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Abstract

Given a weighted graph G = (V, E) and a subset U of V, we define several graphs with
vertex set U in which two vertices are adjacent if they satisfy a specific proximity rule. These
rules use the shortest path distance in G and generalize the proximity rules that generate
some of the most common proximity graphs in Euclidean spaces. We prove basic properties

of the defined graphs and provide algorithms for their computation.
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1 Introduction

Consider a graph G = (V, E) whose edges have a positive associated weight, in which the focus
of a study is on a subset U of the nodes. Suppose that we have to decide which elements of U are
close to other elements of U within the graph, or we must find a suitable subgraph that spans
the elements in U, or we have to describe the relative positions in the network of the elements
of U. This is nothing else than describing the proximity relations of U as a substructure of the
network.

A logical option to be carefully explored in this setting is to adapt or mimic geometric prox-
imity graphs, which have been successful in metric scenarios, particularly the Delaunay family
of graphs. This is the scope of this paper. To provide notions of closeness, we use general-
izations of the nearest neighbor graph, the minimum spanning tree, the relative neighborhood
graph, the Gabriel graph, and the Delaunay graph. These generalizations use the shortest path
distance along the edges of G. We systematically study the relations among these graphs, their

computation in terms of the nodes and the network itself, and the fundamental variations that
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arise when only the vertices of the input graph are taken as generators for the influence regions,

or when arbitrary points on the edges may also play this role.

Motivation. Nowadays, many complex relation systems are represented as large networks.
In some cases, as in transportation networks or circuit layouts, they correspond to physical
situations in which a geometric framework is inherent or implicit. In others, the relationship
is essentially combinatorial; important representatives of this situation include the world-wide
web, social networks, commercial networks, and citation networks. Whichever the scenario,
handling these usually huge data sets has become crucial and requires combined efforts from
different fields, including in particular discrete mathematics and computer science [3].
Identifying communities, contrasting local characteristics with global properties within a
network, or developing data mining methods are among the basic tasks in network analysis.
In this context, measuring proximity among nodes is a key tool. Defining suitable notions of
closeness among vertices of a graph help to achieve several goals such as comparing similarity,
or finding clusters, spanning structures, or tools allowing good interpolation. The proximity
structures we define might also provide a way to simplify the original network and obtain new

graphs that retain some of its information.

Related work. Some variations of the problem we study have been considered before in the
literature. One of these variations is the case when the graph is purely combinatorial and the
distance between two vertices is the minimum number of edges of any path connecting them
[1, 11]. However, we find that this approach does not completely provide rich analysis tools.
Another related direction of research considers proximity inside an embedded geometric graph
while using regions of interaction that are defined in the full Euclidean plane [10, 14, 22].

A different situation arises when the network in embedded in a metric space. Here one may
consider the Voronoi diagram inside the network, focusing just on the nodes and the connections
or extending the implications of the resulting partition of the graph to the surrounding space.
These situations nicely fit phenomena occurring alongside a network, or in its area of influence,
and have been intensively investigated as network Voronoi diagrams (see [17] and [18] for a
thorough description and multiple references) or from the viewpoint of time metrics [2, 19, 4]. If
the surrounding space is ignored and the focus is on a geometric or weighted graph, the Voronoi
partition is still a powerful analysis tool that has been repeatedly studied, as in [16, 7, 12].

Let us finally mention that the set U together with the shortest-path distance on G consti-
tutes a finite metric space. Therefore, our problem may be seen as a particular case of proximity
graphs defined on general metric spaces. However, to the best of our knowledge, the precise topic
of our work has not been systematically investigated and only a couple of definitions and easily-
derived relations among the proximity graphs have been established (see Section 4.5 in [23], and
also [13]).



2 Definitions and Notation

We deal with a pair of a connected and edge-weighted graph G = (V, E) and a subset U C V.
For simplicity, we write G = (V, U, E) and we define |V| = m, |U| = n, and |E| = e. The edge set
FE can be considered as a set of interior disjoint, continuous curves in a suitable ambient space.
Each edge e = (v1,v2) with (positive) weight w(e) is isometric to the interval [0, w(e)], and its
endpoints are v; and vy. The shortest path distance together with the edge set constitutes a
metric space, and we also refer to this metric space as G. When we speak of a point of G
we refer to either an endpoint or an interior point of an edge. The distance between a pair of
vertices of G as a metric space corresponds to the distance in G as a weighted graph, with the
gained advantage that we may extend this definition to points in the interior of edges. The
distance dg(p,q) between two points p and ¢ of G is thus the minimum over the weights of
all paths connecting p and ¢ in G. The closed disk Dg(p,r) is defined as the set of points ¢
of G for which dg(p,q) < r. If i # j, we say that u; € U is a nearest neighbor of u; € U if
da(uj,ui) < dg(uj,uy) for all vertices uy, € U different from wj. A midpoint of two points p and
g of G is a point m on one of the shortest paths from p to ¢ such that dg(m,p) = dg(m,q). We
denote the set of midpoints of p and ¢ by Ma(p, q).

When using empty regions, such as disks, as proximity criteria in G two main variations
arise, since we might allow these disks to be centered at any point of GG, or restrict their centers
to lie only on vertices of the graph, as in [11, 1]. Moreover, the definition of certain regions
of interference such as the Gabriel disk might depend on the multiplicity of paths or distances
in G. Degeneracies that occur in the standard geometric case, such as non-uniqueness of the
nearest neighbor, also generate several possibilities. For the sake of clarity we first present the
situation where there are essentially no degeneracies (Sections 3-5). In Section 6 we drop the
non-degeneracy assumptions and extend our results to the general setting.

