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1 Introduction

In this paper, we discuss certain sets of algebraic integers related to Pisot and
Salem numbers, which are defined below, and their properties. Much is known
about Pisot numbers, and there are many known ways to construct them. In
comparison, little is known about Salem numbers, and their construction is dif-
ficult. There are still many open questions about Salem numbers, including
determining the infemum of the set.

In this section, we define new sets of generalized Pisot numbers. Sections 2
and 3 are concerned with the arithmetic properties and limit points of one of
these sets, Pisot-2 pairs. For this set we obtain some results analogous to those
known about Pisot numbers. We then, in section 4, discuss another set, o(k)-
Pisot numbers, and its connections to Salem numbers, including a relationship
with the infemum of Salem numbers. Finally, section 5 gives arithmetic prop-
erties of these o(k)-Pisot numbers.

Definition 1.1. Let U be the set of real algebraic integers 8 > 1 whose remain-
ing conjugates have modulus at most equal to 1.

The following two sets partition U.

Definition 1.2. A number a € U is called a Pisot number if all remaining
conjugates have modulus strictly less than 1. We denote the set of Pisot numbers
by S.

A great deal is known about this set. For example, if the integer coefficients
of the minimal polynomial of o, P(z) = 2% + q4_12%"! + -+ + qo, satisfy 1 +
Zztol ¢ < 0 and |go—1| > 1+ Z?;OQ lg:| then « is a Pisot number. Also, for
«a € S it is known that o™ € S. One important theorem about Pisot numbers
is that the set S is closed.
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Definition 1.3. A number 7 € U is called a Salem number if it has at least
one conjugate having modulus equal to 1. We denote the set of Salem numbers
by T.

Definition 1.4. The reciprocal polynomial of a polynomial P is defined by
P*(z) = 2%9P P(271). A polynomial is called reciprocal if P = P*.

In general, we will denote the reciprocal polynomial of P by . The min-
imal polynomial of a Salem number will always be reciprocal, and thus, there
are no Salem numbers with odd degree or degree less than 4. Construct-
ing Salem numbers is much more difficult than Pisot numbers. For instance,
graph theory can be used to construct some but not nearly all. The smallest
Salem number is still not known, though it is conjectured to be largest root of
142—2%— 24— 28 — 274 29 4 210

The remaining sections of our paper are concerned with the following defi-
nitions. We adjust the definition of Pisot numbers to consider slightly different
sets of algebraic integers.

Definition 1.5. A pair of real distinct algebraic conjugates (ay, ) is called a
Pisot-2 pair if ay and ay are greater than 1 and all remaining conjugates have
modulus strictly less than 1. We denote the set of Pisot-2 pairs by Ss.

Definition 1.6. Let 8 be a real algebraic integer greater then 1 with degree at
least 2, and Ba,...,Bq its conjugates. Then if there exist exactly k conjugates
of B that lie outside the unit disc, we say that 3 is an o(k)-Pisot number.

Definition 1.7. Let § be an o(k)-Pisot number. We say that § is a strong
o(k)-Pisot number if (3+1) € T or (371 +1) € T. We denote the set of strong
o(k)-Pisot numbers by O(k). Also, we let O = J;c - O(k).

The definition of strong o(k)-Pisot numbers was motivated by the fact that,
if 7 € T with 7 — 1 a unit then (7 —1)~! or 7 — 1 is a strong o(k)-Pisot number
for some k € Z. So we will relate, in section 4, the inf 7" and the boundedness
of a particular subset of O.

2 Arithmetic Properties of Pisot-2 Pairs

In this section we discuss some basic arithmetic properties of Sy that are similar
to those of S. It is known that if « € S then o™ € S, Vn € N. Also, we have that
{a*} — 0, where {z} denotes the fractional part of z. Our last proposition
relates a specific subset of S5 to S.

Proposition 2.1. If (ay,a) € Sy then VYn € N, (af,ab) € Ss.

