Math 350. Spring 2009

Homework 7

Note. Unless otherwise indicated or implied by the con-
text, all functiuons f, g, and so on in the problems below
are assumed to be real valued functions of a real variable.

Problem 1. Find the domain of the functions defined by
the following formulas.

(a) f(z)=+1—22.
(b) f(z)=vV1—-+v1—2a2
1 1
(© fo)= 2=+ 1o
(d) f(z)=v1—-a224++V22 -1

(e) fle)=vV1I—z++Vz—2.
Solution. (b) The domain of f(z) = /1 —+v1— 2?2 is the

set of all z such that #? < 1 (inside square root) and
V1—122 < 1 (outside square root). If z? < 1, then
0 <1-—22 <1, and then v/1—22 < 1. Therefore
the second inequality is a consequence of the first. The
domain of f is then the interval [—1,1]

(d) The domain of f(z) = /1 — 22 + /22 — 1 is the set of
all = such that 1 < 22 (first square root) and z? < 1
(second square root). Only the numbers © = 1 and
x = —1 satisfy both inequalities.

0

Problem 2. Find the following limits.

22 -1
(2) iLl z+1
23 -8
b) 1
(b) lim ——
3 _

(c lim 2 8
z—3 T — 2
(d) lim = —Y
oy T — Y
(e) lim —v,
y—r T — Y

(£) }lliox/a-i- f

Problem 3. In each of the following cases, find a § such

that |f(z) — L| < € for all z satisfying 0 < |z — a| < 4.
(a) f(z) =a% L =a™.

(b) f(x)=1/z;a=1,L=1.

(c) flx)=2*+(1/z);a=1,L=2.

(@) f(&) = [romria=0,L=0

(e) f(z) =+/]z];a=0,L=0.

() f(2) =V a=1,L=1
Proof. (b) If 0 < |z — 1] < min{1/2,¢/2}, then |z| — 1 <
[z —1] < 2 and thus |z| > 7 Therefore, taking § =

min{1/2,¢/2},if 0 < |z — 1] < §, then

1_1‘ _ 1— x|
< 2
- 1/2

(f) Note that |z—1| = |\/z—1||/z+1| and that |\/z+1] > 1
for all z. Given € > 0, take § = ¢. If |z — 1| < §, then

Wa—1 ==

Problem 4. Suppose that f(z) < g(z) for all z.

(a) Prove that lim f(z) < lim g(z) provided that these lim-

its exist.

(b) If f(x) < g(z) for all x, does it necessarily follow that
lim f(z) < lim g(x)? (Explaln.)
r—a r—a

Solution. (a) Let lim f(x) =L and lim g(z) = M. Sup-

pose that it is false that L < M. Then take e = (L —
M) > 0 and obtain § so that, for all z, if 0 < [z —a| < 4,

then
[f(x)—L| <e and |g(x) — M| < e.
It follows that for all z, if 0 < |x — a| < ¢, then
L-M L—-M
— L—
5 <L-fla)<——,
and L-M L-M
B <glx)—M< 5

Combining these inequalities

—(L-M)<g(x)— flz)+ (L-M)<L—-M,

or
—2(L = M) < g(x) — f(z) <0,
> f().
(c) Take f(z) =0if z # 0, f(0) = —1, and take g(x) = 2.
Then g(z) > f(x) for all , but

lim f(z) = lim g(z) = 0.

x—0 z—0

which contradicts the hypothesis g(x)

O
Problem 5. (a) If lim f(z) and lim g(z) do not exist, can

lim [ f(z) + g(z)] or ilg}l(f - g)(x) exist?

Tr—a
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(b) If lim f(z) exists and lim [f(x)+ g(z)] exists, must

r—a

lim g(z) exist?
r—a

(¢) If lim f(z) exists and lim g(z) does not exist, can

r—a r—a

g}liré [f(z) + g(z)] exist?

(d) If lim f(x) exists and lim f(z)g(x) exists, does it follow
r—a r—a
that lim g(x) exists?

r—a

Solution. (a) Yes. For the sum, let f(z) = 1/(z — a) and
g(x) = —=1/(z — a), for © # a. Neither f nor g have
limit when z — a. But f + g = 0 which has limit 0
when  — a. (If you want to have f and g defined at
a, then make f(a) = g(a) = 0; this is irrelevant for the
existence of limit at a.)

For the product, let
-1, z<a
o ={ |

, r>a

and g(x) = f(z). Then f and g have no limit when
x — a; but f-g(xz) =1 for all z, which has limit equal
to 1 when z — a.

(b) Yes, applying the algebra of limits (Corollary on page
76 of textbook) to f + g and —f, because f(x)+ g(x) —
f(x) = g(=).