More precisely, in Sections 3, 4, and 5 we consider the case where the following non-

degeneracy assumptions are satisfied:
(USP) Unique Shortest Path: for all u;, u; € U, the shortest path connecting u; and wu; is unique;

(NIT) No Isosceles Triangles: there do not exist three distinct vertices u;, u; € U, v € V —U such
that dg(v,u;) = dg (v, uj);

(NRD) No Repeated Distances: there do not exist vertices v;,v; € V, u;,u; € U such that
dg(vi,u;) = dg(vj, u;) and v; # u;;

(DLP) Different Length Paths: all paths in G connecting distinct nodes in V' have different
lengths.

Obviously, the previous assumptions are not independent (DLP implies USP, NIT, and
NRD; NRD implies NIT), but considering them separately allows us to clarify and provide a
more precise description of the scenario. In Section 6, we extend the results from Sections 3-5

to the general case where USP, NIT, NRD, and DLP are not necessarily satisfied.



Figure 1: A graph G and the nearest neighbor graph of U in G. The black vertices belong to U,
while the white vertices belong to V' — U. The edges of G are solid and the edges of NNG(U; G)
are dashed. The weight of the edges of G corresponds to their length.

We now adapt several known definitions to proximity structures in graphs G = (V,U, E).

Definition 2.1. The nearest neighbor graph of U in G = (V,U, E), denoted by NNG(U; G), is
the graph H = (U, F) such that (u;,u;) € F if and only if u; is one of the nearest neighbors of

u; in G. See Figure 1 for an example.

Definition 2.2. A minimum spanning tree of U in G = (V,U, E) is a tree T' = (U, F’) such that
the sum of dg(u;, u;) over all edges (u;,u;) € F is minimal. The union of the minimum spanning
trees of U in G, denoted by UMST(U;G), is the graph consisting of all the edges included in

any of the minimum spanning trees of U in G.

If NRD holds, all distances between vertices in U are different. This in particular implies
that each vertex in U has exactly one nearest neighbor and that the minimum spanning tree of

U in G, denoted by MST(U; G), is unique.

Definition 2.3. The relative neighborhood graph of U in G = (V, U, E), denoted by RNG(U; G),
is the graph H = (U, F') such that (u;,u;) € F if and only if there exists no vertex u; € U such
that da(ug, wi) < da(us, uj) and dg(ug, uj) < da(ui, uyj).

We propose two basic ways of generalizing the Gabriel graph and the Delaunay graph. One
of them (the free versions) models continuous situations and allows to center the disks at any
point of G, while the other (the constrained versions) models discrete situations and requires

that disks are centered at vertices of G.

Definition 2.4. The free-one Gabriel graph of U in G = (V,U, E), denoted by GG (U; G), is
the graph H = (U, F) such that (u;,u;) € F if and only if there exists a point p € Mg (u;, u;)
such that no vertex uy € U (uy # u;,u;) satisfies dg(p, ur) < da(p, w;).
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Definition 2.5. The free-all Gabriel graph of U in G = (V,U, E), denoted by GG, (U;G), is
the graph H = (U, F) such that (u;,u;) € F if and only if, for each p € Mg(u;,u;), no vertex
up € U (ug # wi, uj) satisfies dg(p, ug) < dg(p, ui).

If USP holds, the two definitions coincide and we denote the graph by GG¢(U; G).

Definition 2.6. The constrained-one Gabriel graph of U in G = (V, U, E), denoted by GG1(U; G),
is the graph H = (U, F') such that (u;,u;) € F if and only if there exists a closed disk Dg(v,r)
enclosing u; and u; and no other vertex from U, where v € V and r = miny,eyv{p | Dg(w, p)

contains both u; and w;}.

Definition 2.7. The constrained-all Gabriel graph of U in G = (V, U, E), denoted by GG, (U; G),
is the graph H = (U, F') such that (u;,u;) € F if and only if every closed disk D¢ (v, ) enclosing
u; and u; does not contain any other vertex of U, where v € V and r = minyev{p | Da(w, p)

contains both u; and w;}.
If NRD holds, the two definitions coincide and we denote the graph by GG.(U;G).

Definition 2.8. The Voronoi region of a vertex u; € U is the set of points p of G such that
dg(p,u;) < dg(p,u;) for all vertices u; € U different from w;. The Voronoi diagram of U in
G = (V,U, E), denoted by VD(U; G), is the decomposition of G into the Voronoi regions of the

vertices of U.

Definition 2.9. The free Delaunay graph of U in G = (V,U, E), denoted by DG¢(U; G), is the
graph H = (U, F') such that (u;,u;) € F' if and only if there exists a closed disk Dg(p,r), where

p is a point of G, containing u; and u; and no other vertex from U.

Definition 2.10. The constrained Delaunay graph of U in G = (V, U, E), denoted by DG.(U; G),
is the graph H = (U, F') such that (u;,u;) € F if and only if there exists a closed disk Dg(v, ),

with v € V, containing u; and u; and no other vertex from U.