Proof. Let (aq,a2) € Sa, n € Ny and M € Z[z] the minimal polynomial of
ay and as. Let asg,ay, ..., ap denote the other roots of M. We know that the
product of any 2 algebraic integers is, itself, an algebraic integer. Since ay



is an algebraic integer, o is also an algebraic integer (by a simple inductive
argument). Let P € Z[z] be the minimal polynomial of of. Now consider oy,
the embedding of Q(«1) into C, which fixes Q and maps a3 to «;.

P(aj) = P((0i(a1))") = P(oi(af)) = oi(P(af)) = 03(0) = 0
So, Vi < k,al satisfies P. By elementary Galois theory, [Q(af) : Q] <

K3
[Q(c1) : Q]. This shows that deg(P) < deg(M). So af,ah,...,a} are all
the roots of P. If 3 < i < k then |a| = |a;|™ < 1™ = 1. If i = 1,2 then,
|a?| = |a;|™ > 1™ = 1. Therefore, (af,ad) € Sa.
O

Proposition 2.2. If (ay,a2) € Sy then {a} +af} — 0.

Proof. Let (a1, a2) be a Pisot-2 pair. Let as, ay, ..., aj denote the conjugates of
aq and aa. By the proof of Proposition 2.1, ¥n € N af, a3, ..., o} are the roots
of some degree k irreducible polynomial, P,, in Z[z]. Also,

k
tr(P,) = Za? € Z.
i=1

So {tr(P,)} = 0. The above can be rewritten as

k k
{Za?} = {o/f +ay +Za?} =0.
i=1 i=3
Since, Vi € Z with 3 <14 < k, by definition |o;| < 1, therefore o} — 0. Thus
we have {Zfzg af'} — 0. Therefore {a} + a5} — 0.

O

In some cases we can use Pisot-2 pairs to generate Pisot numbers.

Proposition 2.3. If (a1,a2) € Sy with minimal polynomial, P € Q[z], of
degree 3 and P(0) = —1, then ajas € S.

Proof. Let (aq,as) € S s.t. their minimal polynomial, P, has degree 3 and
P(0) = —1. Let a3 be the third root of P. Since P(x) = (z—ay)(z—a2)(z—a3),
—ajasaz = P(0) = —1. Therefore a3 = ——. Consider Q(z) = —z3P(2).

ajaz’

Clearly Q is monic, irreducible over Z[z], and a% = oy > 1, a% < 1 and

0%2 < 1 are its roots. Therefore g is a Pisot number.
O

3 Limit Points of Pisot-2 Pairs

In this section, we prove, using methods of complex analysis, that Sy C So U
(S x R)U (R x S). The following results will be used in the proof of Theorem
3.6. Definition 3.1 and Theorem 3.2 are taken directly from [4].



Definition 3.1. If g € N*, k € N, § € R™, we denote by F(q,k,0) the set of
rational functions f that can be written in the form f = 8&2 where A and Q

are polynomials with integer coefficients such that

(1) Q(0) = ¢, A(0) #0

(i) Q has no more than k zeros in D(0,1) and is non-zero in D(0,0) U {z €

C,[z| =1}
(ii) ‘gg; <1if|z] = 1.

Theorem 3.2. The family F(q,k,d) is compact for the uniform convergence
topology on the compacts of D(0,0).

The following lemma is analogous to Rouche’s Theorem.

Lemma 3.3. If f and g are two analytic functions on D(0,r) with r > 1 such
that

(i) 1) < g(2)
(ii) f(z) — g(z) = ynz™ + (higher order terms) where v, # 0,

iflel=1

then g has at least n zeros in D(0,1).

Lemma 3.4. If f = g is a meromorphic function with no pole at z = 0,
Q(0) =1, and taylor series f(x) =Y o wa’ then for all i € N, u; € Z.

Proof. We will prove this by induction on the index of the coefficient of the
taylor expansion.

Base case: i =0

We know Y *juz’ = f(z) = ggi). So P(z) = Q(z) Y 2y wiz’. If we ex-
pand out P(z) and Q(z) we get

|

o0
(po+p1z+ -+ pn,2™) = (0 +91I+~-~+qn2$n2)zuz$i-
i=0

Comparing coefficients gives us py = qoug. Since ¢o = Q(0) = 1, we have
Po = ug € Z.

