Math 350. Spring 2009

Homework 5 Solutions

Problem 1. Verify that the following functions are distances
on the set R? = R x R of ordered pairs of real numbers.

(a) d((z1,22), (y1,92)) = V]w1 — i + |2 — o[ (this is
called the standard metric).

(b) di((w1,72)), (y1,92)) = |21 — y1| + |22 — Y2l-
(¢) doo((w1,22)), (y1,92)) = max{|z1 — y1],|r2 — Y|}

(d) de((z1,22)), (y1,92)) = |z2| + |y2| + |21 — v1] if 21 # v,
and = |.132 — y2| if r1 = Y1-

Problem 2. Prove that the subset of R? given by {(x1,z2) |
x1 > 3} is open in R? with the standard metric.

Solution. Let S = {(x1,x2) | x1 > 2}, and let p = (a1, a2)

a1 —a
! 2,thenr>0

V2

with a3 > ag be any point in S. If r =
and the ball B(p,r) C S.

O

Problem 3. Prove that the subset of R? given by {(x1,z2) |
1wy = 1,21 > 0} is closed in R? with the standard metric..

Solution. Let S = {(x1,22) | 122 = 1,27 > 0}. You may
prove that S is closed in a variety of ways: by proving that
the complement CS is open, or by using some of the theorems
that characterize closed sets. For example: a set S is closed
if and only if whenever a sequence pi,pa,--- of points in S
converges to a point p, then p is in S.

If p, = (zn1,%n,2) is a sequence in S and p,, converges
to p = (x1,x2), then the two coordinate sequences satisfy

lim z,; = 1 and lim x,2 = z2. Since each p, is in 5,
n—oo n—oo

its coordinates satisfy x, o = 1/, and x,, 1 > 0. Therefore
the limit $ lim 2} = x; > 0. If 2; = 0, then the sequence

n—oo

Tn,2 = 1/x,1 will not be bounded, and thus could not be
convergent. Thus we have x1 > 0. By the algebra of limits,

zg = lim
n—oo
1
= lim —
n—oo Ty, 1
1
= o
Therefore, the limit p = (21, 22) is in S. O

Problem 4. For each of the three distance functions
di,dso,d. in Problem 1, sketch the open ball with center
the origin (0,0) and radius 1.

Solution. For the distance d; and the distance d.:

O

Problem 5. Prove that the open balls with center (0, 0) and
radius 1 for the metrics d; and do in R? are open set for
the standard metric on R2.

Problem 6. A point p is an interior point of a set S if p is
the center of a ball contained in S, that is, if there is r > 0
such that the ball B(p,r) C S. The set of all interior points
of § is called the interior of S, and denoted by int(S) or S°.
Prove that for any set .S, the interior S° is the largest open
set contained in S. That is:

(a) S°C S,
(b) S° is an open set, and that
(¢) if U C S is any open set, then U C S°.

Solution. (a) If p is in S°, then there is a ball B(p,r) C S.
Hence p € S because p € B(p, ).

(b) Let p be a point in S°. We must show that there is
a ball with center p that is contained in S°. We know
that because p € S°, there is a ball B(p,r) C S. We
claim that in fact, every point in B(p,r) is an interior
point of S. Indeed, if ¢ is in B(p,r), then the distance
d(p,q) < r, and the ball B(q,r —d(p,q)) C B(p,r) (this
was done in class; use the triangle inequality).
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(¢) Suppose that U C S is open. If p in in U, there is a
ball B(p,r) C U, by the definition of open set. But
B(p,r) € U C S make p be an interior points of S.
That is, U C S°.

O

Problem 7. A point p is a boundary point of a set S if any
ball with center p intersects both S and its complement. The
boundary of a set S is denoted by 0S. Find the boundary of
the following subsets of R: (a) R; (b) The rational numbers
Q; (¢) [0,1); and (d) N.

Solution. (a) Since the complement CR = @, the boundary
OR = @; (b) 0Q =R; (¢) 9]0,1) = {0,1}; and (d) N. O

Problem 8. The closure of a set S is the union of S and its
boundary 9S. The closure of S is denoted by S~ or cl(S5).
Prove that the closure of a set S C R" is the smallest closed
subset of R™ which contains S.

Solution. By definition, the closure of S is S~ = S U 0S5,
hence S~ contains S.

We show that S~ is closed. Let p be point in of 95~ , the
boundary of S~. Then every ball around p intersects S~ and
its complement C(S™). Hence there is a sequence (x,,) in S~
such that |z, —p| < 1/n for all n. Because x,, is in S~ there
is y, in S such that |y, — z,| < 1/n. Then, by the triangle
inequality, |y, — p| < |yn — Tn| + |2n — p| < 2/n. Thus p is
in S~ because the (y,,) is in S and converges to p.