3 Inclusion Sequence

As in the case of the corresponding proximity graphs in Euclidean spaces, the graphs just defined
satisfy some inclusion relations. In this section we show which proximity graphs are subgraphs

of which other proximity graphs assuming USP, NIT, and NRD.

Lemma 3.1. For each graph G = (V,U, E) we have NNG(U;G) C MST(U;G) C RNG(U; G) C
GGt (U;G) € DG (U; G).

Proof. The proofs are analogous to those for proximity graphs in Euclidean spaces and, in
some cases, the more general theory of proximity graphs defined in metric spaces applies (see
Section 4.5 in [23]). It should be noticed that the inclusion RNG(U;G) C GG¢(U; G) relies on
the assumption of NIT (see Theorem 6.1). X
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Figure 2: Example graphs; the black vertices belong to U, while the white vertices belong to
vV -U.

Lemma 3.2. For each graph G = (V,U, E) we have NNG(U;G) C DG.(U; G).

Proof. Let (u;,u;) be an edge of NNG(U; G), where u; is the nearest neighbor of u;. The
closed disk D¢g(u;,r), where r = dg(u;, uj), contains no vertices from U different from u;, u;.
Thus (ui, uj) € DG.(U; G). X

Lemma 3.3. For each graph G = (V,U, E) we have GG.(U;G) C DG.(U;G) C DG¢(U; G).

Proof. Tt follows from the definitions of GG.(U;G), DG.(U; G), and DG¢(U; G). X

Lemma 3.4. There exist graphs G1 = (V1,U1, E1), Go = (Va,Us, E2), and Gs = (V3,Us, E3)
fOT‘ which NNG(Ul;Gl) §Z GGC(Ul;Gl), GGC(UQ;GQ) §Z GGf(UQ;GQ), and MST(Ug;Gg) §Z
DG.(Us; G3).

Proof. Let G1 be the graph on Figure 2a. The graph NNG(U;; G1) contains the edges (a,b)
and (a,d) while GG.(U;;G1) only contains the edge (a,d). This proves that there are cases
in which NNG(U; G) ¢ GG¢(U;G). To see that GG.(U;G) C GG¢(U;G) does not hold in
general, let G2 be the graph on Figure 2b. We have that GG.(Usz; G2) contains the edge (a,b)
whereas (a,b) & GG¢(Uz; G2). Finally, if G3 is the graph on Figure 2c, MST(Us; G3) contains
the edge (b,e) but DG.(Us; G3) does not. Thus there exist graphs G = (V,U, E) such that
MST(U; G) ¢ DG.(U;G). X

These lemmas are sufficient to prove the following theorem:

Theorem 3.5. The inclusion relations among all classes of proximity graphs are shown in
Table 1. The symbol C means that the inclusion is satisfied for all graphs G, and ¢ means that

there are graphs G for which the inclusion is not satisfied.

It is not difficult to produce examples proving that all inclusions in the table are proper, in
the sense that there exist graphs G for which the corresponding proximity subgraph does not

coincide with its supergraph.



Table 1: Inclusion relations among proximity graphs assuming USP, NIT, and NRD.

MST | RNG | GG. | GG¢ | DG, | DG¢
NNG C C 04 C C C
MST C 04 C s C
RNG £ | c | &£ | ¢
GG, ¢ C -
GGy 4 C
DG, C

4 Geometric and Combinatorial Properties

In this section we study geometric and combinatorial properties of the previously defined prox-
imity graphs. We start by proving that the free Delaunay graph is the dual graph of the Voronoi
diagram, and by showing the consequences of this result on the combinatorial complexity of
the graphs under study. Then we deal with two important particular cases, namely, when G
is planar and when G is a tree. Finally, we characterize the graphs that are isomorphic to a

proximity graph of another graph.

Remark 4.1. Consider G = (V,U, E) and assume that NIT is satisfied. If a point p is in the
intersection of the Voronoi regions of two vertices u; and u;, then p is a point on an edge of G.
Moreover, one of the endpoints of this edge belongs to the Voronoi region of u; and the other
one belongs to the Voronoi region of u;. So if ¢ is a point in the intersection of a different pair
of Voronoi regions, then p and ¢ are on different edges of G. In particular, the intersection of

three Voronoi regions is empty.

We define the dual graph of the Voronoi diagram of G = (V,U, E) as the graph with vertex
set U and edges connecting two vertices if and only if their Voronoi regions share a point of G

that does not belong to the Voronoi region of any other vertex in U.
Proposition 4.2. Let G = (V,U, E) be a graph. Then DG¢(U; G) is the dual graph of VD(U; G).

Proof. 1If the Voronoi regions of two vertices u; # u; € U intersect in a point y that is not
in the Voronoi region of any other vertex in U, then the closed disk D¢g(y,r), where r is the
distance from y to u;, contains w;,u;, and no other vertex from U. Thus (u;,u;) is an edge of
DGt(U; G).

Inversely, let us assume that there exists a disk Dg(z,7), where = is a point of G, con-
taining only two vertices of U, u; and w;. If dg(x,u;) = dg(z,u; ), then z lies in the Voronoi
regions of u; and u; (and does not lie in the Voronoi region of any other vertex from U). Oth-
erwise assume that dg(x,u;) > dg(z,u;). Since dg(uj, uj) < dg(uj,u;) and the distance in G
is a continuous function, there exists a point z’ in the shortest path from z to u; such that

da(2',uj) = dg(2’,u;). If we define v’ = dg(2’,u;), we have that Dg(a’,r’) is contained in



D¢(z,r) and has u; and u; on its boundary. Hence 2’ lies in the Voronoi regions of u; and u;

(and does not lie in the Voronoi region of any other vertex from U). X

The previous proposition is a key tool to prove other results of interest, such as the following:

Corollary 4.3. Let G = (V,U, E) be a graph. The number of edges of NNG(U; G), MST(U; G),
RNG(U; G), GG.(U;G), GG¢(U; G), DG.(U; G), and DG¢(U; G) is at most e.