Inductive Case: Assume that for i < k u; € Z.

Either k > ny or k < ny. If k > ny then the coefficient of z**1 in P is 0.
k41

So comparing coefficients of x we get
k+1 k+1
0= E UiQk+1—i = Uk+1q0 T E UiQh41—i-
i=1 =1



By the inductive hypothesis, we have

k+1

Ukl = Uk4+1G0 = — E UiQ+1—i € Z.
i=1

If instead & < n then, by a similar argument,

k+1

Ukl = Prt1 — D Uiki1—i € Z.
i=1

O

Lemma 3.5. Let (aq,a2) € Sa. Then there exists at least one polynomial A
with integer coefficients, different from Q, and such that

(i) A(0)>1
(i) [A(2)| < Q)] if |2| = 1.

Proof. If P is not reciprocal, take A(z) = £P(z) (such that A(0) is positive).
Otherwise, we know that the conjugates of a; and ay are contained in R*. So
we have

1Q(2)] (z = )|I(z = az)[ ... [(z = aq)]
|2l = le|[2] = lazl| .. ||2] = |l
‘(1 —a)(1—az)...(1- ad)‘

QI v2eC(0,1)

v

Therefore, since @ € Z[z] and Q(1) is the sum of the coefficients of @, we know
Q(1) € Z. Also, since @ is non-zero on C(0,1) we have Q(1) > 1, so we let
A=1.

O

This lemma allows us to associate to each Pisot-2 pair an element of F (1,2, §).
This will be useful when looking at the limit points of Sy as we will be able to
obtain a sequence of rational functions which, by Theorem 3.2, will converge to
a function in the family F(1,2, ). For simplicity, we will denote this family by
F(9).

Theorem 3.6. The limit points of Sy lie either in Sy, S X R, or R x S.

Proof. Let (o, () € S,. There exists a sequence (a,,3,) € Sy such that
(o, By) — (a, B). Note that (o, 8,) # (1,1).

It follows from Lemma 3.5 that for each pair (a,,(,) we can associate a
rational function f, = A,/Q, € F(J) with § < infyeN{al—V, é} Since F(0) is



compact, there is a subsequence, which we will also denote (f,), that converges
to f € F(J). Let

[FCIED ST RSN
n=0 n=0

be the Taylor expansions of the functions f, and f with w, ,,u, € Z. Since f,
converges uniformly to f on the compacts of D(0,¢), we have that u, , — uy,
in Z. So for all n there exists v(n) such that u, , = u, for all v > v(n). There-
fore, since 1 < 4,(0)/Q.(0) = f,(0) = u, o we have ug > 1.

Now for every v € N the function f, has exactly two poles inside D(0,1).
We wish to show that f has at least one pole in D(0,1). If we consider the
function

#(2) = (fu(z) = u,0)Qu(2),
we find that

110 (2)Qu(2)] = [Au(2)] <[Qu(2)] < |u0Qu(2)] V2 € C(0,1).

So we may conclude that there does not exist v € N with u, ; = u, 2 = 0. Oth-
erwise, by Lemma 3.3, we would have that u, 0@, has three zeros in D(0, 1),
a contradiction. If f is analytic on D(0,1), then, by the maximum modulus
theorem, it attains its maximum on C(0,1). Since |f(z)| < 1 on C(0,1) and
f(0) = 1, we know that f must be the constant function f(z) = 1. Therefore
u1 = ug = 0 contradicting our previous conclusion. Therefore, f has at least
one pole in D(0,1) and at most two.

If f has two poles in D(0,1), then they are at é and % We may write
f = A/Q where A, Q € Z]z], are relatively prime, and satisfy |A(z)| < |Q(2)|
on C(0,1). Since Q(1) = Q(%) =0 and Q(0) = 1, we have that P(z) = Q*(z)
is monic and P(«) = P(8) = 0. It is possible that one of these roots can be
factored out of the polynomial, but not both. Therefore, either («,3) € Ss,

(a,3) € S xR, or (o, 3) e R x S.
If f has only one pole in D(0, 1), then we have one of the following cases:
(1)
1 1

(2) = # % and either 1 or 7 is a pole.

