ON THE CONSTRUCTION OF NEW NORMAL NUMBERS

M. S. BORMAN, T. M. FRAGOSO, J. K. MENGUE, AND G. M. SILVA NETO

ABSTRACT. In this paper, we will discuss, through beta-expansions the concept
of normality in other bases than integer. Our aim is to generalize Champer-
nowne’s construction, which results in a normal number, working in a very
special case: the golden mean.

1. FIRST DEFINITIONS AND PRELIMINARY RESULTS
For 8 > 1, consider the transformation T : [0,1) — [0,1) defined by
Tys(x) = {fz} where {y} =y — [y].
Rényi [2] proved that if z € [0,1) and a,, = [3T5 ' (x)] € {0,...,[#] — 1}, then
xz%—!—%—!—%—!—-”,
and this is called the 8-ezpansion of x. Rényi also proved that T is ergodic:

Theorem 1.1 (Theorem 2, [2]). There is an unique probability measure v on [0, 1),
equivalent to Lebesgque measure, such that Tg is ergodic with v.

From the ergodicity of T3 we immediately get the following two corollaries:

Corollary 1.2. There exists E C [0,1) with v(E) = 0, such that for all v-integrable
functions f and a ¢ E we have that

N 1
o1 n _

Jim, oy 3 T = | r@an.

Corollary 1.3. There exists E C [0,1) with v(E) = 0, such that for alla ¢ E and

[a,b] C [0,1) we have that

1 1
i =3 o (Tha) = / Xia) (@) = v([a, b]).

N—oo N

Definition 1.4. We say that a vector (by,...b;) € {0,...,[B] — 1}* is admissible
if there is an = € [0, 1) such that its S-expansion starts with the digits by, ..., by:
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Definition 1.5. Given an admissible vector (b1, ...bx) we will define the cylinder
cyl(by,...bx) C [0,1) to be the set

o0

cyl(by,...by) = {xe [0,1) Z and al,...ak):(bl,...bk)}.

Definition 1.6. Let o € [0,1) and ¥ = (b1,...b;) be an admissible vector, we
define the frequency of ¥ in a to be

ne{0,...,N -1} | T%(a) € cyl(v
fory = e HE } Tj(a) € ()
N—o0 N
provided that the limit exists.

Definition 1.7. Let a € [0,1). We say that « is 8-normal if for every admissible
vector ¥ = (by,...bx) we have that

Fu (8) = v(eyl(D)).

In other words, « is f-normal if in its expansion the frequency of each admissible
vector is the v-measure of the cylinder associated to that vector.

Example 1.8. For g = 10, we have that v is the Lebesgue measure and « is
called normal if in its decimal expansion, every vector (by,...,bz) € {0,...,9}" has
frequency 107,

The first example of normal number has given by Champernowne [1] in 1933.
Champernowne showed that listing all vectors and then concatenating them

Cio = .(0)(1) ... (8)(9)(00)(01). .. (98)(99)(000)(001). .. (998)(999)(0000).. ..
= .01...890001 ...9899000001 . .. 9989990000 . . .

gives a number that is 10-normal.

Problem 1.9. Can Champernowne‘s construction be generalized? What is the set
of B > 1 such that it‘s possible?

In this paper we will extend Chapernowne’s construction to the case where g is
the golden ratio
1 + V5

f=¢=

Rényi [2] proved that the ergodic measure v is given by

S35 if g < V1 = g
(1.1) v(E) :/Eh( x)dm where h(z) = {5_“[ o> \/52_1 g

In this case, a vector (by,...by) € {0,1}* is admissible if and only if b; = 1 implies
that b;11 = 0. The measure v of a cylinder is the Markov measure

I/(bl, .. .,bk) = Pblﬂ—bll}Qﬂ-bgbg .. 'ﬂ—bk—lbk’
where
5+5 5-5
_ —1y) — -1 — —
(1.2) Py=v(0,907")) = 0 P=1-F 0
0,2 o, V-1 3—v6
(1.3) oo ¢ )):¢1: o1 = 1 — T = T =1

2 2 7
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Definition 1.10. Let m; be the i-th admissible vector under the natural ordering
for base ¢:

my1 = 0,me = 1,m3 = 00, my = 01, ms = 10, mg = 000, ...
Then set Cy to be the number
Cyp = (:m10mo0ms0m40ms0...),
Our goal is to prove the following theorem:
Theorem 1.11. Cy is ¢-normal.

Remark 1.12. Through analogous arguments of Champernowne‘s we have that ze-
roes inserted in Cy are not significative in the frequency calculations, for further
reference see [1].