Proof. Let (u;,uj) be an edge of DG¢(U; G). By Proposition 4.2, the Voronoi regions of u;
and u; intersect at a point p of G such that dg(p,u;) = da(p,u;) < dg(p,uy) for all vertices
up € U different from u; and u;. By Remark 4.1, p is a point on an edge of G' and this edge
does not include any other point on the intersection of the Voronoi regions of two vertices in U.
The number of edges of DG¢(U; G) is therefore less than or equal to e.

Since, for all other classes, the proximity graph on G is a subgraph of DG¢(U; G), their size
is also bounded by e. X

The next proposition shows that this bound is tight for RNG(U; G), GG¢(U; G), and DG¢(U; G),
and is tight up to a constant factor for GG.(U;G) and DG.(U;G).

Proposition 4.4. There exists a graph G = (V,U, E) such that RNG(U;G) = GG¢(U;G) =
DGt(U;G) = G. There also exists a graph G' = (V',U’, E') such that the number of edges of
GG (U';G") and DG (U';G") is €' /2. Furthermore, all of these prozimity graphs have ©(n?)
edges.

Proof. Consider two groups of n/2 vertices. Let U be this set of n vertices, V = U and G =
(V,U, E) be the complete bipartite graph on the two groups of vertices. The weights of the edges
of G are real numbers between 1 and 1.5, and can be assigned so that G satisfies DLP (and thus
USP, NIT, and NRD as well). In this situation RNG(U; G) = GG¢(U; G) = DG¢(U;G) = G,
and RNG(U; Q), GG¢(U; @), and DG¢(U; G) have n?/4 edges.

Now add vertices to G in such a way that there exists a vertex in V — U at the midpoint of
each edge, and break each edge coherently. Perturb these new vertices so that the graph still
fulfills DLP. Let G’ = (V',U’, E’) be the resulting graph. In this case the number of edges of
GG (U';G") and DG.(U'; G') is €' /2 = n? /4. X

We now consider the case where G = (V,U, E) is a planar graph.
Theorem 4.5. Let G = (V,U, E) be a planar graph. Then DG¢(U;G) is planar.

Proof. Consider a plane drawing of G. Let (u;,u;) be an edge of DG¢(U;G). By Proposi-
tion 4.2, there exists a point p of G' (not in V' by Remark 4.1) such that dg(p, u;) = dg(p, u;) <
dc(p, uy) for all vertices u, € U different from u; and u;. Draw the edge (u;,u;) by following
the union of a shortest path in G from wu; to p and a shortest path from p to u;. Note that each

point ¢ # p in a shortest path from u; to p is such that dg(q,u;) < dg(q,uy) for all vertices



uy, € U different from u;, and the same holds for u;. Draw all edges in DG¢(U; G) in this way
and suppose the graph has one crossing. Since G is planar, this crossing occurs in a vertex w of
V — U. Then, w belongs to two shortest paths, one from a point p; € G — V to a point u; € U
and the other from p, € G — V to u € U. Hence, dg(w,u;) < dg(w,u,) for all vertices u, € U
different from wu;, and dg(w, up) < dg(w,u,) for all vertices u,, € U different from wy. This yields
a contradiction.

Observe that an edge of G might be used in the drawing of several edges of DG¢(U; G). It is

easy to prove that, in this case, it can be duplicated in such a way that no crossings are created. X

Corollary 4.6. If G = (V,U, E) is a planar graph, then NNG(U; G), MST(U; G), RNG(U; G),
GG(U;G), GG¢(U;G), and DG¢(U; G) are planar.

We have just proved that the proximity graphs inherit planarity from the original graph.
Next we show that they also inherit acyclicity.

Theorem 4.7. Let G = (V,U, E) be a tree. Then DG¢(U;G) = MST(U; G).

Proof. As MST(U;G) C DG¢(U; G), it suffices to show that DG¢ does not contain any cycle.

Suppose that DGy contains a cycle ujug...wu; (3 <1 < n). By Proposition 4.2, the in-
tersection of the Voronoi regions of every pair of points w;, u;41 is non-empty; let p; ;41 be a
point belonging to this intersection. By Remark 4.1, the points p; ;41 are not in V', are pairwise
different, and satisfy that dg(psi+1,ui) = da(Piit1, vit1) < dg(Pii+1,ux) for all vertices u, € U
different from wu; and w;y1. For every vertex wu;, consider the union of the unique path in G
from p;_1; to u; and the unique path in G from w; to p;;+1. Let ¢; be the unique path in G
from p;_1; to p;i+1. Observe that this path is contained in the previous union. Since the paths
from p;_1,; to u; and from w; to p; ;41 are also shortest paths, each point ¢ in ¢; different from
pi—1, and p;iq1 is such that dg(q, u;) < dg(q,uy) for all vertices uy, € U different from u;. As
a consequence, two paths ¢; and c¢;, 7 # j, only intersect if j =4 4 1, and the intersection takes
place at point p; ;11. Thus the union of the paths ¢; is a cycle of G, contradicting that G is a
tree. X

Corollary 4.8. Let G = (V,U, E) be a tree. Then GG.(U;G) and DG.(U;G) are forests, and
RNG(U;G) = GG¢(U; G) = MST(U; G).