[e3

I

Q=

In both cases, we claim that a or 3 is Pisot.

The proof for both cases is the same. Without loss of generality we can
assume that 1/« is a root of @ and « is a root of the monic polynomial P = Q*.
If P is not irreducible then we can reduce it to an irreducible polynomial P It
remains to show that a is a root of P'. We know that the roots of P are roots



of P, and that the product of the roots is an integer. Since all of the other roots
of P\, a® ... ¥ have modulus less than 1, we know that o must be a root
of P . Thus, « is a Pisot number.

O

4 Properties of o(k)-Pisot Numbers

It is known that for all 7 € T' the minimal polynomial is reciprocal and of even
degree. Also, we know that for all integers a, greater than 1, there exists a
sequence of Salem numbers (7,,) converging to a, with 7,, — 1 a unit. We will
show that this property remains true for the set O, even for a = 1 and we find
a relation between the boundedness of a particular subset of O and inf T

Definition 4.1. Let 8 € O(k) for some k € Z. Either 3+1 €T or 7 +1€T.
Define o by
a—{ﬁ—’_l’ ifB+1eT
T BTN+, if31+1eT

We call o the Salem conjugate of 3.

Clearly a — 1 is a unit. Also it is easy to verify that if 3 € O and its Salem
conjugate « is less than 2 then, we get that (o — 1)~! belongs to O. So for
B € O we will say that § € O; if its Salem conjugate is less than 2, and g € O,
otherwise. Clearly O = O;UO,. We will show that O numbers have very similar
arithmetic properties to Salem numbers.

Lemma 4.2. Let 8 be a strong o(k)-Pisot number and « the Salem conjugate
of B. Let a = oy, o~ = aw, and as,...,aq be the conjugates of a.. Then the
conjugates of B are either,

B=01, 555 =0, and B3 =az—1,...,0; = aq— 1 fa=p+1

5:617 7175:62; andﬂ?):a:s_l*la"'aﬂd:a[;l*l Z'fa:ﬂil+]-

and the minimal polynomial of 3 has even degree. Also we have that if the Salem
conjugate o of 8 is less than 2 then R(B3;) = —% for all3<j <d.

Proof. Consider o;, the embedding of Q(ay,...,aq) into C, which fixes Q and
maps a7 to ;. Let Q be the minimal polynomial of 3. Now we have 2 cases:

Case l: a=p06+1

0=Q(0) = Qla—-1)=0i(Qla=1)) = Qoi(r = 1)) = Qi — 1)

Giving us that the roots of Q are exactly o; — 1,V1 <14 <d.

Case 2: a=f3"1+1



In this case we use the same arguments and get that the roots of Q) are
exactly a;l —1,Vl<i<d.

We know that @ is irreducible over Q[X] and that Q has d roots. d is even
because the degree of « is even, so we get that the minimal polynomial of 5 is
reciprocal and of even degree.

Knowing the conjugates of 3, and recalling that |a;| =1 for all 3 < j < d,

a simple computation shows that R(3;) = —1.

O

Theorem 4.3. [1] Any integer greater than 1 is a limit point of a sequence of
Salem numbers (o), where the algebraic integers (o, — 1) are units for all n.

Corollary 4.4. For a € N*, there exists a sequence (B )nen such that 3, € O
for every n, and B, — a.

Proof. By Theorem 4.4 we know that there is a sequence (ay)neny C 7' such
that o, — a+ 1 and a,, — 1 is a unit Vn € N. Now, for each i € N| if o; > 2,
define 3; = a; — 1, and otherwise define 3; = (a; — 1)~%. So 3, € O for every
n €N, and 3, — a.

O

Corollary 4.5. The set O is not bounded above.

Proof. By corollary 4.5 we know that for any positive integer a, there exists a
sequence of O-numbers converging to a. So it follows immediately that O is not
bounded above.

O

The importance of strong o(k)-Pisot numbers is given by the following lemma,
which shows a relationship between O; and the inf T'.

