only need to know the behavior &fin a small disk abouP. Sincef is
locally constant, you can always take this disk to be suchftlimtctually constant on it.

For the converse, just note that any functiosuch tha® f /ox = df /dy = 0 is locally constant (this was shown in
class). The hypothesis implies thiamust be constant id, soU is connected by the result in class quoted above.

O

Problem 2. Let w= ydx—xdyand lety be the line segment frorf®, 0) to (1,1). Compute the path integr% w.

Solution. The line segment frorfD, 0) to (1,1) is given byy(t) = (t,t),0<t < 1. Then/oo / (tdt—tdt) = O

Problem 3. Let f, g be two smooth functions dd. Prove thatd f =dgonU if and only if f —gis locally constant
onU.

Solution. Taking partial derivatives is a linear operation, hed¢€ —g) = df —dg. Thusdf = dgif and only if
df —dg=d(f —g)=0ifand only if f — gis locally constant o) (by Proposition in class). O

. 1 . .
Problem 4. Let wy be the 1-form orR?\ {(0,0)} given bywy = m(—ydm— xdy). On which of the following

open setd) is there a smooth functiogpwith dg= wy onU? (Prove your answers.) (i) The upper half pldiie y) |
y > 0}. (i) The union of the upper half plane and the right half plane. (i) The ann(ry) | 1 < x* +y? < 2}.

Solution. (i) Yes, takeg(x,y) = cot 1(x/y). This is smooth ofy > 0} and satisfieslg = wj there.

(ii) Yes. There are two ways of writing a solution. (ii-1) In class we constructed a funétiom the right half
planeU; such thatd f; = wg onU;. Part (i) shows that there exists a functiénon the upper half plane such that
d f, = wg onU,. Therefore, oJ; NU, we haved f; = d f,, that is, the functiorf; — f, = cis constant otJ; NU; (by
Problem 3). Define a functioponU; UU; by settingg(x) = f1(x) if xis inUq, andg(x) = f2(x) +cif xisinU. This
makes sense becausex if in U1 NUy, thenf;(x) = f2(x) + c. Moreover,g is smooth and satisfiely = wg onU. (If
this sounds like trivial and a little tedious to write down, then you may be right. But you have to do this kind of thing
it at least once!)

(i-2) Let Pp = (1,1). For any point? in the union of the half planes, Igp be the line segment frof to P and

setf(P) :/ 0yg.
Yp

(iii) No. If yis the pathy(t) = ((3/2) cog,(3/2)sint), 0 <t < 2m, then/we 21t But we know that ifwg was

the differential of a function on the annulus, thgmoe 0 becausgis a closed path. O
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Problem 5. Isw= xdx-+ydy) the differential of a function oR?\ {(0,0)}?

1
Fad

Solution. Yes. Takef (x,y) = le_/fyz and check thad f = .