Next we give complete characterizations for those graphs that are isomorphic to a certain
proximity graph of another graph. Our results are motivated by the rich literature on character-
izations for the graphs that are isomorphic to (or can be drawn as) one of the usual proximity

graphs defined on a point set in the plane (see [15] for an excellent survey).

Proposition 4.9. If G = (V,E) is a graph, there exists a graph G = (V,U, E) such that
G = NNG(U;G) if and only if G is acyclic and does not contain isolated vertices.



Proof. On the one hand, any nearest neighbor graph does not contain isolated vertices
because every vertex is connected to its nearest neighbor. On the other hand, this proximity
graph is acyclic because it is a subgraph of the minimum spanning tree. This settles one of the
implications.

Now let us suppose that G does not contain cycles or isolated vertices. We define a new
graph G = (V,U, E) such that G 2 NNG(U;G). Let V.= U =V, E = E, and look at each
connected component of G as a rooted tree. Connect all pairs of roots of different trees. Assign
weights to the edges of G so that the nearest neighbor of each vertex different from a root is its

predecessor in its tree, and the nearest neighbor of a root is one of its successors in its tree. The
graph G satisfies G 2 NNG(U; G). X

The next characterization is straightforward.

Proposition 4.10. If G = (V,E) is a graph, there erists a graph G = (V,U,E) such that
G = MST(U,G) if and only if G is a tree.

Proposition 4.11. If G = (V,E) is a graph, there erists a graph G = (V,U,E) such that
G = RNG(U; G) if and only if G is triangle-free.

Proof. Suppose that there exists a graph G' = (V,U, E) such that G = RNG(U; G). Notice
that, for every group of three vertices in RNG(U;G), the edge connecting the furthest pair is
not in the graph. Thus RNG(U; G) is triangle-free and so is G.

Inversely, let V = U =V, E = E and assign to all edges in E the same weight. Consider two
vertices u;, u; in U. If their corresponding vertices in G are adjacent, they are relative neighbors
in G. Indeed, since G is triangle-free, no vertex in G is adjacent to both u; and uj, SO NO vertex
in U lies in the lens* defined by u; and uj; in G. If they are relative neighbors in G, no other
vertex of U lies in the shortest path connecting them, and thus their corresponding vertices in
G are adjacent. Notice that the graph G as described does not satisfy DLP, but this can easily
be fixed by applying an infinitesimal perturbation to the weights of its edges. X

Proposition 4.12. Let G = (V, E) be a graph. There exists a graph G = (V,U, E) such that
G =2 GG (U;G) = GG¢(U; G) = DG.(U; G) = DG¢(U; Q).

Proof. Let U =V, E = FE and assign to all edges in E the same weight. Add a new vertex
in V — U at the midpoint of each of the edges in FE, breaking them. Then G = GG (U;G) =
GG¢(U;G) = DG(U;G) = DG¢(U;G). Observe that G is degenerate, but the weights of its
edges can be slightly modified so that the graph satisfies DLP. X

“The lens defined by two points at distance d has been sometimes called lune in the literature, and it is the

intersection of the disks of radius d centered at the points.
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5 Algorithms

In this section we provide algorithms to compute each of the proximity graphs we have presented.

Algorithm for DG¢(U; G)

The Voronoi diagram of U in G = (V, U, E) can be computed in O(e+ (m —n)log(m —n)) time
using an algorithm proposed in [7]. As shown in Proposition 4.2, DG¢(U; G) is its dual graph,
so it can be computed scanning the bridges of VD(U; G), that is, the edges with the property

that the two endpoints belong to different Voronoi regions. This is done in O(e) extra time.

Algorithm for DG.(U;G)

Two different vertices u, v’ € U are adjacent in DG.(U; @) if and only if there exists a closed
disk Dg(v,r), with v € V, which is empty of points in U except for v and . If such a disk exists,
the two vertices in U closest to vertex v are u and u'. For each vertex v; in V, the algorithm
computes its two closest vertices u; and u} of U. Then the edges in DG.(U; G) are (u;,u}) for
all 4.

To find the two closest vertices in U of every vertex in V' we use a technique similar to that

in [7, 9, 18]. The sketch of the algorithm is as follows:

1. For each vertex u € U, initialize a tree T, rooted at u. For each vertex v € V, insert
into a min-priority Q two elements v!, v? with labels d(v!), d(v?) initially set to infinity
(except for the elements u!, where u € U, which are inserted with value d(u') = 0). The
parameters d(v!) and d(v?) will respectively store the lengths of the current shortest and
second shortest paths from v to any of the vertices in U, with the additional condition that

these two shortest paths lead to two different elements of U.

2. Extract the element v/ of Q with smallest label. Add it to T/, where v is the origin of
the path to v/ having length d(v7). For each neighbor t of v:

e If t! has not yet been extracted from @, update the labels of ¢! and ¢?, with the
restriction that the paths with lengths d(¢!) and d(¢?) must lead to two distinct

elements of U.

e If t! has been extracted from @ but t? has not, update the label d(¢?) if the new path

through v/ is shorter and v/ is different from the root of the tree containing ¢!.
3. Repeat Step 2 until @) is empty.