(¢) No, by (b).

(d) Not necessarily. From page 91-92, take f(z) = =,

1 . . .
g(x) = sin e Then ili%f(x) =0 and ilg})zsmg =0

1
(page 92) both exist, but lim sin — does not exist.

x—0 x
Another example: take f(x) = z—a and g(z) = 1/(x—a)
for x # a. Then lim f(x) =0, lim f(z)g(x) =1, but

lim g(z) does not exist.

Tr—a

O

Problem 6. (a) Suppose that lir% f(z) exists. Prove that
€Tr—
if g is any function such that hH%) g(z) does not exists,
xTr—

then 1ir% [f(z) + g(z)] also does not exist.

(b) Suppose that lirr%) f(z) exists and is # 0. Prove that if g
€Tr—
is any function such that lir% g(z) does not exists, then
xr—

lin}J [f(x) - g(z)] also does not exist.

Problem 7. Define lim f(z) = co to mean that for every N

there is a ¢ > 0 such that, for all z, if 0 < |z — a| < §, then
1
f(z) > N. Prove that lim ——= = cc.

r—3 (;C — 3)2

Solution. Given N, let 6 = If0 < |z —3| <4,

1
V1+|N|

1 1
—>==1+|N|>N.
(3773)2>52 +|N| >

then

(The reason for taking such d, instead of the obvious choice
1/V/N, is that we don’t know that the given N is > 0.) [

Problem 8. Prove that if lirr%]f(x)/x = L and b # 0, then
lir% f(bx)/z = bL.

Solution. We must show that given ¢ > 0 there existsa d > 0
such that if 0 < |z| < 4, then

’f(zx)—bL’<s

Note that

20 | 201 .
x bx

Because lir% f(x)/z =L, for &1 = €/|b] > 0 there exists
01 > 0 such that if 0 < |z| < 41, then

f(z)

—L’<€1=
x

m .

Take §d = 61/[b]. If 0 < |2| < 6, then 0 < |bx| = |b||z| <

|b|6 = 61, and so
‘f(bl") —bL‘ _ )b<f(b$) _L>’
x bx
f(bx)
— |2
LR e

< |bles (because 0 < |bx| < d71)
= [ble/[b]
= e

O

Problem 9. (You must show that your example satisfies the
required property.)

(a) Find a function f : R — R which is continuous except
at the integers.

(b) Find a function f: R — R which is continuous only at
0.

(¢) For each number p, find a function which is continuous
at p, but not at any other points.

(d) Find a function f: R — R which is discontinuous at 1,
1/2, 1/3, ... but continuous at all other points.

(e) Find a function f : R — R which is discontinuous at
1, 1/2, 1/3, ..., and at 0, but continuous at all other
points.

Problem 10. (a) Suppose that f is a function satisfying
|f(z)] < |z| for all . Show that f is continuous at 0.

(b) Give an example of such a function f which is not con-
tinuous at any a # 0.
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(¢) Suppose that g is continuous at 0, g(0) = 0, and f is a
function satisfying |f(x)| < |g(z)| for all z. Show that
f is continuous at 0.

Solution. (a) If |f(x)| < |z| for all x, then |f(0)| < |0] =0,
so f(0) =0. Given e > 0, let § =¢. If |z| < 4, then

[ @) = [£(O)] =

F@) < Jal <6 =e.
(b) An example is given on page 114, namely,

| x, = rational
flz) = { 0, = irrational

O

Problem 11. (a) Prove that if f is continuous at p, then
so is |f].

(b) Give an example of a function f such that f is continu-
ous nowhere, but |f] is continuous everywhere.

(¢) Prove that if f and g are continuous, so are max{f, g}
and min{f, g}

Problem 12. (a) Prove that if f and g are continuous,
then sois f +g.

(b) Prove that if f and g are continuous, then so is f - g.

(c) Give an example of two functions f and g, both discon-
tinuous at 0, whose sum is continuous at 0.

(d) Give an example of two functions f and g, both discon-
tinuous at 0, whose product is continuous at 0.

Solution. (c) Let f(x) = —1 is x is rational and f(z) =1 if
x is not rational. Let g = f. Then (f+g)(z) = 0 for all
zand (f-g)(z) =1 for all .

O
Problem 13. (a) Suppose that lim f(z) = a # 0. Prove
T—p
1 1
that lim —(x) = —.
z—p a

(b) Let r(x) = pEﬂﬁg be a rational function, where p(z) and
q(z
g(z) are polynomials in z. Prove that r is continuous at
all « such that g(z) # 0.

Solution. Use algebra of limits (Corollary on page 76). O
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