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Abstract

We consider twisted graphs, that is, topological
graphs that are weakly isomorphic to subgraphs of
the complete twisted graph. We determine the ex-
act minimum number of crossings of edges among
the set of twisted graphs with n vertices and m
edges; state a version of the crossing lemma for
twisted graphs and conclude that the mid-range
crossing constant for twisted graphs is 1/6.

1 Introduction

A simple topological graph is a drawing of a graph
in the plane where the vertices are points, and the
edges are simple continuous arcs satisfying that any
two arcs have at most one point in common, which
is either a common endpoint or a proper crossing,
and no arc passes through any other vertex different
from its endpoints. If all edges of a simple topologi-
cal graph are straight-line segments, then it is called
a geometric graph. A geometric graph whose ver-
tices are in convex position, is called a convex graph.
Two simple topological graphs G and G’ are weakly
isomorphic if there exists an isomorphism between
G and G’ such that two edges of G’ cross if and only
if the corresponding edges of G do.

The complete twisted graph T, is a complete sim-
ple topological graph with vertices vyvs, ... v, such
that two edges v;v; and vyvj cross if and only if
i<i <j <jorid <i<j<yj. (See Fig-
ure 1.) A simple topological graph G is a twisted
graph if G is weakly isomorphic to a subgraph of
T,. Twisted graphs were found in [3] as complete
topological graphs with maximum number of edge-
crossings but with no subgraph weakly isomorphic
to the complete convex graph with 5 vertices. A ver-
sion of the Erdds-Szereres Theorem for topological
graphs appeared in [5]: every complete topological
graph with n vertices has a topological subgraph
with m > ¢ logl/ 8n edges, which is weakly isomor-
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Figure 1: The complete twisted graph 7.

phic to a complete convex or twisted graph. Several
problems previously studied for convex graphs were
recently studied for twisted graphs [4].

We are interested in crossing numbers on twisted
graphs. The crossing number of a topological graph
D is the number of edge-crossings in D. This mea-
sure for the non-planarity of a graph has been ex-
tensively studied [7]. Some of the major motiva-
tions for investigating crossing numbers are their
applications to VLSI design, to digital visual de-
sign, and to classical problems in discrete geome-
try. One of the fundamental results in this area is
known as the crossing lemma [2]: for any topolog-
ical graph D with n vertices and m > 4n edges,
er(D) > (1/64)m3/n?, and this is tight except for
the multiplicative constant 1/64. This constant has
been progressively improved with the best current
bound cr(D) > (1/29)m?/n? (for m > 7n) [1]. It
was proved in [6] that this multiplicative constant
tends to a positive constant, called the mid-range
crossing constant, when n — oo and n < m < n?.

We prove the crossing lemma for twisted graphs
and conclude that the mid-range crossing constant
for twisted graphs is 1/6. In fact, for every m and n,
we determine the exact minimum crossing number
within the class T;, ,, of twisted graphs with n ver-
tices and m edges and provide a family of crossing
optimal graphs.

2 Results

Let crp(n, m) be the minimum number of crossings
among all twisted graphs in 75, ,,. Let ¢, ,, be the

unique integer such that ("_t”ém_l) < (g) —-—m <
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("~4m). Then

tn,m—n—{g—k (n_;)tsz.

Theorem 1 (Crossing number of twisted graphs).
Let n and m be integers withn > 1 and 0 < m <

(5). Then crp(n,m) =
tnym + 2
+ a2,

tn,m _ 9 tn,,m+1 n
9 )" 3

This theorem is a direct consequence of the fol-
lowing two results.

Theorem 2 (Crossing inequalities). Let G € T,, .
For allt <n, cr(G) > (;)m _ Q(tgl)n + 3(15422).

This bound is actually tight for any n and m
when ¢t =t .
Theorem 3 (Tightness of crossing inequalities).

For anyn > 1 and 0 < m < (g), there exists a

twisted graph G in T, n, such that

er(G@) = <tn2’m> m—2 (t"’72+ 1> n+3 (t"’"ij_ 2) )

Namely, the set of edges of G is
{(4,j) :1<i<n—-1,i+1<j<min{i+tn}}
U{(i,t+1+414):1<1i<s},

where t = t,, , and s = (”Q_t) —

(5) +m.

Figure 2: A twisted graph with 8 vertices, 20 edges, and
crr(8,20) crossings.

Here is how our bound relates to the classic
crossing lemma and mid-range crossing constant
[2, 6]. Let n < m be positive integers; the nota-
tion n <« m < n? stands for m is a function of n
such that 1im, ;e (n/m) = limy 00 (m/n?) = 0.

Theorem 4 (Crossing lemma for twisted graphs).
Let G € T, for integers m and m. If n < m <

n?, then
1 m3 m?
er(@) =25 TT*(TT)
If m = cn for some constant ¢ > 2 and n >
le]®+3[c]+2
ﬁ, then

er(G) > (L;J> <730_§CL§J _2> §+3(LCJ4+ 2).

If m = cn? for some constant 0 < ¢ < L, then

1
<1
3V 2c+1 m3
er(@) = <3(1+\/1—20 ) 2

Moreover, these inequalities are tight.

An immediate corollary of Theorem 4 is the ex-
act value of this mid-range crossing constant.

Theorem 5 (Mid-range crossing constant for
twisted graphs). Let n and m be integers such that
n < m < n? Then

I ( ) n? 1
im crr(n,m)— = —.
n—oo TV T 6

There is a nice transition in the behavior of the
constant before and after the mid-range. Namely,
if m = ¢n for some constant ¢ > 2, then

lim ch(n,m)% = (LSJ) <%ﬁ3®_2)

i (1) (=552 -

Similarly, If m = cn? for some constant
then

O 03\»—!

1
C§§7

n? _ V1-2c+1/3
m? (141 -2¢)3

lim crp(n,m)

n—oo
and
- Vi-2e+1/3 1
>0+ (14++v1—2¢) 6
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