Our algorithm is very similar to the one presented in [9] to compute the k nearest vertices in
U of every vertex in V, which runs in O(min{ne +nmlogm, kmlogm+ kelogm}) time. So here
we omit further details of the steps of the algorithm and the proof of its correctness, which are
carefully given in [9], and we concentrate on the implementation details that allow to improve

the running time of the algorithm in [9].

11



Implementation of the Algorithm and Complexity

The min-priority queue @ is implemented via Fibonnacci heaps [8], so that the operations
INSERT, FIND-MIN, and DECREASE-KEY are done in O(1) amortized time, and the operations
EXTRACT-MIN and DELETE are done in O(logn) time.

For each element v/ of ), we store the parent 7(v7) that v has in the path of length d(v7),
and the element T'(v’) of U that is the origin of this path. We also make use of a table SP of
size m X 2 in which we keep track of the number of times an element has been extracted from ()
to be added to a tree, and of the trees to which the element has been added. Thus SP[v,j] =i
(7 = 1,2) means that, the j-th time that vertex v has been extracted from @, it has been added
to Ty,. It is worth pointing out that we do not actually need to store the trees because the only
information necessary to compute DG.(U; G) is given by table SP.

At each iteration of the algorithm, when processing a neighbor t of a vertex that has been
added to a tree, we follow the same steps as in [9], except for the following: If we find a shorter
path from ¢ to a vertex in U, we do not delete t? and/or t! from @ and reinsert them with new
sources T(t2) and/or T(t!), but we simply decrease the keys of ¢> and/or ¢! (which is done in
O(1) amortized time) and update the corresponding values of 7 (t?), 7(t!), T(t?), and T(t').

Let us finally analyze the complexity of the algorithm.

Since the only insertions into ) are done in the initialization step, and at the end of the
algorithm @ is empty, the total running time of the insertions and extractions is O(mlogm).

We must also account for the DECREASE-KEY operations. Let v be a vertex of V. The

associated vertices v’

, v2 might have their value in @ decreased only if one of the neighbors of v
in G is added to a tree, so at most 2§(v) times, where d(v) is the degree of v in G. This implies
that the total number of decrease operations in the algorithm is at most 8e. Since each of them
is done in constant amortized time, the total running time is O(e).

Regarding space, it is clear that the total space used by the algorithm is O(m + e).

Summarizing, we have proved

Theorem 5.1. For each graph G = (V,U, E) the graph DG.(U;G) can be computed in O(e +

mlogm) time and O(e) space.

Algorithm for GG;(U; G)

Recall that u;,u; € U are adjacent in GG¢(U;G) if they are the two closest vertices in U of
their midpoint. So we propose an algorithm that first computes the shortest path between every
pair of vertices in U and afterwards tests the previous condition. To do this last step, we scan
the shortest path in O(m) time to find its midpoint and then check whether the midpoint is
contained in a bridge between the Voronoi regions of the two vertices in U, which can be done
in constant time if the Voronoi diagram of U in G has been precomputed. Observe that, as
GGt(U; G) € DG¢(U; G), it suffices to test the edges in DG¢(U; G).

To compute all pairs (of vertices in U) shortest paths, we might distinguish two cases,

depending on the order of magnitude of the number of edges of G. As far as we know, the best
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algorithm for the case in which G is a sparse graph has an asymptotic cost of O(melog a(m,e)) in
the comparison-addition model (« denotes the functional inverse of Ackermann’s function) [21].
In this algorithm, after a preprocessing phase of cost O(mlogm), single-source shortest path
queries can be carried out in O(elog a(m, e)) time. Since we are only interested in shortest paths
between vertices in U, the total cost of the algorithm in our case is O(mlogm + neloga(m,e)).

If G is dense, the previous algorithms might be cubic. To the best of our knowledge, given
a dense graph G = (V, E), with |V| = m and |E| = e, the fastest algorithm to compute the
shortest paths between all pairs of vertices in V runs in O (m3 log? log m/ log? m) time in the
standard RAM model [5].

For practical purposes, we define
APSP(G) = O (min{mlog m + nelog a(m, e), m> log® logm/ log® m}) .
So we have:

Theorem 5.2. For each graph G = (V,U, E), the graph GG¢(U; G) can be computed in O(APSP(G)+

min{n? e}m) time.

Algorithm for GG.(U;G)

Given a pair of vertices u;,u; € U, there is a straightforward way to know whether (u;,u;) is an
edge of GG¢(U; Q) if the distances from w; and u; to all vertices in V' have been precomputed.
Firstly, for each v € V, we compute max{dg(v,u;),dc(v,u;)}, which is the radius of the smallest
closed disk centered at v containing both u; and u;. Secondly, among this family of disks, we
pick the one that has the smallest radius. Thirdly, we check whether the chosen disk contains a
vertex in U different from u; and u;. These three steps can be done in O(m) time.

Since GG¢(U; G) C DG¢(U; G), we only test the edges in DG¢(U; G). Consequently,

Theorem 5.3. For each graph G = (V, U, E), the graph GG¢(U; G) can be computed in O(APSP(G)+
min{n?, e}m) time.
Algorithm for RNG(U; G)

We propose a two steps algorithm. Firstly, we compute the shortest paths between all pairs of
vertices in U to obtain the distances among these vertices. Secondly, we compute RNG(U; G)
by checking, for all pairs of vertices u;,u; € U that are adjacent in DG¢(U; ), whether there
exists any vertex uy € U such that dg(ug, u;) < dg(ui,uj) and dg(ug, vj) < da(us, uj).