Theorem 4.6. There exists (ay)nen C T with o, — 1 a unit Vn € N, and
an, — 1 if and only if Oy is not bounded above.

Proof. Assume that there exists a sequence (ay)nen, of Salem numbers, con-
verging to 1, with «,, —1 a unit for all n € N. We can find a subsequence, which
we will also denote(ay, )nen, such that «, <2, ¥n € N. For each n € N, we let
Bn = (an — 1)1, A simple computation shows that 3, € O, so it follows that
Bn € Oq since «a,, < 2. Now, as n — oo, we know «,, — 1, so [3,, — oo.
Therefore O, is unbounded.

Now suppose that O is not bounded above. We can find a sequence (5,) C

O; which diverges to oo as n — oco. We know that a,, = 8, + 1, and that

an — 1 is a unit, so as 3, goes to oo, a,, goes to 1. Thus there exists a sequence
of Salem numbers («;,) converging to 1 with «,, — 1 a unit.

O



As two immediate consequences of this theorem we have that: if inf7 > 1
then O; is bounded above, and if Oy is bounded above and inf T' = 1, then ev-
ery sequence of Salem numbers (o) converging to 1 has at most finitely many
elements such that (a,, — 1) is a unit.

It is known that if 7 € T then 7" € T. However, for g € O, if g € O, for
infinitely many n, then it follows that O; is not bounded.

5 Arithmetical properties of O-numbers

If 7 is a Salem number and %762ﬂi93,...,627ri9d are it’s conjugates, then its
known that 1,03,6y,...,60,; are Q-linearly independent. Also A. Dubickas has
shown, in [3], that if 7 is either a Pisot or a Salem number, then | 7] is composite
for infinitely many values of n. We will show in this section that O-numbers
are closely related to Salem numbers with respect to arithmetical properties.
By using these results we will show that the above properties of Salem numbers
remain true for O numbers.

Lemma 5.1. Let § be an O number and 3 = (1, B, €273, ..., e2™%4 pe ijts
conjugates. Then the numbers 1, ¢s3, ..., ¢q are Q-linearly independent.

Proof. Suppose there exist integers [lo,ls3,...,lq such that [ + Zj:s ljp; = 0.
It follows that exp(2mi 2?23 Bj(-bj) = 1. In the Galois extension Q(3, Ba, - .., Ba4)
there exists an automorphism o such that o(8;) = 5. Hence we have

d

gl (B =1.

j=4

However, this equation cannot hold if I; # 0. Using the same argument we get

that l3,...,lq are zero and the reals 1, ¢s,..., ¢4 are Q-Linearly independent.
O
Corollary 5.2. Let 3 be an algebraic integer with conjugates €272, ... 27 %a

with 1,09, ..., ¢0q Q-linearly independent. Then 25:3 cos2nme; s dense in
[—2m, 2m], where d = 2m + 2.

This corollary is a well known result that we get by using Kronecker’s theo-
rem (see [4]).

A well known and important result for Salem numbers is that if 7 € T, then
{7"} is dense but not uniformly distributed in [0, 1]. The next theorem shows
that this result is still true for Os-numbers.

Theorem 5.3. Let 3 € O such that the Salem conjugate of (3 is greater than 2.
Then, the sequence {"} is dense but not uniformly distributed in [0, 1].



Proof. Let § € O. Let d be the degree § and m = % € Z. The number
S, = "+ (—1)”(%)" + 2?23 7 is a rational integer and the distribution of

the sequence {"} is the same as that of the sequence {(—1)”(%)"—&—2?:3 B}

_B_
B+1

bution of the sequence {2?23 Br Y.

The sequence (—1)"(=)" converges to 0, so we will only consider the distri-

e 1) The sequence 8" is dense in [0,1]. By corollary 4.8 we know that the
sequence {2?23 B7} is dense in [0,1]. Therefore, it follows that the se-
quence {3"} is dense in [0, 1].

e 2) The sequence {$"} is not uniformly distributed in [0, 1].

