Math 311. Handout 9. 10/1/08 Name:

Regular polygons Regular polygons with three sides (equilateral triangler sides (square), and six sides are
easy to construct.

1 (Square) To construct a square inscribed in a circle, draw two perfmenar diameters to the given circle. These
diameters will intersect the circle at the vertices of theasg.

2 (Hexagon) To construct a regular hexagon inscribed in a ci©fe (a) draw the circleB®, (b) let A andC be the
points of intersection o®® and B (c) with the point of the compass @t draw the circleC®, obtaining a new point
D (d) with the point of the compass Bt, draw the circleD®, obtainingE, and (e) with the point &, draw the circle
E©, obtaining a new poink.

The pointsA, B, C, D, E, andF are the vertices of the required regular hexagon

3 (Equilateral triangle) To construct an equilateral triangle inscribed in circlestfronstruct and inscribed regular
hexagon with verticed, B, C, D, E, andF. ThenA, C andE (for example) are the vertices of an inscribed equilateral
triangle.



ThePentagon There are several methods of constructing a regular pentagh ruler and compass.

4. Given a circle with cente® throughA, follow these steps to construct a regular pentagon insdribO”.
(a) LetAB be the diameter d®” throughA.
(b) LetE be the midpoint 0DA.

(c) LetF be a point of intersection d* and the perpendicular taB at O. (This pointF is the first vertex of the
pentagon.)

(d) LetG be the intersection oAB andEF.
(e) The circleF® meets circlgD* at two new vertice$d and| of the required pentagon.

(f) Draw two circles with centersl andl and with the same radiusG to find the last two vertices of the required
pentagon.



5. The construction performed in Problem 4 produces the fatigwigure. We will compute the length of segment
FH. The radius of the circl®” = OB is 1, thus its diametehB = 2.
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(a) Use the Pythagorean TheoremaDEF to prove that-E = .

V5-1

(b) Prove thaOG = 5

|%

(c) Use the Pythagorean TheoremaBOF and the value o©G found in (b) to obtairFG =




6. The next construction of a regular pentagon inscribed imckecis somewhat similar, but it has the distinctive feature
of using only a compass. This is mentioned for historicabogs, as it was a long standing problem to determine if
every construction that could be performed with ruler anahpass could also be performed with compass alone. This
problem was eventually solved by the Italian geometer Masmhi (1750-1800). The related problem, whether it
is possible to perform all “ruler and compass” construcgieould also be performed with ruler only, has a negative
answer.

In order to construct an inscribed regular pentagon withgass alone, we take as given a cir€¥, with center
O and passing througB. The perform the following steps.

(a) Draw the circleB°, with centerB passing througlo.

(b) LetAandC be the points of intersection & andOB.

(c) Draw the circleCO. This circle intersect®©® in B and in a new poinD.

(d) Notice thatA, B, C, andD are consecutive vertices of a regular hexagon inscribeldeircleOB.

(e) Draw the circle withA andD as centers andC as radius. LeX be one of the points of intersection.

() The lineOX and the circléD® meet at point§ andK, with F being the midpoint oBC.
(g) Draw circleF©, meetingO® atG andH.
(h) LetY be the point at distand®X from bothG andH and which is separated froX by O.

(i) The length of the segmetY is equal to a side of the required inscribed regular pentagon



Other regular polygons It turns out that the next regular polygon in the list, namehe heptagon, cannot be
constructed with ruler and compass alone. This was diseovey Gauss (1777-1855) when he was just 19 year old.
In fact, he completely determined precisely which reguataided polygons can be constructed with ruler and compass
alone. To explain the content of Gauss Theorem, we need &l @éne number (a whole number 1 which has no
other factors but 1 and itself, and a peculiar family of primenbers called Fermat primes. Fermat primes are prime

numbers of the fornfFy = 22 + 1, wherek = 0,
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1,2,--- The first Fermat prime numbers are

224+1=2"+1=3

21 2

22 +1=2°+1=5

2 +1=2"4+1=17

22 +1=284+1=257
22 +1=2%41=65537

The next number in the lidts = 22° 1+ 1 = 4294967297 is not prime.

Theorem 1 (Gauss) A regular n-sided polygon can be constructed with ruler and compass aloneif and only if all the

odd prime factors of n are distinct Fermat primes.

7. List all the regular polygons with up to 100 sides which carcbestructed with ruler and compass alone.



8. I was taught in high-school the following construction oegular polygon witm sides inscribed in a given circle.
Here we consider the case of a heptagos,7.

(a) Given circleO?, draw circle from the points of intersection 6f* andOA to find pointX. Then divide diameter
throughA into n equal parts (in this casa,= 7).

(b) Find the poinB where the the ray fronX and through the second point in the diameter meets the acld@he
point B is one vertex of the required polygon (in this case, heptagod the segmemAB is one of the sides of
the required polygon.

A
B
X

(c) Find the next vertex by intersecting the circle with @ and radiusAB with the circleO?, and so on.