Theorem 5.4. For each graph G = (V,U,E), the graph RNG(U;G) can be computed in
O(APSP(G) + min{n?,e}n) time.
Algorithm for MST(U; G)

A first approach to obtain the minimum spanning tree of U in G = (V, U, E) could be to compute

the distances between all pairs of vertices in U and then apply an efficient algorithm to produce
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the minimum spanning tree of the complete graph on the vertices in U (if any of the supergraphs
of MST(U; G) was already known, some of the edges could be discarded). This algorithm would
run in O (APSP(G)) time. Next we show that another analogy between the usual proximity
graphs and the new proximity structures on graphs allows to derive a better algorithm.

It is well known that the Gabriel graph of a set of points in the plane contains those edges
in the Delaunay graph that intersect their dual Voronoi edges. The analogous property satisfied

by our proximity structures on graphs is the following:

Lemma 5.5. Let G = (V,U, E) be a graph and let (u;,uj) be an edge of DG¢(U; G). The graph
GG¢(U; G) contains (u;,u;j) if and only if the shortest path between u; and u; is contained in

the Voronot regions of u; and u;.

Proof. It suffices to notice that the shortest path between u; and u; is contained in the
Voronoi regions of u; and u; if and only if its midpoint lies in the Voronoi regions of both ver-

tices. X

Remark 5.6. Let G1 = (V,E), Go = (V,E) be two weighted graphs with the same sets of
vertices and edges. Let |e|; (respectively |e|2) denote the weight of edge e in G (respectively
Gl2). Suppose that E = E'UE", where |¢/|; = |¢/|2 for all ¢’ € E' and |¢”'|; < |¢”|5 for all ¢” € E”.
Suppose also that no edge in E” belongs to MST(V; G1). Then MST(V; Gy) = MST(V; Gs).

Now let us consider DG¢(U; G) as a weighted graph, where the weight of an edge is given
by the distance in G between its endpoints. As MST(U;G) C DG¢(U;G), we have that
MST(U; G) = MST(U; DG¢(U; G)). We define the weighted graph ]Saf(U; G) as follows. The
vertex set and edges are the same as in DG¢(U;G), and the weight of an edge (u;,u;) in
]Saf(U ; G) is the length of the shortest path from u; to u; in G that is contained in the Voronoi
regions of both vertices. For example, in Figure 2b the shortest path between a and b has length
8, so this is the weight of (a,b) in DG¢(U; G). However, this path traverses the Voronoi region
of ¢. The shortest path from a to b that is contained in the Voronoi regions of both vertices is
the path {a,d, b}, which has length 10.1, and this is the weight of (a,b) in I/)af(U; G).

Observe that the weight of an edge in DG¢(U;G) is less than or equal to its weight in
ﬁaf(U; (), and that, by Lemma 5.5, they are equal if and only if the edge belongs to GG¢(U; G).
Moreover, since MST(U; G) C GG¢(U; G), an edge that has different weights in DG¢(U; G) and
ﬁaf(U; G) does not belong to MST(U; G). By Remark 5.6, we can conclude that MST(U; ]Saf(U; G)) =
MST(U; DG(U; G)), so MST(U; DG¢(U; G)) = MST(U; G).

Our algorithm takes advantage of the fact that computing the weights in ]5(\}f(U ; ) is easier
than in DG¢(U; G). Firstly, we compute the Voronoi diagram of U in G using the algorithm
proposed in [7]. This algorithm provides not only the nearest vertex in U of every vertex in V'
but also the distance between them. Thus the length of the shortest path between two neighbors
uj, uj in @f(U ; G) containing a particular bridge of VD(U; G) can be computed in constant

time. In order to obtain the weight of edge (u;, u;) in ﬁaf(U; G), all we have to do is to scan all
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Table 2: Inclusion relations among all classes of proximity graphs in the general case.

UMST | RNG | GGey | GGe1 | GGgy | GGe | DGe | DGt
NNG C C Z Z Z Z Z Z
UMST C 7 7 Z Z Z Z
RNG Z Z Z Z Z Z
GGea C ¢ ¢ - C
GGey 7 Z C C
GGy, C 7 C
GGp Z -
DG, C

the bridges between the Voronoi regions of both vertices. All in all, the graph @f(U ;G) can
be computed in O(e + (m — n)log(m —n)) time.

Afterwards we can apply an efficient algorithm to obtain MST(U; ]5(\}f(U ;). Two suitable
options are the algorithm in [6], which runs in O(e a(e,n)) time, or the algorithm in [20], whose
exact running time is not known, but which runs in linear time for most graphs.

In conclusion,
Theorem 5.7. For each graph G = (V, U, E), the graph MST(U; G) can be computed in O(e a(e, n)+
(m —n)log(m —n)) time.
Algorithm for NNG(U; G)

An algorithm to compute the nearest neighbor graph by means of DG¢(U; G) is also provided
in [7]. Its total running time is O(e + (m — n) log(m — n)).

6 Presence of Degeneracies

In this section we generalize our results to the case in which degeneracies arise.