Lemma 1.13. For every admissible vector of the form ¥ = (0,ba,...,bg—1,0) we
have that

V(cyl(O, bg, ceey bk—la O)) = PO Wgo_l.
Proof. We will prove this by induction on k, the length of the vector v. If k =1
then ¥ = 0, and by definition v(cyl(0)) = Py. For k = 2 we have ¥ = (0,0), and

again by definition v(cyl(0,0)) = Py mgo.
In general in we have that ¥ = (0,bs,...,by_1,0) and by definition

k—2

v(cyl(%)) = Py mop, H Thbjsr | Thy_10-
j=2

Now either by_1 =0 or by_; = 1. If by_1 = 0, then

k—3

l/(Cyl(O7 bQ, e ,bk_g, O7 0)) = Po 7T0b2 H ﬂ-bjijrl 7Tbk,20 700
j=2

= v(cyl(0,bs, ..., bk—2,0)) moo
=P ng 2100 (by the inductive hypothesis)
=F 7Tgo_1.

On the other hand if b1 = 1, then by_s = 0 and

k—4

v(cyl(0, b2, ..., br—3,0,1,0)) = Po mop, 1_[7Tb,-bj+1 by, 50 01 T10
=2

= v(cyl(0, by, ..., br_3,0)) mo1 T10
=P ’/Tgo_ 310170  (by the inductive hypothesis)
= Pymbyt (by mo1 10 = o0 00)-
Therefore either way v(cyl(v)) = Py iy *. O

Lemma 1.14. If for every admissible vector of the form ¢ = (0,ba,...,bx—1,0) we
have that F (V) = Fg, (V) = v(cyl(V)), then Cy is ¢-normal.
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Proof. We will prove this by induction on k. For k = 1, we know that
F(1) =1-F(0) =1-v(cyl(0)) = v(cyl(1)),
so by by Eq. (1.2) we have F'(1) exists and is determined by F'(0).

In general suppose that the frequencies are uniquely determined for all vectors
with less than & digits. We know that F'(0,bs,...,bk—1,0) and F(0,ba,...,bx—1)
exist, and

F(0,ba,...,bk—1,0) + F(0,ba,...,bp—1,1) = F(0,ba,...,bg_1),
so it follows that F'(0,bs,...,bx_1,1) exists. Furthermore
F(0,ba,...,bp—1,1) = F(0,ba,...,b—1) — F(0,ba,...,bp_1,0)
= V(cyl(((), bQ, ey bk—l) — V(cyl(((), bg, ey bk—la O)
= V(Cyl((o, bg, ceay bkfl, 1),
so F(0,ba,...,bx—1,1) = v(cyl((0,ba,...,bk—1,1). A similar argument works for
F(1,by,...,bx_1,0). Finally F(1,bs,...,bk_1,1) exists because we know that both
F(l,bg, ey bk—l; O) and F‘(l7 bg, ‘e abk—l) exist, and
F(l,bg,...,bk_l,O) —|—F(1,b2,...,bk_1,1) = F(l,bg,...,bk_l).
Likewise we have that
F(1,bg,... bp_1,1) = F(1,ba, ..., bg_1) — F(1,ba, ..., bp_1,0)
= I/(Cyl((l, bQ, ey bkfl) - l/(CyI((l, bQ, ey bkfl, 0)
= V(cyl((O, bg, ey bkfl, 1)
Therefore by induction, we have that F(¥) = v(cyl(?)) for all admissible vectors ¥

if it holds for admissible vectors of the form @ = (0,bs, ..., bx_1,0). O

Notation. We denote by (¢,,) the sequence

qb—l = 17¢0 = 17¢1 = 27¢2 = 37"'a¢n = (bn—l +¢n—2-
Observe that this is just the Fibonacci sequence shifted by two. Denote by .S, the
number

Sn = G0+ -+ Pobu = Y _ buidhi.
i=0
Lemma 1.15. The number of digits of all admissible vectors with s digits is given
by s¢s

Proof. Again, we proceed by induction over the length

s=1,
we have the blocks 0 and 1 that represents 2 = ¢ digits.
§=2,

we have the blocks 00,01, 10 thats represents ¢o blocks, and each block has two
digits, then we have 2¢, digits.

By induction, suppose that for j = 1,...,s there are ¢; admissible vectors with
lenght j. Notice that every admissible vector in the form (as41as,...,a1) is of the
form (0,as,...,a1), where (as,...,a1) is an admissible, or 1,0,a5_1,...,a; where
(as,...,a1) is admissible.

