Math 512A. Homework 10. Due 12/5/07

b 4
b
Problem 1. Prove that if f(z) = 23, then / f= R by considering upper and lower sums for partitions of [0, b]
0

into n equal subintervals, using the formula 1% +23 + .- +n3 = (1 + 2+ --- 4+ n)? for the sum of the cubes of the

first n natural numbers.

2

Problem 2. Decide which of the following functions are integrable on [0, 2], and calculate the integral / f if you
0

can.

(0) f(z) = { x+ [x], z rational

10, x not rational.

(ii) f is the function whose graph is depicted in the figure below (set f(0) = 0).
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Problem 3. (i) Prove that if f is integrable on [a,b] and f(z) > 0 for all z in [a, b], then / f>0.

b b
(ii) Prove that if f and g are integrable on [a,b] and f(z) > g(z) for all z in [a,b], then / f> / g. (Warning:

If you work hard on part (b), then you are waisting time.)

(iii) Give an example of an f which is integrable on [a, ], satisfies f(z) > 0 for all z, and f(z) > 0 for some =z,

b
and yet/ f=0.

b
(iv) Suppose that f(z) > 0 for all z in [a,b] and f is continuous at xq in [a,b] and f(xg) > 0. Prove that / f>0.
a

(Hint. It suffices to find a partition P for which the lower sum L(f, P) > 0.
Problem 4. Suppose that f and g are integrable on [a, b]. If P is a partition of [a, b], let M/ and m/ the appropriate
sup’s and inf’s for f on the intervals of P, define M/ and m/ similarly for g, and define M; and m; similarly for

the product fg.
Assume that f(z) > 0 and g(z) > 0 for all z in [a, b].

(i) Prove that M; < M!M/" and m; > m,m/.



(ii) Prove that

U(P, fg) — L(P, fg) < > (M{M] — mjm{) (t; — ti_1).
=1

(iii) Use the fact that f and g are bounded (so that |f(z)| < M and |g(z)| < M, for all x in [a,b], to prove that
(iv) Prove that fg is integrable.

(v) (Not required) Remove the condition that f(z) > 0 and g(x) > 0 on [a, b].

Problem 5. (i) (Schwarz Inequality) Prove that

(Z%Zh) < . w Yy (%)

for real numbers zq,--- ,x, and y1, - ,y,. There are many proofs available; one of them starts by first
establishing the identity

Sst - 3oit= (o) + S e
i=1 i=1 i=1 i<j
(ii) Prove that equality in (%) holds if and only if there is a real number A such that z; = Ay; foralli =1,--- |n

(iii) (Cauchy-Schwarz inequality) Suppose that f and g are integrable on [a, b]. Prove that

() (0)(0)

(iv) If equality holds in (*x), is it necessarily true that f = Ag for some real number A? What if f and g are
continuous?