Because the reals 1, @3, @y, . . ., ¢4 are linearly independent, it follows (from the-
orem 4.6.3 of [5]) that the sequence (n¢;) =2, . q is uniformly distributed in
R™~!. Consider the function z — 2cos2rz. The integral

1
/ exp(4dimh cos 2nt)dt = Jo(4hm),
0

where Jy denotes the Bessel function of order 0, is not zero for all h € Z*. We
complete the proof by using theorem 4.6.5 (of [4]).
O

Lemma 5.4. [3] Suppose F is a polynomial with integer coefficients in d vari-
ables, and let (by) be the sequence given by:

by = F(bg—1,bp—2,...,bx—a)

where k > d+1. Then, for all ¢ € N, 3k(q) € Z, such that (by)y>k(q) is periodic
modulo q.

Proof. Consider the vector vy = (bg,bgt1,.-.,bk1d—1) modulo ¢q. By the pi-
geonhole principle, among the (¢? + 1) vectors v1, V441, V2di1, - - -, Upds1, where
D = ¢%, at least two are equal because there are just ¢¢ distinct vectors with
d entries modulo q. Suppose vigr1 = Vg1, with k& < [. By the definition of
the sequence (by), we have that byqi; = bjgt+; modulo ¢ for j =1,..., (1 — k)d.
Therefore, biqyj, j = 1,2,... modulo ¢ is periodic with period less than or
equal to (I — k)d.

O

Lemma 5.5. Let N € N. Then if 3 € O, there exists a constant k = k(N)
such that the sequence (Sy)nen, where S, = Tr(8™), is periodic modulo N with
period p = p(N, a), satisfying p < N<.

10



Proof. Let Q(x) = ag + a1z + - -+ + ag_12%" 1 + 2 be the minimal polynomial
of 8. Then since Q(;) =0 for all j =1,2,...,d. We get d equalities:

apar) + ala;“rl +- 4 ad,la?”*l + a?*d =0 Vi=1,...,d.
So by taking the sum we have that
agSy + alsn—i-l + -+ ad—15n+d—1 + Sn+d =0

which implies

aoSn + 1541+ + ag-1Sn4d—1 = —Sntd- (1)

Now in (2) we express S,1q as a polynomial with integer coefficients and

variables S, ..., Sp+d—1, S0 by Lemma 5.2 we have that (¢,),>x is periodic for
some k € N.

O

In [3] A.Dubickas has shown that if 7 is either a Piost or a Salem number
then there are infinitely many composite numbers in the sequence [7"]. We will
show in the next theorem that this result remains true for Os-numbers.

Theorem 5.6. Let 3 be an Oz-number. Then, there exist infinitely many com-
posite numbers in the sequence | 5" ].

Proof. Let 8 be an Oz-number. So we know that

Now, by lemma 5.3, there exists a constant k(2) such that (S, ),>x(2) is periodic
mod 2. Now choose M > k(2), with M divisible by the period of (S, mod 2).
We will consider now the sequence (Siar)icz. By Lemma 5.3 we get that S
are all even, or all odd.

Case 1: S;ps are all even.

If they are all even we have that
BtM M d
j=3

Now, by lemma 5.1 we know that 1,¢3,...,¢q are Q-linearly independent, so
M, Ma¢s, ..., Mo, are Q-linearly independent.Thus it follows by corollary 4.8
that the sum Zj:?) costM@; takes on infinitely many values in the interval

(5, 5). Since B> 1, and |32 = |%| < 1, we have, for ¢ sufficiently large,

11



that {8} < &. Thus {#} < 3 for infinitely many values of t. Thus

| M| = ZLB ;MJ is even, and consequently composite, for infinitely many val-
ues of t.

Case 2: S;p are all odd.

If they are all odd we have that
d
BtM 1 1
CORERE S
Jj=3

Now, by the same argument as case 1 we have that the sum 2?23 costM¢;
takifs infinitely many values in (%1, i) By taking ¢ suficiently large we get that
t tM
(%2} < L. So it follows that {5~} < 1 for infinitely many ¢ € Z. Thus the

numbers |37 | = QL%MJ are even, and consequently composites, for infinitely
many values of ¢.

O
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