Then, there are ¢, vectors with the form (as, ..., a;) and ¢s_1 admissible vectors
in the form (as—1,...,a1). Then, there are ¢5 + ¢s—1 = ¢s+1 admissible vectors
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with lenght (s + 1). Which makes for the induction. Remember that these ¢
admissible vectors of lenght s represents s¢, digits. [

Lemma 1.16. The number of times that an admissible of the form (0, ba, ..., br—1,0)
with lenght k occurs in admissibles of lenght s > k is given by Ss_j.

Proof. Suposse that the admissible vectors of lenght s have the form
(as, @s—1y ..., a1).
We calculate Z;:k 1;, , where 1; denote the number of occurrences of (0, bo, ..., bx_1, 0)

occupies the position of digits (a;, ..., aj—g+1).Then, 1; is the number of admissible
vectors in the form

(asvasfla vy Q41 07 b27 (XS] bk*la O,aj,k,aj,k,]_, "'7a1)>

where (as,@s-1,...,aj4+1) and (a;_g, @j_g—1, ..., a1) are admissible vectors.
By previous Lemma, we have that

Vi = (Ps—j)(Dj—k)-
Then,

s s—k

S = S @05 = S (G0 b s)(6) = Son.
j=k

j=k 7=0

Remark 1.17. By the previous Lemmas, we must now evaluate:
li Sn—k
im ——

We first determine:
. Snf 1
lim ,

w50 g,

or equivalently
Sn
lim —.
w0 (0 Dt
O

Lemma 1.18. Given ¢ > 0, there is a sequence (Ny) such that for each k we have:
() n > Ni = ¢nd"(1-¢) < dnix < ond"(1+e).

We can take (Ny) a increasing sequence.

Proof. The ¢,, is the Fibonacci‘s n-th number and satisfies the following identity:

Ptk ok
o

where ¢ = @ is the golden ratio. Then, we can suppose that for,given € > 0 ,
there are N such that (*) is true.

We can suppose that (V) is increasing because (Nj) can be taken increasing in
the induction process. (I

Lemma 1.19. -

i LT
n—oo n—1
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Proof. Take € = %
We must prove that

Sn 1
lim ¢ " = +o00.
1219791
Likewise,we must prove that
Son ) Son
li =l Jim 2 = +00,

n—0oo ¢n¢n n—0oo ¢n+1¢n
where

SQn—l and SQn
¢n¢n ¢n+1¢n

represents the cases n even or odd.
First case: -

Son—1
anqb/’l '
1

For each k € N, using the previous lemma with ¢ = 5, we have that for n > Ny >
Nk—l 2 Z N1 :

Son1 o PntkPnb—t ¥ -+ Pnt1Pn—2 _ Ek: <¢n+g ¢nj1>

¢n¢n o ¢n¢n d)'”/ ¢77/
. (1 L (G+1)
z;((w—Q)) (o004 5)7))
"1k
"33

Since for n > Ny, 2257+ > g%, we have that *jfnd) L, o0

Second case:
S2n

Pny1Pn
1

For each k € N, using the previous lemma with € = 5, we have that for n > N >
Nk,1 2 2 N1 :

k
Son > ¢n+k+1¢n—k—1 + ...+ ¢n+2¢)n—2 _ Z <¢n+j+1 (Z)n—j—l)

Pnt10n Pnt1n S\ Ot O
k
G+ (p 4 L
Zfé((w DICEE D)
1k

. Sgn i SQn
Since for n > N, . > 360 We have that FiigT 00
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2. WORKING TOWARDS THE PROOF THAT Cy IS ¢-NORMAL
Definition 2.1. A sequence {z,} in R is finite Cauchy if im,, o |2, — Zp—1| = 0.

S'Il

Lemma 2.2. The sequence x,, = (e

1s finite Cauchy.

Proof. Observe that x,, € [0, 1) because S,, is the number of zeroes in the admissible
vectors of length n + 1 and (n + 1)@,+1 is the number of digits in the admissible
vectors of length n + 1.