Theorem 6.1. If degenerate situations are allowed, the inclusion relations among all classes
of proximity graphs are shown in Table 2. Furthermore, all classes of proximity graphs are
different.

Proof. First we deal with the new graphs. As far as inclusion relations are concerned, the
graph GG, behaves essentially as the graph GG, in the non-degenerate case, and the same
holds for the graphs GGys and GGg. This rule has few exceptions related to NNG, UMST, and

RNG which are explained below.
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Regarding GGc,, the example in Figure 2a shows that NNG ¢ GG., and RNG ¢ GGe,.
Clearly, GG¢a C GG¢1 and one can easily come up with a situation where GGea C GG;.
The graph in Figure 2b proves that GGea & GGy and GGey ¢ GGyg,. Finally, it holds that
GGea € DG and GGy C DGy, because GGey C GGep and GGe; € DG, C DGg.

Next we focus on GGyg,. It is obvious that GGg, C GGy and that, in some cases, GGg, C
GGyp. The graph in Figure 2b shows that GG ¢ GGyg,, while the one in Figure 2¢ proves that
GGy, ¢ DGe. Since GGy, C GG and GGy C DGy, we conclude that GG, C DGg.

Now let G be the graph in Figure 3a. This graph does not satisfy NIT and illustrates the
changes with respect to the case in which this assumption is satisfied. That is, the graphs
NNG(U; G), UMST(U; @), and RNG(U;G) contain edges (a,b), (b,c) and (c,a), while the
graphs GG (U; G), GG (U; G), GG (U; G), GG (U; G), DG(U; G), and DG¢(U; G) only con-
tain (a,b). Hence, none of the graphs in the first group is a subgraph of any graph in the second
group.

Finally, analogous proofs to those in Section 3 show that the remaining relations of contain-

ment hold even if degeneracies are permitted. X

a

Figure 3: Two graphs not satisfying NIT. (a) The edge (b,c¢) belongs to NNG(U;G),
UMST(U; @), and RNG(U; @), but does not belong to GGea(U; G), GGe1(U; G), GG (U; G),
GG (U; G), DG (U; G), and DG¢(U; G). (b) NNG(U; G), UMST(U; G), and RNG(U; G) are the
complete graph on U, whereas GGea(U; G), GGc1(U; G), GG (U; G), GG (U; G), DG.(U; G),
and DG¢(U; G) are the empty graph.

We now focus on the most important properties presented in Section 4.

The proof that DG¢(U; G) is the dual graph of VD(U; G) does not require any non-degeneracy
assumption, so this result holds in all cases.

Let us now consider the size of the proximity graphs. If NIT is not satisfied, some of the

proximity graphs might have more edges than the original graph. More precisely,

Theorem 6.2. Let G = (V,U, E) be a graph. The number of edges of GGcea(U; G), GG (U; G),
GG (U;G), GG¢(U;G), DG.(U;G), and DG¢(U;G) is at most e. The number of edges of
NNG(U; G), UMST(U; G), and RNG(U; G) may be greater than e.

Proof. Let (u;, u;) be an edge of DG¢(U; G). Then there is a point p of G such that dg/(p, u;) =

da(p,uj) < dg(p,uy) for all vertices uy, € U different from w; and u;.
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First suppose that the point p is unique. If p is not an element of V, we assign the edge
(ui,uj) € DG¢(U; Q) to the edge in G containing p. Otherwise let u;viv...v;p be a shortest
path from u; to p in G. Then we assign (u;, u;) to the edge (v;,p) € G.

Now suppose that there are several points of G satisfying the same condition as p. Let g be
the one at smallest distance from u; and w;. Observe that ¢ € V. As in the previous case, if
ujwiwe . .. wpq is a shortest path from u; to ¢ in G, we assign (u;, u;) to the edge (wp,q) € G.

We have just constructed an injective function that maps each edge in DG¢(U; G) to an edge
in G. Hence the number of edges of DG¢(U;G) is at most e. Since GG (U; G), GG (U; G),
GGu(U;G), GG (U; G), and DG¢(U; G) are subgraphs of DG¢(U; G), their size is also bounded
by e.

With regard to the remaining proximity graphs, consider the graph on Figure 3b, which
does not fulfill NIT. Observe that NNG(U; G), UMST(U; G), and RNG(U; G) are the complete
graph on the vertices of U, so they have ten edges, while the original graph has five. X

Finally, the next two theorems include the proximity graphs that inherit the property of
being planar or acyclic in the degenerate case. The proof of the first part of each statement can
be obtained using the same approach as in Theorems 4.5 and 4.7 in Section 4. The graph in

Figure 3b proves the second part of each statement.

Theorem 6.3. Let G = (V,U, E) be a planar graph. Then the graphs GG (U; G), GG (U; G),
GG (U; G), GGy (U; G), DG(U; G), and DGt(U; G) are planar, whereas NNG(U; G), UMST(U; G),
and RNG(U; G) may not be.

Theorem 6.4. Let G = (V,U, E) be a tree. Then the graphs GGea(U; G), GGc1(U; G), GG (U; G),
GG (U;G), DGe(U;G), and DG¢(U; G) are acyclic, whereas NNG(U; G), UMST(U; G), and
RNG(U; G) may not be.

The algorithms in the preceding section can be adapted to run under the presence of de-

generacies yet we omit their descriptions which require, as usual, many details to be carefully
handled.
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