We show that S~ is the smallest closed set containing S,
that is, if 7" is closed and S C T', then S~ C T. Assume this
was not the case. Then there is p in S~ which is also in T°.
In particular, p is not in S. Moreover, since T is open, there
is a ball around p which is completely contained in 7°. This
ball cannot intersect S because S C T, and this p cannot be
a boundary point of S. Hence p is not in SUJS = S, a
contradiction. O

Problem 9. Prove that pq,ps,ps,--- in a metric space con-
verges to a point p if and only if the sequence of distances
d(p1,p),d(pa,p), - converges to 0.

Problem 10. Prove that if limp,
{p,p1,p2,p3,- -} is closed.

= p, then the set

Solution. Let S = {p,p1,p2, -+ }. We prove that S is closed
by proving that its complement is open. If ¢ € CS, then
p # q and the sequence pp,ps,--- cannot converge to ¢
because sequences can converge to one point at most. By
Problem 9, the sequence of distances d(p,p,) — 0, Since

d(p,q) — d(pp,p) < dPn,q) < d(p.q) + d(py,p) we have
that lim d(p,,q) = d(p,q) > 0. Therefore, there is an

d(p,q)

N such that d(pn,q) > —5 for any n > N. Let

r = min{d(p1,q), - ,d(pn,q),d(p,q)/2}. Then r > 0 be-

(b) Prove that p is a cluster point of a set S C R™ if and
only if every ball about p contains infinitely many points

of S.

Solution. The cluster points of S are 0,1,1/2,1/3,.... In-

lim — + —, and 0 =

deed, each of the numbers — =
n n—oon M

In each case the point is limit of a sequence

whose terr?ls are all in S and are distinct from the point
itself.

We prove that those are the only cluster points of S.
Suppose that « # 0,1,1/2,--- is an cluster point of S.
Then there is a sequence (s,) in S such that s, converges
to z and s, # x for all n. Each s, = 1/p, + 1/q, for
some natural numbers p, and g,, with p, < g,. If the
sequence (g,) is bounded above, then so is the sequence
Pn, and thus there are natural number p and ¢ such that
pn = q and ¢, = q for infinitely many n’s. This implies that
$n = 1/p+1/q for infinitely many n’s. Since a subsequence of
a convergent sequence converges to the same limit, this forces
s$n = 1/p+ 1/q = « for infinitely many n, which is a con-
tradiction. Thus g, has a subsequence g,, which is strictly
increasing, hence such that 1/¢,, converges to 0. If the cor-
responding subsequence of natural numbers (p,,, ) is bounded
above, then it has a constant subsequence p,,, = p for some
natural number p, which implies that s,,,, converges to 1/p,
and thus that = 1/p, again a contradiction. Therefore p,,
has a strictly increasing subsequence p,,,,, which implies that
Sn,,, and thus s,, converges to 0, also a contradiction. O

Problem 12. (a) Let a,, be a bounded injective sequence
of real numbers. Prove that if p is the only cluster (ac-
cumulation) point of the set A = {a, | n in N}, then
the sequence a,, converges and nl;ngo an = p.

(b) Show by a counterexample that this property is not true
for unbounded sequences.

Solution. (i) Suppose that a, does not converge to p. Then
there is € > 0 such that for every natural number k, there
is mp > k such that |a,, —p| > . The sequence (ay,) is
a subsequence of (a,) and thus it is bounded. Therefore it
has a subsequence (a,,,) which converges to a point q #
p (because |a,,, — p| > €). Because the sequence (a,) is
injective, all elements of this subsequence are distinct and
therefore ¢ is an cluster point of the set A.

Note. If “injective” is not assumed, then (i) may not be
true. Let a, = 1 is n is odd and a, = 1/n if n is even.
Then the set A = {a,} ={1,1/2,1/4,1/6,--- } has only one
cluster point, namely 0, but the original sequence a,, does
not converge to 0 (or to any other number).

(ii) Let a, = n if n is odd and a,, = 1/n if n is even. The
sequence (a,) is unbounded and 0 is the only cluster point

cause p, # ¢, and the ball B(q,r) N S@. O of the set A = {an} = {1,1/2,3,1/4,5,1/6,--- }. =
Problem 11. (a) Find all the cluster (accumulation)
1 1
points of the set S = { + — | n and m in N}
n.m
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