Since x,, is bounded, we know that |z, — 2,—1] — 0 if fﬁl — 1. So to prove
that {z,,} is finite Cauchy it suffices to prove that ;- — 1. Now
Tn—1 (Tl + 1)¢n+1 Sp—1 Sn—l(n + 1)¢n+1 ’
where -5 — 1 and ¢£3—1 — ¢!, so we just need to prove that Sfil — . O

Let € > 0, by properties of the Fibonacci sequence we know that there exists IV
such that forn > N we have that

¢n(1 - €)¢ < ¢n+1 < ¢n(1 + 6)¢

Using the second inequality we get that for n > 2N we have that

n [n/2]—1 n
Su =3 bnjbi =0 Y. bneibi) +Ols2 Otz (Y. bujd;)
j=0 j=0 j=[n/2]+1
[n/2 71— 1 n
S+ | D bno1-0i | F b2 bagz A+ D> buojdi1)
=0 i= /2 1+ 1
n—1
= ¢(1+ ) bnji) + Blns2) brns2]
j=0

= ¢(14€)Sn_1+ Pn/2)Pns2)-
Lemma 2.3. For n > 2 we have that
Spn=m+ Dopt1 — Sn—2 — 20n_1.
Proof. From the recurrent relation
Pp+1 = Pn + P
and
p-1=¢o=1

it follows that for 0 < j < n,

Ong1 = Gn_j@j + dn_1-j¢j_1.
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Using this identity we get the following:

(N4 Ddni1 = bny1 = bnjbj+ P n1-;6j1
=0 =0 i=0

n—1
=Su+ > bn1-jbj1+ 201

j=1
n—2
=S, + Z Gn—2—jP; +2¢n_1
3=0
=S+ Sn_2+ 2¢n_1-
Therefore for n > 2 we have that S, = (n + 1)1 — Sn—2 — 2¢p_1. O

Proposition 2.4. The sequence

n

(n+ 1)l¢n+1

Tp =

converges to v(0) = 5+1(‘)/5.

Proof. As we observed in the proof of Lemma (?) we know that z, € [0,1), and
therefore there exists a convergent subsequence of {x,}. Therefore to prove that
xn, — v(0) it suffices to prove that x is a limit point of {z,} only if = = v(0).
Let x a limit point of {x,}. Then there are Xy, — x. Since z,, is finite cauchy
we have that
|xnr2 - xnj| — 0.
Then x,; 2 — z. Using the previous lemma we have that

STL]‘ STLj*Z 2¢n]‘72

(nj +1) (¢n,41) = (nj +1) (én,+1) - (nj +1) (én,4+1)

Then

. Sn . Sn~72

hm _— = 1-— hm _—
j 0 (nj + 1) (¢nj+1) nj—0o0 (nj + 1) (¢nj+1)

Shnj—2 Pn;—1 (n; — 1)

Tr =

=1— lim
=00 (nj — 1) (¢n; 1) bny+1 (nj + 1)
1 1
=1—-x-.
¢
The unique value that soluble this equation is vg = 5+15/5. ([l

Notation. Given an admissible vector My = (as, ..., a1, ag) and 0 = (0, ba, ..., bg—_1, 0).
we denote by
- F the number of occurrences of 0y in all admissible vectors of lenght < s.
- G4 the number of digits writed in all admissibles vectors of lenght < s.
- fum, the number of (occurrences) of 0j in all vectors from (0,0,...,0,0) to
—_————
s+1
(0,8, ceey ao) = Ms-
- gu, the number of digits writed in all admissible vectors from (0,0, ...,0,0) to
———

s+1
(as, ceey ao) = MS.
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Corollary 2.5. -

s B 1\ k-1
) (m00)* ' = Py (> .

noy, ¢
Proof.
Sn_;g: Sh—k n—k‘—l—l(bn_k_H o p (1)k—1
ney, (n—k+1)op_k+1 n On 0 o )

Remark 2.6. Remember that
Fo=) S and Gy=_ jo;,
j=k j=1

k—1
then by previous corolary and Lemma (?) we have that g — P, (%) .

Using an argument due to Champernowne we obtain
Lemma 2.7. If

k—1
PO (é) gIVIS o 'fMS M,—o0
pa

G, 0

then Cy is normal.

k-1
Proof. Since g — B (%) , we have that

k—1
F,— P, (i) G,

el — 0.
Then
N L\
F,— Py (g) Gs+ fm, — Po (g) g,
— 0
G,
Then
Fs+ fu, — Po (é) (Gs + gm,)
0
Gs +gMg -
Then
Fy + fu, <1>’“
— P = =0
Gs 'i_gMé ¢

Therefore Cy is normal.

Lemma 2.8. -

i)
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fao=| D0 W)+ Sk | +9(0),

j:a;7#0
where 0 < ¥(j) < s+1—jand S, =0 ifn <O0.

Proof. Let j1 = max{j € {0,...,s} : a; # 0}. From (0,0, ...,0,0) to (0, ...,0,1,0,...,0,0)
———— ——  N——
s+1 s—j1 Ji
so, there are ¢;, admissible vectors, all in the form (0, ...,0,¢j,—1,...,¢0), Where
——
s—j1+1
(€jy—15 .-, Co) is admissible.
Let jo = max{j € {0,...,51 — 1} : a; # 0}. Using the same arguments,there are
¢j, admissible vectors from (0,...,0, 1,0, ...,0,0) to (0,...,0,1,0,...,0,1,0,...,0,0).
s—J1 J1 s—7J1 J2
Then by a simple argument, we can see that there are ) Jia; #0 ¢; admissible
vectors from (0,0, ...,0,0) to (as,...,ap) = M. Notice that the lenght of these
————
s+1
vectors is (s + 1). This finishes the proof of i).
ii) Let j; = max{j € {0, ..., s} : a; # 0}. From (0,0, ...,0,0) to (0, ...,0, 1,0, ...,0,0)
—_———— —— N
s+1 s—Jj1 Ji
there are (¥(j1)¢;, + S;,—&) occurrences of Ox, where ¥(j;) is the number of oc-
currences of O in (0, ...,0).
——
s—j1+1
Let j» = max{j € {0,...,51 — 1} : a; # 0}. From (0,...,0,1,0,...,0,0) to
s J1
o,...,0,1,0,...,0,1,0,...,0,0) there are (¥(j2)¢;, + S;,—k) occurrences of Oy, where
———
s—J1 J2
U(j2) is the number of occurrences of O in (0, ...,0,1,0,...,0). Using the same ar-
M N
S—J1 J1—J2
guments of part i) we can conclude the prove. ([l

3. PROOF THAT Cy IS ¢-NORMAL

We are now prepared to prove Theorem 1.11, that Cy is ¢-normal.

Proof. Remember that, by Lemma 2.7, is sufficient to prove that

k—1
Py (é) gm, — fum., M, — o0 0
G, -

We need to evaluate

lim o G)k_l [(s T (Zﬂ*aﬂﬁo ¢j) s 1)} - (ijaﬁeo U(j)é; + ijk) + \I/(O).

M;—00 Zj’:l J¢;
Since '
Zj:aj;éo (5)d; < Zj‘:l(s +1-j)o;
Simde; T Xioiddy
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and using ([Vorobiev], pg. 93, 98), we have that

DR e ) - RN D CE )L 535105
lim — = lim —=————— = lim -1
sTee Z]‘:l Jo; §7r00 Zj:l J; s700 Z] 1J9;
*k h (¢S+2 - ¢2) 1 — 0.
(( )) §—00 S¢S+2_¢é+3+2
Since
N
CR(3) [+ D65 + 00)
lim F =0,
it‘s enough to show that
k-1
i P (é) s (Ej:aﬁéo ¢j) - (Zj:aﬁéo Sj*k) 0
1um 5 - =
Ms—o0 Z]‘f1 J9j
Take € > 0. by Corolary (?) there are Ny such that
1\ k1 1\ *1
J=No= (1-¢)jg; (¢> <S8k <(I+e)joiFPo <¢> :
Then,
1\ *1
Z Sj—k = Z S+ Z Si—k > Z Si—k |+ (1 =¢e)F <¢) Z Joj
j: aj#0 j<Np: a;#0 j>No j<Np: a;#0 j>No: a;#0
(,Lj?ﬁo
Since
VRl
L (a) 5 (stzvo: a;#0 ¢J‘) - (stzvo: a;#0 Sj—k)
lim F— =0,
M —o0 > i=17;
we have that:
k—1
) Fo (%) S (Zj:aﬁéo ¢j) - (Zj:aﬁéo Sj*k)
lim sup Ea—
Ms—o00 ZJ:l ]¢]
L\ FL L\ _
PO (a) S (Zj:ajgéo ¢J> - <(1 - €)P0 ($> Zj>N0: ajsﬁoj(bj) - (EjSNU: a; #0 Sj_k)
<lim sup E
Mg — 00 Zj:l jd)j
N N .
()5 (Somemso )~ (=9R (2) T Sponis i)
= lim sup —
My—o00 Zj:l ]¢j
((Zj>N0:a_77£O(S - j)¢]) +e (Zj>N0:aj;£O j¢J>)
=P hm sup F—
M,—00 > =170

*

Py

(1 . 1hm sup EZj>NO:a'j¢Oj¢j
¢

My — o0 Zj‘:l ]¢j
1 k—1
o <¢) '

IN
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Using the same argument, we have that

k—1
o R(E) 5 (She9i) (S0 Sik) 1\
lim inf — >-Py( - E.
Ms—o0 Ej:l ]¢j @
Since ¢ is arbitrary, we conclude that Cy is normal. ([
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